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of F− traders. In particular, they do not take enough into account that observed sales can

come from positive feedback traders. If positive feedback is high enough, this leads them to

update their belief downwards on average at the beginning, even if v = 1. See the Appendix

A.2.6 for the complete proof of this first point. For the second one, with a low λt the F−

traders will be excluded from trade by high spreads (see equations (13) and (14)) while F+

traders buy. Thus, increasing x̂S makes a purchase more likely to occur, without affecting

the update of E−t (since they wrongly assume supply-informed do not trade), as a result E−t

diverges less from v in expectation and so does pt.

As we know that in the end prices will converge to the asset’s value, this proposition

means that for some parameters expected prices will exhibit reversal, conditionally on (v, F ).

This happens when market-makers’ update on λt leads them to converge to the beliefs of

F+ traders. This anomaly is quite general and is already present in the “rational crashes”

literature, for instance in Jacklin, Kleidon, and Pfleiderer (1992).

Fig. 411 illustrates Proposition 4: E− beliefs get more and more misled by positive

feedback sales and are updated downwards on average, while correct E+ beliefs are updated

upwards. If at the beginning market-makers give more weight to E− (low prior probability

λ) the average prices go down at first, then over time market-makers learn about F and go

back to the supply-informed traders’ expectations.

Do supply-informed traders also help the aggregation of information in the long-run?

Two effects need to be taken into account: increasing the number of supply-informed traders

increases the probability that a given trade comes from a supply-informed trader, but it

also increases total trading intensity, and thus the average number of trades in a given time

span. As explained in section 2.1, a real time of τ seconds correspond to (1 + x̂S)τ trades on

average. I prove in the Appendix A.2.7 that E(|pτ−v| |I0, F, v) has a simple equivalent when

τ → +∞ of the form Ke−βτ . Studying how β varies when x̂S increases gives the following:

Proposition 5. If xI and xS are small, for (v, F ) = (1, 1) increasing the number of supply-

informed traders slows down the update of λτ and price discovery in the long-run, as measured

in real time.

11In all figures empirical averages are based on 10.000 simulations, except when confidence intervals are
given, in which case the model is run 40.000 times. The parameters used are those of the turbulence scenario
defined in section 4.2. The variable “Price” refers to the last price at which a trade took place.
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See the Appendix A.2.7 for the proof. When supply-informed traders keep an informa-

tional advantage in the long-run, prices become equivalent to λτ , and hence the speed of

convergence is determined by market-makers’ updating about positive feedback. This up-

dating is actually made slower by supply-informed traders themselves. After a sale there

is an excellent opportunity to acquire information about F : if F = F+ a further sale

is likely since positive feedback is high, if F = F− it is not. But if F = F+ supply-

informed traders buy, while if F = F− they sell. If x̂S increases, the likelihood ratios

Pr(T = −1|F = F+)/Pr(T = −1|F = F−) and Pr(T = 1|F = F−)/Pr(T = 1|F = F+)

thus decrease: additional supply-informed traders jam the signal due to their contrarian

behavior. Figure 5 shows how β varies with x̂S and α for x̂N = 0.3, O+ = 1 and O− = −1.

This effect can be compared to what Smith and Sorensen (2000) call “confounded learn-

ing”: when there are many positive feedback traders, supply-informed traders buy because

they know there is overreaction, but by doing so they make it more difficult for market-

makers to infer information about positive feedback trading. In a more general model, it

may be possible that with positive probability the market reaches a state where market-

makers cannot infer anything about positive feedback trading from observed transactions.

[Insert Fig. 4 and 5 here.]

4.2 Supply-informed activity and profit in turbulent times

Parameters: To go further, I run simulations of the model to estimate the unconditional

expectation of |pτ − v| as a function of x̂S. The results from the simulations are given using

real time τ . I assume x̂N = 0.3, x̂I = 0.1 so that there are nine times more noise traders

than value-informed traders. x̂S is set to zero at first and then allowed to increase until

0.2, so that there are at most most twice more supply-informed traders than value-informed

traders. I always assume E+
1 = E−1 = π = 0.5. I consider two main scenarios:

-In the baseline scenario, λ = 0.5 so that market-makers never start too misled about F

and α = 0.1 so that positive feedback is moderate. This case is quite close to a standard

Glosten-Milgrom framework and is meant to reflect a market in normal times.

-In the turbulence scenario, α = 0.8 so that there are many positive feedback sales when
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F = F+. Moreover λ = 0.05 (to compare with the 0.9999 probability that no informational

event occurs in Avery and Zemsky (1998)). This set of parameters represents a market

which is rarely affected by large shocks. From time to time such a large shock happens and

market-makers largely underestimate positive feedback sales at the beginning.

Supply-informed traders and prices: Fig. 6 shows the empirical average |pτ − v| in

τ = 100 as a function of x̂S in the turbulence scenario, with confidence intervals at 95%.

The effect of x̂S on long-run convergence seems non-monotonic. Notice in particular that

convergence is slower for x̂S = 0.15 than for zero supply-informed trading, although we have

added more supply-informed traders than there are value-informed traders, and the number

of trades in 100 periods has increased from 100 to 115. The same picture emerges when

considering convergence after a shorter time, but prices become noisier.

I then look at average prices over time, but conditionally on v = 1, F = F+ in the

turbulence scenario, see Fig. 7. Prices move away from fundamental value on average in the

10 first seconds, which means that many “rational crashes” are happening in the simulations.

Average prices first go downwards as expected from Proposition 4, then bounce back and

converge to v. This anomaly however is less and less pronounced when x̂S increases: supply-

informed traders act as support-buyers and help avoiding crashes. But more supply-informed

traders imply less price-discovery in the long-run, as expected from Proposition 5, because

they jam the updating process of market-makers about λτ .

Finally, having more supply-informed traders does more than reducing the average dis-

crepancy between v and pτ . On Fig. 8 I plot the empirical CDF of the random variable

max
τ∈[1,100]

|v− pτ | when v = 1 and F = F+ for several values of x̂S. This variable is the largest

deviation from fundamental value observed in a given simulation, a crash. Observe that 50%

of the time the price drops from 0.5 at the beginning to 0.3 or lower, even if v = 1 (the

median of the distribution is above 0.7). Around 10% of the time it actually drops to 0.1!

Moreover, the CDFs are ordered in the sense of first-order stochastic dominance. Adding

supply-informed traders thus seems to reduce the probability of a “crash” of any magnitude:

Numerical result 1. In the turbulence scenario, conditionally on v = 1, F = F+ and for

any u, Pr( max
τ∈[1,100]

|v − pτ | ≤ u) increases in the number of supply-informed traders.
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[Insert Fig. 6, 7 and 8 here.]

Supply-informed traders’ profit: finally, I study the profit supply-informed traders

make on their activity. Profits should be proportional to the number of trades, not time

periods, hence I use trade time. Given a history {At, Bt, Tt, O
+
t , O

−
t , λt, E

+
t , E

−
t }t=1...100, ex-

post profits are given by:

Π =
100∑
t=1

1OF
t =1(v − At) + 1OF

t =−1(Bt − v) (8)

I compute the unconditional average of this measure in both scenarios for several values of

x̂S, and also averages conditional on specific realizations of (ṽ, F̃ ) for the turbulence scenario.

Fig. 9 and 10 show my estimates, as well as the 95% confidence level interval for the estimates

of unconditional expected profit. In the turbulence scenario supply-informed traders earn a

lot when F = F+, v = 1, that is in the case where they prevent the formation of a crash,

but this happens with a low probability. Moreover, sometimes they buy because they think

the market is overreacting to sales, whereas the asset’s value is actually low, then they make

large losses. When F = F− their informational advantage is small and supply-informed

traders are most of the time excluded by too high spreads. Note that the signs of average

profit estimates conditional on (v, F ) are consistent with Proposition 3. Profit is lower in the

baseline scenario, except when x̂S is very small. The supply-informed traders’ informational

advantage is lower in this case and they are excluded more quickly. Finally, Fig. 11 shows

the quantile function of realized profits in the turbulence scenario: most of the time supply-

informed traders make a profit close to zero, but the first and last deciles show important

losses and profits.

[Insert Fig. 9, 10 and 11 here.]

Numerical result 2. In the baseline scenario supply-informed traders’s profit is not statis-

tically different from 0 except for the smallest values of x̂S. For x̂S ≥ 0.05 profit is higher in

the turbulence scenario. Moreover:

1. Supply-informed traders make a profit on average, but with a high variance.

2. They trade more when positive feedback is important, mostly remain inactive otherwise.
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3. The profit distribution is fat-tailed: they make a high profit 2.5% of the time, moderate

losses 2.5% of the time, and close to zero profit otherwise.

These simulations give us a clearer picture of what traders with supply information do:

most of the time they wait for the market to be misled enough about the amount of positive

feedback trading, in which case they have a short-lived profit opportunity. Once in a while

positive feedback is important and widely underestimated by the market, then they know

the value of the asset is underestimated and buy for long periods, generating high profits if

the asset’s value was indeed high, and losses otherwise. This pattern implies a risky activity,

that can generate high losses but even higher profits.

Assume now that supply information can be acquired at some cost c. A marginal agent

considering acquiring supply information and becoming a supply-informed trader would ex-

pect to get a profit proportional to the expectation of equation (8). Numerical results show

that this expectation is decreasing in x̂S, thus there is an equilibrium number of supply-

informed traders such that marginal profit is equal to c. Identifying supply-informed traders

to some HFT strategies gives the following:

Remark 4. All else equal, higher HFT activity should be caused by: an increase in noise trad-

ing, more uncertainty about whether the market is overreacting or underreacting to trades,

more positive feedback trading.

Indeed, when x̂I increases information is revealed faster, supply information is outdated

more quickly and supply-informed traders are sooner excluded from trading. When λ is more

extreme and α is high, uncertainty about positive feedback is higher and supply information

is more valuable. Finally, a higher asymmetry between sales and purchases implies higher

mispricings and thus profits for supply-informed traders.

Circuit-breakers: I introduce circuit-breakers in the model to illustrate the signal-jamming

effect, as their impact here is similar to the supply-informed traders’12. Assume F = F+, v =

1, and in t = 5 there is a trading halt if the price falls below a given threshold (p = 0.35 in

12See www.sec.gov/investor/alerts/circuitbreakersbulletin.htm for a wrap-up of the different
measures implemented in the U.S. as an answer to the “flash crash”, and Draus and Van Achter (2012)
for a recent theoretical study of circuit-breakers.
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the figure below). I assume that the trading halt breaks the positive feedback spiral: it is

common knowledge that from t = 6 onwards positive feedback is low, F = F−. This does not

give any information about past trades: market-makers still do not know whether they were

due to positive feedback or to negative fundamental information. With the circuit-breaker,

prices on average go up from t = 6 onwards, but slowly because the negative information

acquired before has a lasting impact. Without the circuit-breaker, prices continue to fall on

average, but then a V-shaped recovery occurs: market-makers learn by observing new sales

that the first ones were not so informative, and the informational impact of the first sales

is washed away. Fig. 12 illustrates this phenomenon: I plot the average trajectory of prices

conditional on the circuit-breaker being triggered, as well as the counter-factual trajectory

starting at t = 6 had the circuit-breaker not been implemented. This example implies that

the length of the trading halt matters:

Numerical result 3. A trading halt long enough to break the positive feedback is likely to

stop the crash. If it is not long enough for uninformed traders to learn the cause of the price

drop, then it also prevents a quick rebound from happening.

[Insert Fig. 12 here.]

4.3 Discussion

The trading behavior and the profit of supply-informed traders in this model have various

empirical counterparts depending on how one interprets “supply information”. Most of the

time (ie. when F = F−) these traders follow momentum strategies, which give a positive

return because conditionally on F = F− prices under-react to observed trades. When

F = F+, supply-informed traders are supplying liquidity by trading in the direction opposite

to price pressure. Coval and Stafford (2007) show that investors short selling stocks likely

to be affected by flow-induced selling by mutual funds and buying ahead of forced purchases

earn an average abnormal return over 10%. The turbulence parameters can be seen as a

stylized representation of the crisis episodes studied by Cella, Ellul, and Giannetti (2011)13,

13Mainly the aftermath of Lehman Brothers’ bankruptcy in 2008, but also October 1987, the Russian
default of 1998, the quant event of 2007, the bailout of Bear Sterns in 2008.
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who show that stocks mainly held by institutions with a short trading horizon experience

larger price drops than the others, and then experience larger reversals. A long/short equity

strategy consisting in buying stocks held by short horizon institutions and short selling

similar stocks with more long term investors is an example of what is defined in this paper

as supply-informed trading.

An interesting empirical counterpart to supply-informed traders are liquidity-taking high-

frequency traders (as supply-informed traders pay the spread in this model). Baron, Bro-

gaard, and Kirilenko (2012) show that they make more profit than other HFTs, but the

distribution is also very dispersed, in line with Numerical result 2. Brogaard, Hendershott,

and Riordan (2011) also show that HFTs typically use marketable orders to trade in the

direction opposite to transitory pricing errors, which is in line with the model. Consistent

with Proposition 4, Hasbrouck and Saar (2012) find that HFT activity had an important

positive impact on liquidity in a crisis time (June 2008), while Nagel (2011) shows that

reversal strategies (corresponding to the case v = 1, F = F+) fare better in times of high

volatility, as expected from Remark 4.

Numerical result 2 illustrates clearly the risk of a trading strategy based on catching

falling knives. In practice this risk is magnified by the possibility of a slow reversal: the

supply-informed trader can report a trading loss for a long time if too many noise trades go

in the wrong direction (“noise trader risk” as in De Long et al. (1990a)), or if other supply-

informed traders are slow to arbitrage the mispricing (“synchronization risk” in Abreu and

Brunnermeier (2002)). Supply-informed traders could thus trade less than they do in this

model, or become positive feedback traders themselves if they hit funding constraints. Papers

such as Easley, Lopez de Prado, and O’Hara (2011) suggest that natural liquidity providers

actually became liquidity consumers during the flash crash of 2010. The result on profit shows

that due to the inherent risks of trading on supply information this problem is actually likely.

Moreover, as “mini flash crashes” seem to become more common (Golub, Keane, and Poon

(2012)), a key aspect of “supply information” that HFTs may have is learning quickly wether

such an event is driven by news or by a glitch.

The risk of actually catching a falling knife suggests that it would be profitable for supply-

informed traders to have some value information as well. Endogenizing the choice of both
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types of information would be difficult in this model however. Ganguli and Yang (2009)

study in a static framework the choice to acquire both value and supply information, but

only as a bundle. Whether we can expect some traders to specialize in acquiring mainly

supply information thus remains an open question.

It would be interesting for future research to see how allowing supply-informed traders

to time their trades would interact with two-dimensional adverse selection and the spread.

Selling strategically to depress prices further before buying as in Brunnermeier and Pedersen

(2005) requires market power from the trader, while this paper assumes competitive traders.

Selling at the beginning of the period and trying to buy at the trough is another possible

strategy, but it should be heavily discouraged by the spread. There is promising research on

the role of “timing” in Glosten-Milgrom type models (Back and Baruch (2004), Malinova

and Park (2009)), but a tractable framework that could be applied in complex settings is still

lacking. This section shows that, even in the optimistic case where supply-informed traders

always buy stocks they see as undervalued and sell stocks they consider to be overvalued,

their positive short-run impact also implies a negative impact on long term price discovery.

Interestingly, supply-informed traders in the model act as a smooth version of the circuit-

breaker studied in Numerical result 3: by preventing crashes they also prevent quick rebounds

from happening. Menkveld and Yueshen (2013) show a similar signal-jamming when trades

between “middlemen” can be mistaken for informed trades. Here the cause is different as

informed trades are making it more difficult to learn precisely the type of information that

these informed traders have.

5 Conclusion

Market participants have massively invested in recent years to obtain more information, or

more quickly, about other elements than fundamentals. This paper offers a simple extension

of the Glosten-Milgrom model allowing for non-fundamental uncertainty, namely on the

intensity of positive feedback trading, in a stylized but also flexible way, and for traders with

private information about this intensity. These supply-informed traders can be identified

with various high-frequency trading strategies relying on a lot of data about order flow
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rather than about fundamentals. At a different frequency, various funds may have supply

information, typically about the financial situation of large players who could exert price

pressure on the market if financially distressed.

The welfare implications of such an investment in non fundamental information are am-

biguous: when uncertainty about positive feedback is important, supply-informed traders

slow down price discovery in the long-run because they jam the market-makers’ update on

the intensity of positive feedback, and add a second dimension to adverse selection, which

widens the spread. Their only, but possibly crucial, clear positive effect on the market is

that they help prevent large deviations due to underestimation of positive feedback. Such

agents can be seen as providing the market with an insurance against crashes caused by mis-

interpretation of past trades, the premium to pay being larger spreads and slower long-run

price-discovery.

Interestingly, in markets such that non-fundamental crashes can be expected to happen,

profits from supply-informed trading can be large, but they also have a high variance, the

risks associated with being wrong being important (“catching a falling knife”), and are

positively correlated with the asset’s value. The short term volatility implied by supply

uncertainty is thus attenuated by supply informed traders but not eliminated, as the number

of market participants acquiring such information are limited by the risks associated with

supply informed trading.
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A Appendix

A.1 Notations

v value of the asset, equals 0 or 1

xN 3xN is the proportion of uninformed traders

xI proportion of value-informed traders

xS proportion of supply-informed traders

αF is the proportion of positive feedback traders among uninformed traders

F j, j ∈ {+,−}, two possible values of F

Tt direction of the trade in period t

At ask price in period t

Bt bid price in period t

pt price of the transaction in period t

Ej
t with j ∈ {+,−} denotes the expected value of the asset conditional on F = F j

Ej
t with j ∈ {F, 1− F} is the expected value of the asset conditional on the true/wrong F

λt probability market-makers assign to F = F+

Oj
t with j ∈ {+,−}, direction of trade of F+, F− supply-informed traders

OF
t direction of trade of the realized type of supply-informed traders

Hj
t with j ∈ {+,−} is equal to ln

(
Ej

t

1−Ej
t

)
Λt is equal to ln

(
λt

1−λt

)
A.2 Proofs

A.2.1 Proof of Proposition 1

Supply-informed traders with the highest expectation cannot sell while the others do nothing

or buy. Let us show that the two types of supply-informed traders cannot both buy or both

sell in the same period. Remember that if there is a sale (resp. a purchase) in period

t, we have Bt( resp. At) = λt+1E
+
t+1 + (1 − λt+1)E−t+1. If both types of supply-informed

traders sell we have E+
t < Bt, E

−
t < Bt, but if there is a sale in period t we also have

E+
t+1 < E+

t , E
−
t+1 < E−t , so Bt < λt+1E

+
t + (1− λt+1)E−t , which means that either E+

t or E−t

is larger than Bt, and thus that one type at least does not sell. Similarly both types cannot
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buy.

If E+
t > E−t there are thus only four possible values for (O+

t , O
−
t ): (1, 0), (1,−1), (0, 0), (0,−1),

and conversely if E−t > E+
t − the four possible values are (0, 1), (0, 0), (−1, 0), (−1, 1). I now

use Bayes’ law to compute the bid and ask prices, assuming the orders submitted by supply-

informed traders to be known. All probabilities are conditional on It:

At =
Pr(v = 1 ∩ Tt = 1)

Pr(v = 1 ∩ Tt = 1) + Pr(v = 0 ∩ Tt = 1)

I use the following notations with j ∈ {+,−}, T ∈ {−1, 0, 1}:

ujt,T = Pr(Tt = T |It, v = 1, F = F j) = xN + 1Oj
t=TxS + xI1T=1 − αF j1Tt−1=−1xN (1− 3× 1T=−1)(9)

vjt,T = Pr(Tt = T |It, v = 0, α = αj) = ujt,T + xI(1T=−1 − 1T=1) (10)

Now we can reexpress the bid and the ask prices:

At =
λtE

+
t u

+
t,1 + (1− λt)E−t u−t,1

λt(u
+
t,1 − (1− E+

t )xI) + (1− λt)(u−t,1 − (1− E−t )xI)
(11)

Bt =
λtE

+
t u

+
t,−1 + (1− λt)E−t u−t,−1

λt(u
+
t,−1 + (1− E+

t )xI) + (1− λt)(u−t,−1 + (1− E−t )xI)
(12)

Denoting Ωt = xI(1−λtE+
t −(1−λt)E−t ) the probability of trading with a value-informed

trader and the asset value being low, direct calculation shows these necessary and sufficient

conditions:

Ej
t < Bt ⇔ Ωt < |λt − F j|

(
E−jt

Ej
t

− 1

)
u−jt,−1 (13)

Ej
t > At ⇔ Ωt < |λt − F j|

(
1− E−jt

Ej
t

)
u−jt,1 (14)

(15)

Finally, assuming E+
t > E−t (the same result holds by symmetry when this is not the case)
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and denoting Kt = λt

(
E+

t

E−t
− 1
)
u+
t,−1, Lt = (1− λt)

(
1− E−t

E+
t

)
u−t,−1 we have

(O+
t , O

−
t ) = (1, 0) ⇔ E+

t > At > E−t > Bt ⇔ Kt < Ωt < Lt

(O+
t , O

−
t ) = (1,−1) ⇔ E+

t > At > Bt > E−t ⇔ Ωt < min(Kt, Lt)

(O+
t , O

−
t ) = (0, 0) ⇔ At > E+

t > E−t > Bt ⇔ Ωt > max(Kt, Lt)

(O+
t , O

−
t ) = (0,−1) ⇔ At > E+

t > Bt > E−t ⇔ Lt < Ωt < Kt

Thus for any values taken by Ωt, Kt, Lt there is one and only one possible vector (O+
t , O

−
t ).

A.2.2 Supply-informed traders and market-makers’ updates

Denote Hj
t = ln

(
Ej

t

1−Ej
t

)
for j ∈ {+,−} and Λt = ln

(
λt

1−λt

)
. For supply-informed traders’

beliefs, we have by Bayes’ law:

Hj
t+1 = Hj

t + ∆Hj(Tt−1, Tt, O
j
t ) (16)

with ∆Hj(Tt−1, Tt, O
j
t ) = lnujt,Tt − ln vjt,Tt . Notice that neither ujt,Tt nor vjt,Tt depend directly

on time, and the update can be expressed in terms of Tt−1, Tt, O
j
t only. For market-makers’

beliefs on positive feedback trading we can write similarly:

Λt+1 = Λt + ∆Λ(Tt−1, Tt, O
+
t , O

−
t , E

+
t , E

−
t ) (17)

with ∆Λ(Tt−1, Tt, O
+
t , O

−
t , E

+
t , E

−
t ) = ln yt,Tt − ln zt,Tt and

yt,T = Pr(Tt = T |It, F = F+) = E+
t u

+
t,T + (1− E+

t )v+
t,T (18)

zt,T = Pr(Tt = T |It, F = F−) = E−t u
−
t,T + (1− E−t )v−t,T (19)

Consider now Lemma 1. The first part follows from standard arguments. Under As-

sumptions 1 or 2, the average proportion of periods with Tt = T for T ∈ {−1, 0, 1} is given

by stationary measures µT (v, F,OF ) associated to the transition matrix M(v, F,OF ). We
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can then define the stationary expected update of Hj
t as:

∆Hj
∞ =

∑
T={1,0,−1}

µT (v, F,OF )
∑

T ′={1,0,−1}

Pr(T ′|T, v, F,OF )∆Hj(T, T ′, Oj)

where Pr(T ′|T, v, F,OF ) is given by the relevant cell in the transition matrix M(v, F,OF ).

This gives us ∆HF
∞ and ∆H1−F

∞ . The set of parameters for which the latter is by chance

equal to zero has null measure and we can neglect it, so that the average update is strictly

positive or strictly negative, thus E1−F
t converges to v or 1− v. For market-makers’ beliefs

about F , notice that the observation of a given trade Tt may give rise to different updates

depending on the values of E+
t and E−t (see equations (18) and (19)). But as these beliefs

converge to v or 1− v, in the limit the update of λt after a given trade Tt will not depend on

t, so that again the average update in each period will converge to a stationary limit ∆Λ∞.

A.2.3 Proof of Proposition 3 and Lemma 2

Consider first Proposition 3. In the first period T0 = 0 and E+
1 = E−1 . E+

t will remain

equal to E−t until the first sale. After the first sale we have u+
i 6= u−i and v+

i 6= v−i for

i ∈ {−1, 1} and no type of supply-informed wants to trade, thus it is easy to compute that

u+
1 /v

+
1 > u−1 /v

−
1 and u+

−1/v
+
−1 > u−−1/v

−
−1. If there is a purchase or a sale, in the next round

we have E+
t > E−t . Otherwise both beliefs are still equal and we can consider the next sale.

Now, assume up to a given period t′ we have E+
t > E−t . If in t′ − 1 there was no sale then

both types update similarly and we have E+
t′+1 > E−t′+1. Assume there was a sale, and we

have a purchase in t′. A sufficient condition to have E+
t′+1 > E−t′+1 is that u+

1 /v
+
1 > u−1 /v

−
1 .

We already know this is the case if F+ traders do not buy (F− traders cannot buy since

E+
t′ > E−t′ ). If they do buy, then we need:

u+
1

v+
1

>
u−1
v−1
⇔ xN(1− α) + xI + xS

xN(1− α) + xS
>
xN + xI
xN

⇔ αxN > xS

If in t′ we have a sale instead we need u+
−1/v

+
−1 > u−−1/v

−
−1. F+ traders cannot sell due to

the condition E+
t′ > E−t′ . We already know the required condition holds if F− traders do not
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sell either. If they do sell, then we need:

u+
−1

v+
−1

>
u−−1

v−−1

⇔ xN(1 + 2α) + xI
xN(1 + 2α)

>
xN + xI + xS
xN + xS

⇔ 2αxN > xS

Thus αxN > xS is a sufficient condition to always have E+
t updated more upwards than E−t ,

which shows that we have E+
t ≥ E−t for any t.

I now turn to Lemma 2. Under Assumptions 1 or 2, by Lemma 1 we can define

∆H+
∞,∆H

−
∞ and ∆Λ∞. In the long run E+

t , E
−
t and λt thus behave like et∆H

+
∞/(1 + et∆H

+
∞),

et∆H
−
∞/(1 + et∆H

−
∞) and et∆Λ∞/(1 + et∆Λ∞) on average. Consider the case v = 1, F = F+. By

Proposition 3 we have ∆H+
∞ > ∆H−∞ and if supply-informed traders are active they have to

buy, thus equation (14) has to be satisfied, which can be written for F+ traders as:

(1− λ)(E+ − E−)

E+(1− E+)
=

1 + eH
+

1 + eH−
× 1

1 + eΛ
×

(
eH

+ − eH−

eH+

)
>

xI
u−1 − E+xI

The dominant term in the numerator of the left-hand side is e2H+
, while the dominant term

in the denominator is eH
++Λ+max(0,H−). Thus if ∆H+

∞ > ∆Λ∞ + max(∆H−∞, 0) the left-hand

side goes to infinity and is larger than the right-hand side which goes to a positive constant,

if the opposite then the left-hand side goes to zero and is smaller than the left-hand side.

The condition ∆H+
∞ > ∆Λ∞+max(∆H−∞, 0) implies that |E+

t −v| > max(|λt−F |, |E−t −v|),

which is thus a necessary condition for long-run activity. Conversely, if we start with limits

corresponding to the case where F+ traders are inactive and have |E+
t − v| < max(|λt −

F |, |E−t − v|) then necessarily ∆H+
∞ < ∆Λ∞ + max(∆H−∞, 0), which is a sufficient condition

for inactivity. All other cases are dealt with symmetrically. Finally, under Assumption 1

both types of traders must have a constant behaviour in the long-run, so that they are either

always inactive or always active and buying if F = F+ or selling if F = F−. The two cases

of the lemma partition the possible outcomes and the necessary conditions are thus also

sufficient.
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A.2.4 Proof of Remark 1

Under the assumptions of the remark, when (v, F ) = (1, 0) or (0, 1) supply-informed traders

do not trade in the long-run and thus do not add to trade imbalance. When (v, F ) = (0, 0)

either they are inactive or they sell. Since there is no positive feedback in this case we know

there are more sales than purchases due to value-informed traders, hence supply-informed

traders add to order imbalance. The last case to consider is (v, F ) = (1, 1), in which case

supply-informed traders either are inactive in the long-run and do not affect order imbalance,

or are active and buy. In the latter case, the transition matrix in the long-run is M(1, 1, 1).

We can compute the associated stationary measures µ1 and µ−1 as:

µ1(1, 1, 1) =
1− 2xN(1 + α) + 3αx2

N

1− 2αxN
, µ−1(1, 1, 1) =

xN
1− 2αxN

As supply-informed traders are buying, they add to order imbalance in this case if and only

if µ1(1, 1, 1) ≥ µ−1(1, 1, 1), which gives us the condition mentioned in the remark.

A.2.5 Proof of Remarks 2 and 3

I first prove Remark 2. Starting with equation (7), since E+ > E− the spread has the sign of

Pr(F = F+|Tt = 1, It−1)−Pr(F = F+|Tt = −1, It−1). Using the results of section A.2.2, this

difference is positive if and only if yt,1/zt,1 ≥ yt,−1/zt,−1. Since xI = 0, we have ujt,T = vjt,T

for any T and j and the inequality simplifies to ut,1/vt,1 ≥ ut,−1/vt,−1. There is equality and

thus a null spread if the previous trade was a purchase or a hold, otherwise the inequality

does not hold and the spread is negative. To see that this implies the bid price going up

after a sale, write:

pt−1 = Pr(F = F+|It−1)E+ + Pr(F = F−|It−1)E−

Bt = Pr(F = F+|It−1, Tt = −1)E+ + Pr(F = F−|It−1, , Tt = −1)E−

so that Bt − pt−1 = (E+ − E−)[Pr(F = F+|It−1, Tt = −1) − Pr(F = F+|It−1)]. As

yt,−1/zt,−1 > 1 we get the desired result.
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For Remark 3, define ûjt,T = (1 + x̂S)ujt,T and v̂jt,T = (1 + x̂S)ujt,T so that the different

probabilities can be expressed in terms of the x̂s. The ask price is given by equation (11)

and we have:

Pr(v = 1 ∩ T = 1) = λE+ û+
1

1 + x̂S
+ (1− λ)E−

û−1
1 + x̂S

Pr(v = 0 ∩ T = 1) = λ(1− E+)
v̂+

1

1 + x̂S
+ (1− λ)(1− E−)

v̂−1
1 + x̂S

Remember that as E+ > E− the F− traders cannot buy. Differentiating with respect to x̂S:

∂ Pr(v = 1 ∩ T = 1)

∂x̂S
=

1

1 + x̂S

(
λE+

(
O+

1 −
û+

1

1 + x̂S

)
− (1− λ)E−

û−1
1 + x̂S

)
= (λE+O+

1 − Pr(v = 1 ∩ T = 1))/(1 + x̂S)

∂ Pr(v = 0 ∩ T = 1)

∂x̂S
=

1

1 + x̂S

(
λ(1− E+)

(
O+

1 −
v̂+

1

1 + x̂S

)
− (1− λ)E−

v̂−1
1 + x̂S

)
= (λ(1− E+)O+

1 − Pr(v = 0 ∩ T = 1))/(1 + x̂S)

After some rearrangements, this gives:

∂A

∂x̂S
=

λO+
1

(1 + x̂S)P (T = 1)
(E+ − A)

If F+ traders do not buy the effect is zero. Otherwise E+ > A and thus the effect is positive.

The reasoning for the bid is similar, and bid is negatively affected if and only if F− traders

sell. In all cases the impact of x̂S on the spread is non-negative.

A.2.6 Proof of Proposition 4

Consider the case v = 1, F = 1. As explained in the text, for a low enough λ1 prices pt can

be made arbitrarily close to E−t for a finite number of periods. It is thus enough to show

that E−t goes down on average for a finite number of periods. If xI and xS are small and α

high, we can make the proportion of sales among observed trades arbitrarily close to 1. It

is thus enough to show that E−t goes down in expectation when Tt−1 = −1. Using equation
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(16), this is equivalent to:

u+
1 ln

(
u−1
v−1

)
+ u+

−1 ln

(
u−−1

v−−1

)
< 0⇔ ln

(
xI + xN
xN

)
(xI − 3αxN) < 0

which is true under the assumptions of the proposition. The case v = 0, F = 0 is more

direct. We have to show that E+
t moves upwards, which is equivalent to:

u−1 ln

(
u+

1

v+
1

)
+u−−1 ln

(
u+
−1

v+
−1

)
> 0⇔ (xI+xN) ln

(
xI + (1− α)xN

(1− α)xN

)
+xN ln

(
(1 + 2α)xN

(1 + 2α)xN + xI

)
> 0

which is true for α close enough to one as the first log goes to +∞.

A.2.7 Proof of Proposition 5

Under the assumptions of the proposition, dropping time subscripts and rewriting equation

(11) or (12) gives:

1− p =
λ(1− E+)v+ + (1− λ)(1− E−)v−

λ(v+ ± E+xI) + (1− λ)(v− ± E−xI)

where for the ask price ± is a + and (v+, v−) = (v+
1 , v

−
1 ) and for the bid price ± is a − and

(v+, v−) = (v+
−1, v

−
−1). Using the definition of H+, H−,Λ this gives:

1− p =
eΛ(1 + eH

−
)v+ + (1 + eH

+
)v−

(1 + eH+)(1 + eH−)(eΛv+ + v−)± xI(eΛeH+(1 + eH−) + eH−(1 + eH+))

Since H+
t , H

−
t ,Λ behave as t × ∆H+

∞, t × ∆H−∞, t × ∆Λ∞, 1 − p is equivalent when t goes

to infinity to the ratio of the dominant terms in the numerator and denominator. When

F = F+ both H+ and Λ are positive in the long run and H− is negative since E− is assumed

to converge to zero. If F+ traders are active then according to the proof in A.2.3 we have

H+ > Λ + max(0, H−) = Λ so that the dominant term in the numerator is eH
+

and the

dominant term in the denominator is eΛ+H+
, hence the ratio is equivalent to v+

v+±xI
e−Λ. For

xI small enough this is close to e−t∆Λ∞ . This reasoning takes v+, v− as given but they will

take different values after sales, purchases and no trade. For a small enough xI this does

not affect the equivalent. We can then deduce that the equivalent in real time of |pτ − v| is

given by e−τ(1+x̂S)∆Λ∞ .

40



It remains to show that increasing x̂S negatively affects (1 + x̂S)∆Λ∞. This quantity is

an average, weighted by the stationary measures of each state, of the update of Λt when the

trade in t− 1 was a purchase, a sale or a hold.

(1 + x̂S)E(∆Λt|It) = (1 + x̂S)

(
u+

1 ln

(
u+

1

u−1

)
+ u+

0 ln

(
u+

0

u−0

)
+ u+

−1 ln

(
u+
−1

u−−1

))
= û+

1 ln

(
û+

1

û−1

)
+ û+

0 ln

(
û+

0

û−0

)
+ u+

−1 ln

(
û+
−1

û−−1

)

where the ûs are defined by û+
1 = x̂N + x̂I + x̂S − αx̂N1Tt−1=−1, û−1 = x̂N + x̂I , û

+
−1 =

x̂N+2αx̂N1Tt−1=−1 and û−−1 = x̂N+x̂S. If Tt−1 = −1, then the derivative of (1+x̂S)E(∆Λt|It)

with respect to x̂S can be expressed as:

[
1 + ln

(
û+

1

û−1

)
− û+

1

û−1

]
+
û+

1

û−1
−
û+
−1

û−−1

the first term in brackets is negative as 1 + lnx − x is negative. For x̂S small it is easy to

show that the second term is negative as well. When Tt−1 6= −1 the derivative is:

1− x̂N
x̂N + x̂S

+ ln

(
x̂S + 1− 2x̂N

1− 2x̂N

)

this is positive but can be made arbitrarily small as x̂S tends to zero. Thus the total effect

of x̂S on (1 + x̂S)∆Λ∞ is strictly negative when x̂S is small enough.
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A.3 Figures
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Figure 2: Supply informed traders’ expectations. 3 sales, 3 purchases.
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Figure 3: Parameters for which the supply-informed cannot be inactive in the long-run.

v = 1, F = F+ (left) and v = 0, F = F− (right).
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Figure 1: Probability tree in period t, after a sale.
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Figure 4: Beliefs and prices. Turbulence case, conditional on v = 1, F = F+.
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Figure 5: Stationary speed of convergence β as a function of x̂S and α, for x̂N = 0.3.
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Figure 6: |pτ − v| after 100 periods as a function of x̂S. Turbulence case.
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Figure 7: Price as a function of time for different x̂S. Turbulence case, conditional on

v = 1, F = F+.

0.4 0.5 0.6 0.7 0.8 0.9 1
Max Èv-pÈ0

0.1

0.2

0.3

0.4

0.5

0.6

0.2

0.7

0.8

0.9

1

Probability

xS
`

=0.2

xS
`

=0.1

xS
`

=0
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case, conditional on v = 1, F = F+.
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