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Abstract

We develop an endogenous threshold VAR that addresses contemporaneous de-
pendence between the threshold variable and reduced-form innovations, a per-
vasive issue when regime indicators are jointly determined with system dynam-
ics. A regime-specific copula-based control function removes this dependence
without requiring external instruments or parametric assumptions on the thresh-
old’s marginal distribution, while preserving the linear regime-wise least-squares
structure. We demonstrate that omitting the control generates “excess sensiti-
vity” and “excess propagation” errors in impulse responses, clarify structural
and proxy-SVAR identification under endogenous regimes, and establish
conditions under which Chan-type threshold asymptotics remain valid with
generated con-trols. A Hermite sieve extension accommodates tail-dependent
and asymmet-ric dependence. Monte Carlo exercises document the size of the
biases from ig-noring endogeneity across different designs. Applied to the
analysis of monetary transmission, the framework avoids the price and
persistence puzzles displayed by a linear VAR, delivers regime-dependent
sacrifice ratios, and aligns estimated regimes with historical inflation episodes.

KeyworDS. Endogenous Threshold, Monte Carlo, Monetary Policy, Impulse Re-
sponse.

JEL CLASSIFICATION. C32, C34, E52.
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NON-TECHNICAL SUMMARY

The paper studies what happens when the “state” that splits the economy into regimes
is itself reacting to shocks, and proposes a way to fix this in threshold VARs. In standard
threshold VARs, the sample is divided into regimes using a threshold variable (for exam-
ple, an inflation measure). The literature almost always assumes this threshold variable
is predetermined: it can depend on past data, but not on the current shocks hitting the
system. The authors argue that this is unrealistic in many macro settings, where agents
and policymakers react quickly and thresholds such as inflation, credit spreads, or risk
indicators move contemporaneously with shocks. In that case, the threshold is endoge-
nous to the VAR and traditional methods can misclassify regimes and distort the esti-
mated dynamics.

The paper develops an “endogenous-threshold” VAR (TVARN) that explicitly cor-
rects for this contemporaneous dependence between the threshold variable and the VAR
innovations. The key device is a copula-based control function. The joint distribution of
the threshold and the VAR shocks is modeled via a copula, which captures their depen-
dence structure independently of their marginal distributions. The authors show that,
by applying a simple Gaussian copula transformation to the threshold and adding the
resulting term as an extra regressor in each regime, one can purge the correlation be-
tween the threshold and the residuals. This “copula control” orthogonalizes threshold
and innovations without needing instruments or specifying how the threshold itself is
distributed. It preserves the usual linear-within-regime VAR structure and scales well
with sample size and dimensionality.

Neglecting threshold endogeneity leads to two systematic errors in impulse response
analysis. First, excess sensitivity: when the threshold and shocks move together, omitting
the copula control makes the reduced-form shocks mechanically too volatile, because
they incorporate a missing factor linked to the threshold. As a result, the on-impact re-
sponses to a given “structural” shock look too large. Second, excess propagation: the
same omission induces omitted-variable bias in the VAR coefficients, so the estimated
dynamics exaggerate persistence or even generate spurious oscillations. These prob-
lems arise under common identification schemes (recursive, sign restrictions, long-run
restrictions, external instruments) because they all build on the same biased reduced-
form moments. The copula-based correction is designed to remove both channels.

The authors assess performance in an extensive Monte Carlo study. They generate
data from a TVAR with an endogenous threshold and then estimate two models: the cor-
rectly specified endogenous-threshold TVARN and a conventional exogenous-threshold
TVAR (TVARx). They vary the strength and sign of dependence between the threshold
and shocks, allow for Gaussian, Student-t and skewed-t innovations, and consider both
linear and nonlinear (Archimedean) copulas such as Clayton, Joe, and Gumbel. Across
designs and for sample sizes that mimic typical macro applications (T = 200 and 500
quarters), ignoring threshold endogeneity produces substantial bias and mean squared
error in the estimated threshold and in regime-specific covariance matrices. In turn, the
impulse responses from the exogenous model display the excess sensitivity and propa-
gation predicted by the theory. By contrast, the endogenous-threshold model substan-
tially reduces both bias and MSE and closely tracks the true impulse responses, even
when the true dependence structure is non-Gaussian and innovations are heavy-tailed.
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The empirical application revisits U.S. monetary policy transmission over 1973-2007.
The VAR includes inflation, the output gap, the federal funds rate, and the excess bond
premium. The threshold variable is a three-quarter moving average of inflation, inter-
preted as a proxy for inflation expectations. The endogenous-threshold VAR estimates a
threshold around 3.34 percent, implying that the economy is in a “high inflation” regime
roughly half of the time. This regime classification aligns well with standard narratives: a
prolonged high-inflation period in the 1970s and early 1980s, a subsequent Volcker dis-
inflation, a long low-inflation regime during the Great Moderation, and brief episodes
around the global financial crisis.

When the authors compute impulse responses to a contractionary monetary policy
shock, the differences across models are stark. In the linear VAR, and in the mis-specified
exogenous-threshold VAR, responses tend to show price puzzles, overly persistent dy-
namics, and sluggish disinflation. Once threshold endogeneity is controlled for, the re-
sponses become more economically plausible: prices fall more promptly, output adjusts
in a way consistent with standard New Keynesian reasoning, and the uncertainty bands
are tighter. The high-inflation regime exhibits somewhat stronger and faster disinflation,
but not the extreme inertia implied by mis-specified models. A complementary New
Keynesian sketch shows how regime-dependent volatility, when combined with nonlin-
ear solution methods, can rationalize larger real effects in more volatile high-inflation
states, linking the empirical findings to theory.

Overall, the paper’s message is that, in threshold VAR applications, it is not enough to
let coefficients change across regimes; one must also take seriously the possibility that
the regime-switching variable is itself endogenous. The proposed copula-based control
offers a practical way to do so. It delivers more reliable regime classification and more
credible impulse responses, and it can be implemented with standard tools. Given how
widely VARs are used to study state dependence and nonlinear dynamics, the approach
is likely to be useful beyond the specific monetary policy application in the paper.
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1. INTRODUCTION

This paper studies threshold VAR (TVAR) models in which regime switching is governed
by an observed threshold variable (e.g., Tong and Lim, 1980, Chan, 1993, Hansen, 1999,
2000, Caner and Hansen, 2004). The tractability of such models notably rests on the
assumption that the threshold variable is exogenous (or at least predetermined) with
respect to the reduced-form innovations of the system. While this assumption may be
defensible in natural-science applications where the threshold reflects a physical or geo-
logical feature, it is far less compelling in economics, where the indicator classifying the
regime - e.g., inflation, financial stress - is typically determined jointly with the variables
whose dynamics the VAR is meant to describe.

In such settings, regime assignment and shock realizations are simultaneous rather
than sequentially ordered, and treating the threshold as exogenous misspecifies the con-
ditional distribution of the innovations within each regime. The problem is thus one of
“endogenous sample splitting” with a contemporaneous state variable: the threshold
rule simultaneously determines (i) the partition of the sample into regimes and (ii) the
conditional distribution of the innovations within each regime.

We propose a regime-specific copula-based control function that removes the
threshold-selection component from the conditional mean of the reduced-form innova-
tions without imposing a parametric form on the marginal distribution of the threshold
variable, and preserving the linear regime-wise least-squares structure of the TVAR. To
our knowledge, this is the first paper to address threshold endogeneity in a multivariate
VAR setting.

Contributions. Our paper makes four main contributions. First, we derive an exact
Gaussian-copula benchmark for endogenous sample splitting in threshold VARs. The
contemporaneous threshold-innovation dependence is captured by a regime-specific
PIT score, yielding a linear conditional-mean correction that allows correlations, vari-
ances, and selection loadings to differ across regimes while preserving least-squares es-
timation.

Second, we characterize the misspecification induced by ignoring the endogenous
split. Omitting the copula control produces nonzero conditional innovation means, co-
variance inflation, and omitted-variable bias in the autoregressive coefficients. These
distortions translate into impulse-response errors through excess sensitivity, operating
through impact matrices, and excess propagation, operating through biased dynamic

multipliers.
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Third, we clarify structural identification under endogenous regimes. For covariance-
based schemes, the correction removes the covariance inflation that feeds into impact
identification. For proxy-SVAR identification, corrected innovations identify the orthog-
onalized target shock, while uncorrected innovations may identify a composite direction
mixing the target shock with threshold-selection variation.

Fourth, we establish threshold-estimation validity with generated control scores.
Because the threshold objective is locally one-sided rather than smoothly quadratic,
threshold bias is characterized as a change in the one-sided slopes driven by a residual-
ized omission cost. We then show that the generated, winsorized PIT controls and their
threshold-dependent oracle counterparts are asymptotically negligible at the global and
local rates needed for consistency and for the Chan-type threshold limit.

The paper makes two ancillary methodological points. First, the Gaussian-copula
benchmark can be embedded in a sieve control built from Hermite polynomials
in the PIT score, thus accommodating non-elliptical (e.g., tail-dependent) thresh-
old-innovation dependence under standard sieve rate conditions without disturbing
the limits for slope and IRF estimators. Second, we derive divergence rates (for the
threshold, for regime-specific covariances) for the relative mean-squared-error penalty
from ignoring threshold endogeneity, providing a sharp quantitative benchmark against

which to interpret simulation evidence.

Monte Carlo and Empirical Application. We validate the method through Monte Carlo
experiments that vary the sign and strength of threshold-innovation dependence, the
distribution of innovations (Gaussian, Student-¢ , skewed-t), and the copula family gen-
erating the dependence (Gaussian, Clayton, Joe, Gumbel). The uncorrected TVAR ex-
hibits large and systematic distortions in the threshold estimate, regime-specific covari-
ances, and impulse responses; the corrected TVAR eliminates or sharply reduces them,
with relative-MSE gains that increase with sample size in line with the misspecification
mechanisms derived in the theory.

As an illustration, we apply the framework to the transmission of monetary policy
shocks. This is a context in which state dependence is theoretically well motivated and
yet empirical VAR analyses have remained predominantly linear, producing fragile and
sometimes puzzling findings across specifications. The endogenous-threshold VAR de-
livers a historically plausible regime classification, more theoretically-cogent impulse
responses, and substantially different sacrifice ratios across regimes - differences ob-
scured by both the linear VAR and the exogenous-threshold TVAR.
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Existing Literature. Several literatures address problems related to threshold endo-
geneity and provide important foundations for our approach. However, none deliver the
combination of features required in this environment.

In single-equation threshold regressions, endogenous regime assignment has been
treated using control-function and selectivity-type corrections in the spirit of Maddala
(1983), Lee (1982, 1983), and Vella (1998). More recent contributions adapt these ideas
directly to threshold regression models, using inverse-Mills-ratio, semiparametric, or
copula-based corrections to absorb the conditional mean of the disturbance given the
threshold variable (Kourtellos et al., 2016, Christopoulos et al., 2021, Kourtellos et al.,
2022, Chen et al., 2023, Zhang et al., 2025). These papers establish threshold endogene-
ity as a distinct econometric problem and show that correcting the selection channel
can be essential for valid inference.!

Extending this logic to a threshold VAR, however, is neither trivial nor mechani-
cal. In a multivariate dynamic setting, the threshold variable may be contemporane-
ously related to an entire vector of innovations; regime-specific covariance matrices
enter structural identification directly; impulse responses propagate through regime-
specific dynamic multipliers; and the threshold parameter must be estimated jointly
with the correction under a discontinuous, kinked population objective. Consequently,
omitted threshold endogeneity distorts not only slope and threshold estimates, as in
single-equation models, but also covariance matrices, impact effects, and the dynamic
propagation of structural shocks. Recently Duffy and Mavroeidis (2026) studied identifi-
cation in endogenously nonlinear SVARs, where regimes may be determined jointly with
current endogenous variables and contemporaneous structural shocks. This reinforces
our use of a contemporaneous threshold, but our focus is different: we retain the TVAR
sample-splitting estimator and correct the conditional-mean misspecification induced
by threshold-innovation dependence using a regime-specific copula control before ap-
plying standard structural identification schemes.

Other approaches address adjacent issues but fall short on at least one of these
dimensions. IV methods require valid and relevant instruments, seldom available for
threshold variables in macroeconomic settings (Gabaix and Koijen, 2024), and, even
when available, do not purge the covariance distortion that feeds into impact identifi-
cation. Smooth-transition VARs replace the discrete regime indicator with a continuous

1Zlmngﬁ(ZOZS) study endogenous kink designs in a single-equation framework, which are related to
our one-sided threshold objective in emphasizing non-smooth threshold behavior. They do not address

the multivariate VAR setting in which regime-specific covariance matrices, structural identification, and
impulse responses are directly affected by the endogenous sample split.
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transition function, mitigating abrupt classification but not orthogonalizing the tran-
sition variable with respect to contemporaneous innovations. Markov-switching VARs,
including time-varying transition-probability extensions, relocate regime variation to a
latent state and typically treat observable conditioning variables as exogenous. State-
dependent local projections (Miranda-Agrippino and Ricco, 2021) allow heterogeneous
responses by interacting shocks with observed states but inherit analogous impact and
propagation distortions when the state and innovations are correlated. Full-information
likelihood methods could in principle model the joint distribution of the threshold vari-
able and innovations, but they require correct specification of the entire dependence

structure and involve non-convex optimization that scales poorly in VAR systems.

Organization. Section 2 presents the standard threshold VAR, followed by our endoge-
nous threshold VAR. Section 3 demonstrates how neglected threshold endogeneity im-
parts systematic static and dynamic errors. Section 4 describes estimation. Section 5
considers departures from elliptical dependence structures through approximations
and sieve-based control corrections. Section 6 contains the Monte Carlo. Section 7 ap-
plies the framework to understanding the impact of unanticipated monetary shocks.

Section 8 concludes.

2. AN ENDOGENOUS THRESHOLD VAR

Our point of departure is the following threshold Vector Autoregression (TVAR) model,

with up to p lags and ¢ regimes (hereafter, assumed to be two):2

ADY, 4ol i 2 <
Yt = (1)
ADY, 4 dP, if 5> 5

where y; is a K x 1 vector of variables; Y; 1 = (1,y}_y,...,y;_,)", A € RKX(Kp+1) de-
note regime-specific coefficients; t = {p + 1,...,T}; and where uii) = (uglt)7 e ,u%)' is
a K x 1 vector of the reduced form residuals with regime specific unconditional vari-
ances ES&. Variable z, is the threshold variable, whose support can be partitioned into
7N = {2 : 2 <6} and Z?) = {2 : z; > &}, implying that the model is segmented over
the values of z;. Superscript’ indicates transpose.

Threshold endogeneity arises when the threshold variable is contemporaneously

correlated with the innovation vector, that is ]E(ugi) | zt@) # 0, where zlgi) denotes the re-

2For convenience, Appendix D collects our main notation.
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alization of the threshold variable z; conditional on z; € Z(), so that both u§i> and z§i> are
evaluated within regime i. In this case the regime indicator is correlated with the inno-
vations driving the VAR dynamics. Such dependence may arise if the threshold variable
reflects forward-looking or market-based indicators, such as expectations, financial or
macroeconomic conditions that incorporate information about current shocks. Alter-
natively, sufficiently large structural shocks may move the threshold variable across the
threshold, so that regime switching becomes endogenous and shocks determine which
regime governs the system at impact. This mechanism may arise even when the stan-
dard VAR orthogonality condition holds, E(ugi) | Y;—1) =0, because the threshold vari-
able is related to contemporaneous economic conditions affected by the innovations.

This idea relates to a broad literature on nonlinear macroeconomic dynamics in
which regime transitions depend on underlying economic conditions. Early endoge-
nous switching frameworks (Maddala, 1983, Lee, 1983) allow regime selection to depend
on observables, while in VAR settings Sims and Zha (2006) document state dependence
consistent with shocks interacting with the business cycle. In models with occasionally
binding constraints (e.g., Guerrieri and Iacoviello, 2017), sufficiently large shocks can
trigger regime changes when constraints bind. Similarly, state-dependent pricing mod-
els (Golosov and Lucas, 2007, Alvarez and Lippi, 2014) imply that adjustment decisions
respond to contemporaneous shocks, even without an explicit threshold variable. The
structural break literature (Engle and Smith, 1999, Kapetanios and Tzavalis, 2010) like-
wise associates large shocks with discrete regime changes.

These contributions suggest that shocks and regime selection need not be indepen-
dent, motivating a specification in which the threshold variable is contemporaneously
correlated with VAR innovations. By contrast, standard threshold VARs typically employ
lagged transition variables to mitigate endogeneity; while convenient, this may attenu-
ate or delay regime changes driven by contemporaneous shocks and rules out impact

regime switching by construction.

2.1 Correcting For Threshold Endogeneity Using Copulas
To model the dependence between z; and u,gi)

mean correction ]E[u,gi) | Yi1, zéi)]. Copulas are designed to describe the joint depen-

, we use copulas to define the conditional
dence structure between random variables. Sklar (1959)’s theorem states that any mul-

tivariate joint distribution can be written in terms of univariate marginal distribution

functions and a copula.
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Copulas have emerged as a pivotal framework for capturing complex dependency
structures in fields as varied as quantitative finance, predictive meteorology, and system
reliability engineering. In a univariate context, copulas have been suggested by Park and
Gupta (2012) to tackle the endogeneity problem. Moreover, within the single-equation
framework — see Kourtellos et al. (2016), Kourtellos et al. (2022), Christopoulos et al.
(2021), Chen et al. (2023) — threshold endogeneity bias has been addressed using control
variables to adjust the conditional mean for the bias. This approach is in the spirit of
binary-choice selectivity models that allow for endogenous regime switching, e.g., Mad-
dala (1983), Lee (1982, 1983), Vella (1998). It relies on a limited information estimation
framework to adjust for the endogeneity of the threshold variable. However, the exten-
sion to threshold VARs has not yet been developed. Given the growing popularity and
proven efficacy of threshold VARs, bridging this gap represents a critical next step for
the field.

The next assumption formalizes the key building block.

Assumption 1 (Relation between threshold and innovations).
1. Threshold variable z; has a continuous, strictly increasing CDF F, 3
2. Threshold endogeneily:IE(u%i) | zt(i)) # Ok, for at least one regimei.
3. Conditional mean independence from lagged information and corrected in-

novation: E(uf’ | Y, 1,2") = E(u" | 2{"). Define e’ = u” — E(u” | 2{"),
thenE(" | Yi_1,2") = 0.

4. Serially uncorrelated corrected innovations: E(sgi)sgi)’) =0k xK, fors#t.

The conditions in Assumption 1 define the source of threshold endogeneity and the in-
novation object used for estimation. Condition 1 requires the threshold variable z; to
have a continuous and strictly increasing distribution function. Condition 2 allows the
contemporaneous threshold variable to contain information about the reduced-form
innovation, so that E(ugi) | zii)) # Ok; hence z; is not assumed to be exogenous.
Condition 3 is the key conditional-mean sufficiency restriction. It requires that,
once z§i> is observed, the lagged VAR information Y;_; does not add further predictive

content for the innovation mean. Equivalently, the contemporaneous threshold-related

3The continuity requirement of z; precludes using discrete or categorical variables, such as a business-cycle
chronology.
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component of the innovation mean is summarized by E(ugi) \ Zf@ ). Subtracting this com-
ponent defines the corrected innovation agi), which satisfies E(egi) | Yi—1, zgi)) =0k.
Condition 4 imposes serial uncorrelation on the corrected innovations, rather than
on the uncentered ugi). This formulation is most relevant when z; captures the contem-
poraneous economic state and may therefore be correlated with the same-period in-
novation. A lagged threshold z;_1,, L > 1, would typically make regime assignment pre-
determined and mechanically avoid this contemporaneous endogeneity channel, but it
would also rule out impact regime switching and may delay or attenuate the state de-
pendence that the model is designed to capture. Below, we impose a Gaussian-copula
benchmark under which E(uf) | zéi)) admits a linear control-function representation.
To implement copulas in the two-regime context, define the regime-specific trunca-

tions (around threshold §):*

F F, —»p
ng)zi forz; <6 and sz)zizt s

for z; > ¢, 2
p5 1- p5

where, for brevity, we denote F,, = F,(z:), where F (o) denotes the marginal CDF of z;.
This convention extends to all (marginal, conditional, and joint) distribution functions
used throughout the paper. These distributions are obtained by scaling the CDF by the
associated probability, p, = Pr(z; < J) € (0,1), so that they integrate to unity and con-
stitute proper distribution functions. The definition below defines copula functions to

represent the conditional distribution.

Definition 1 (Copula Representation of Conditional Joint Distribution). Consider
two K + 1-dimension copulas C% : [0,1]%+1 = [0,1]:

M _ 9 L@ (@ pi)
FutIZt - 8F(i) C (Fut7 Fz ) ) (3)
Zt

whereu%i) = (ugit),...,u%)/, Fq(ft) = (FSL,...,FSI)Q)/ andF,,,
tributions of innovation terms u,(:t) > See also Siburg and Stoimenov (2008).

denote marginal dis-

4Under continuity of F,, both Fg) and Fg) are non-decreasing and right-continuous, with
lim F(z) =0, FP@) =1, FP@ET)=0, lim FP(z)=1,
zZ——00 Z—r 00 .

and are therefore proper CDFs on the supports (—oo, d] and (d, co), respectively.
5See, for example Erdely (2017). The copula functions C;, defined by (3), can be thought of as scaled func-
tions of gluing copulas along the support interval of threshold variable for z; < § and 2 > 4.
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Based on (3), we can write the conditional density of vector u,@ on z§i> as,

7., = O (PR FS) < TI, 745 W

k=1

where
aK—F 1

O (7, FOD) e (r(),FS) 9

oFd) . ard) arl)

is the copula density of ugi) and z,gi), and f. L(le)t are the marginal densities of error terms
u,(:g . The conditional density fl(jt)IZt, defined in (4), enables us to derive an analytic ex-
pression, under a known copula distribution C® (or density ¢y and the marginal dis-
tribution of error terms u,(;g, for the conditional expectation ]E(u,(;i) | zt(i)).

Assume u,(;t) ~ N(0, (JS;)Z) and that C() is the Gaussian copula. Then, define the

copula control (Probability Integral Transform, PIT) conditional on each regime i by,

20 = o 1FD) ~ A(0,1), o
u,(cit)* = cp—l(FS,Zt) ~ N(0,1).
Thus, both are transformed to be standard normal regardless of their original distribu-
tion.”
Under the regime-specific Gaussian-copula benchmark maintained in this paper,
the PIT-transformed innovation vector ugi)* and the threshold score zéi)* are jointly nor-
mal within each regime. This joint-normal representation yields the following single-

factor control representation:
ul) = A©O* 4 O (7)

where sgi) is the copula-control adjusted innovation, and A() ¢ RK*! is a regime-

specific loading vector. Conditional on zii), we then have the distributions,

uf? |20~ N (A0, 22),

(8)
o)~ (0,32),
given that
. . . . () . (i)* ull) uld)
6Strictly speaking, given our assumption on u xi thiswould imply u; /™ = o1 <<I> ( ) ) ) =
Tuk Tuk
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E(=f ] 2") = ok

. . . )
Var (5%1) | zgl)) = ESE) € REKXK
with regime-specific covariance matrix EQE) being constant within regime . The follow-

ing proposition formalizes this representation.

Proposition 1 (Single-Factor Control Under Gaussian Copula). Define the regime-i
PIT score of the threshold variable as z{"* = &1 <FS) ) , and likewise define ul(:t) * =

<I>—1(F$j,2t) k=1,... K. Collect

. . . /
o = () (10)

Assume the marginals of “12;12 are Gaussian N (0, (08,2)2), and set Dl(jl)1 =
. . . . —1 . .

diag(aﬁf,...,af&) so that ugl)* = (Dl(jl)l) ugl) component-wise. Define Rl(jl)l —

Corr ugi)*) € REXK and () = corr (ugi)*, zﬁ”*) € REX1. Assume the copula be-
(i) t(i)*

tween w,"” and z,”* is Gaussian, and assume only continuity for FS). Other than

continuity, no other parametric restriction is required for FS). Then, the regime-i
innovations admit the single-factor representation,

ud = A0 Ox 4 O (11)

with E (uf | 27) = AO=", since B (=" | 27) = 0, where AO = DRt €
REXT with’

Vmngzgng(mg_ﬁyg)Dg and Var(u®) = DOREDE,
(12)

Invariance of the z; distribution. Note that, whilst we exploit the Gaussian-copula de-
pendence to obtain the relationship E(ugi) \ zﬁi)) = A(i)zgi)* in (7), we impose no para-
metric assumption on the marginal distribution of z;. We estimate F, nonparametri-
cally; the regime-specific CDFs FS) and the PIT-Gaussian transform then imply z§i>* ~
N(0,1) by construction. The distribution Fg) can be efficiently estimated from the data,
in a first step, by a nonparametric method (e.g., Silverman, 1986), or by using the em-
pirical cumulative distribution function (ECDF), implying that the sample estimates of

zt(i)* are consistent (see Lemma A.2, Appendix A).

"Note D =D’.
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That there is no need to know the distribution of z; constitutes an attractive fea-
ture of the copula method. Furthermore, in some applications, one might imagine z; to
follow different distributions across the regions Z(!) = {—oco < z; < 6} and Z(?) = {§ <
zt < oo}, which may be characterized by different degrees of asymmetry or tail behav-
ior. This consideration arises because, whilst the transformed variable zt(i)* is normal,
St) , for
all k, are normally distributed is commonly adopted in economics, both in single and

this need not necessarily be true for the original variable z;. The assumption that

multivariate regression models, primarily for analytical convenience; see, for example,
Spanos (2018). This assumption is particularly useful in small samples and implies two
appealing properties of the error distribution: symmetry and a reasonable amount of
probability mass in the tails, both of which are typically regarded as plausible features of

well-specified econometric models.

2.2 Endogenous Threshold VAR form

Given Proposition 1, and the single factor representation (7), we can augment the TVAR

model (1) to control for threshold endogeneity as follows:

ADY, 4 ADOO* D e, <5
Yyt = (13)
ADY, |+ A(z)z?)* + s§2), ifz; >0

By Proposition 1, the copula control is orthogonal to the corrected innovation in each

regime, E [zgi)* 59 ,} = 0. The conditional mean of y; given Y;_; and 7 is then,

E (ys ‘Yt—lvzgi)> = AWy, +A(i)z,§i)*, (14)

where the copula transformation term zt(i)* serves as a control function to capture the
correlation structure between the threshold variable and the TVAR vector of innovations
u.

The vector of loading coefficients A®), moreover, admits a clear interpretation,
namely the strength of the selection channel across regimes, while retaining the linearity
and parsimony of the VAR presentation. The corrected innovation term 51(:) is orthogonal
to the regime-specific threshold score Z()). Two additional points are worth noting. First,
the conditional mean representation in (14) depends only on the contemporaneous re-

alization of z; and therefore does not require specifying the dynamic process governing
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z¢. Second, (14) nests the exogenous TVAR as the special case A®) =0 V4.8 Hereafter, we
label these endogenous and exogenous TVAR cases as TVARy and TVARx, respectively.
Estimates of 5%1) from (13) can be used to obtain the structural errors of a structural
TVAR model (say egi) € REX1y pet of the influence of an endogenous threshold variable
z¢. We can then use these structural errors to perform IRF analysis of y; with respect to
() based on a triangular, or a structural, factorization of its variance-covariance, ESE)
However, as we shall discuss, this could also be applied to essentially any other identi-
fication scheme, e.g., the external instruments approach proposed by the foundational

papers of Stock and Watson (2018) and Mertens and Ravn (2013, 2014).

3. MISSPECIFICATION EFFECTS OF IGNORING THRESHOLD ENDOGENEITY

Ignoring threshold endogeneity gives rise to several misspecification errors. As shown
above, if the copula control is omitted, the TVARx residual contains the component
A(i)zt(i)*. Hence, first, the conditional mean of the uncorrected innovation is not zero,
E (ugi) | zt(i)) = A(i)zf)*. Second, omitting the control inflates the regime-specific covari-
ance matrix of the reduced-form innovations. Third, if z,gi)* is correlated with the lagged
VAR regressors, the omission induces bias in the regime-specific slope coefficients and
distorts dynamic propagation. These channels affect structural identification, impulse

responses, threshold estimation, and finite-sample stability. We examine them in turn.

We first formalize the covariance implication. The following lemma shows that omitting

the copula control always makes the shocks excessively volatile within each regime i.

Lemma 1 (Variance Inflation under Misspecification). Assume that the TVARY is
the true model. Then, the covariance of the misspecified TVARx innovations, El(fl)l,
satisfies

sl = AOAO 4 5O » 20 (15)

with equality if A1) = 0. Hence, the corrected innovations sgi) are (weakly) less vari-
able. The Loewner ordering () follows because A A is positive semi-definite

(psa).
PROOF. Appendix A.2 O

We next turn to the dynamic-coefficient implication. If A(i)zt(i)* is omitted from (13),

the misspecified TVARx absorbs part of the threshold-selection component into the

8Standard threshold VARs often use a lagged threshold variable, making regime assignment predetermined.
This avoids contemporaneous threshold endogeneity mechanically, but rules out impact regime switching.
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autoregressive coefficients. The population least-squares limit in regime ¢ therefore sat-

isfies ¥
. 3 1 3 1 N i i i - l
AAD = AP - AQ) = A0 O, 0 — (v 129) (@F)) . a8

where Qg})Y =E (Yt—1Y£_1 | Z(i)) .10 Here Al(\? and Ag? denote, respectively, the popula-
tion slope matrices under the correctly specified TVARy and the misspecified TVARx.

Equation (16) follows from the regime-i population least-squares projection
; . o\ -1
A =B (vl 170) (@)

after substituting y; = AVY, 1 + AO:* 4 £V and using E(sgi)Y,’ffl | Z(i)> =0.

The covariance inflation in Lemma 1 and the dynamic coefficient bias in (16) have im-
plications for system stability in finite samples. We formalize these implications using

the companion matrix representation and the notion of a stability margin.'':
or = AVa 1+ Tu, oy = Jay, (17

! H . . . .
where z: = (Y3, ¥} _1,---,¥i_p11) €RFP, A e RKPXKP js the regime-i companion ma-

trix, and J’ € R¥P*K maps the innovation vector into the companion state.

Definition 2 (Stability margin). Let A1) € REPXKP denote a regime-i companion
matrix and let p(-) denote its spectral radius. For an arbitrary set, {A : p(A) > 1},
define

D= nr H/T—A(D . (18)

stab T ~ =
T Aip(A)>1

Ifp(AD) < 1, then !V L, > 0, where || - || p denotes the Frobenius norm.

sta

Lemma 2 (Variance-based finite-sample stability bounds). Let Ag) denote the
regime-i companion matrix under the correctly specified TVARN model, and let

9Here Z() denotes the regime event/support region, while zfi) denotes the threshold realization within

regime i. We condition on Z() for regime-level projection moments, and on zf) for pointwise conditional-
mean statements.

10We assume Qg})y is invertible.

Since stability is governed by the autoregressive companion matrix, we omit the intercept from the
companion-form notation for simplicity; the intercept is included in estimation but does not affect the
spectral-radius stability condition
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Ag? denote the pseudo-true companion matrix under the misspecified TVARx
model. Let

(O A AW
N stab ﬂ:pl(r,li)leA AN P

(19)

be the stability margin around the correctly specified companion matrix. For any
radius ¢ € (0, tl(\})stab), the corrected estimator satisfies
©)

Pr(p(AY) <1) 21— 2, (20)
T

. . -1 .
where VI\(II) = T%i) tr {R {(QSiI\J ® Egla)} R' } is the first-order LS approxima-
tion to ]E||ES\1,) - A%) |%., after embedding the slope-coefficient error into companion
form. The misspecified estimator satisfies

. : N 112
v +]|AQ - Q|

)
t2

Pr (p@g?) < 1) >1- 21)

G 1 @ V! wl) ] s | s L )
where V"~ = Tty R [( @z x ® Xua | R ¢ is the approximation fo E|| A

Ag? |%. Here, Q;, = E(xt_lx;,l | Z(i)> with e € {N,X}, denotes the population
second-moment matrix of the companion-form regressors under the corrected and
. ) . . 2 K2y . .
misspecified specifications. Moreover, R € REP)"XK"p s the fixed linear selection

matrix satisfying vec (/T(i) - A(i)> = Rvec (E(i) - B(i)) , where B1) ¢ RKXKP deo.
notes the regime-i VAR slope matrix entering the first block row of the companion
matrix.

PROOF. Appendix A.3. O

Lemma 2 shows that ignoring threshold endogeneity weakens finite-sample stabil-
ity guarantees through two channels. First, the misspecified model has a larger innova-
tion covariance matrix, since 281)1 = ADAG) 4 25‘2 - ESE) This increases the sampling-
variation component of the stability bound through Véi). Second, omitting the cop-
ula control shifts the pseudo-true companion matrix away from the correctly specified

. o112
one, as captured by HAg) - Al(\}) ‘F . Thus, the misspecified TVARx may display spuri-

ous finite-sample instability either because innovation variance is inflated or because
the autoregressive dynamics are biased. By contrast, the corrected TVARy removes the
threshold-selection component from the reduced-form innovation. This reduces the co-

variance matrix from ES& to EF;Q and removes the companion-form omitted-control bias
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relative to the corrected dynamics. Consequently, the stability bound is tightened when

threshold endogeneity is controlled for.

3.1 Impulse Responses under Misspecification

Let M denote an identification procedure that maps the relevant reduced-form ob-
jects into an impact matrix P.(i). For covariance-based schemes, such as recursive or
sign-restricted identification, the impact matrix satisfies PPV = Zﬁi),o € {ee,uu}.
For proxy-SVAR identification, the same notation refers to the impact column identified
from the corrected or uncorrected reduced-form innovations and the external instru-
ment. In what follows, when the subscript is applied to objects other than covariance
matrices, such as slope coefficients, companion matrices, multipliers, or IRFs, we use
e ¢ {N, X} to distinguish the copula-corrected TVARy from the uncorrected TVARx.
Consider the companion form of the TVAR model given by (17), with reduced-form
multiplier \I/Ei)(h) =J (Agi))hJ’ . Structural IRFs summarize the dynamic effects of a

shock ¢; at horizon h:
IRES) (h,j) = 0 (h)PWe;. 22)

Two systematic distortions arise over horizon # if the maintained model erroneously
omits the copula control, which we term “excess sensitivity” and ”excess propagation”

€rrors.

Excess Sensitivity refers to the impact distortion induced by covariance inflation. Be-
cause the reduced-form covariance matrix is inflated when the copula control is omit-
ted, the associated impact matrix must reflect this excess variance. For regime i, let iden-
tification map M return P,P,’ = %,. If the maintained model erroneously omits the cop-

ula control, then, following condition (15) and Lemma 1, we have:
[P PR = tr(x) - 52) = [AOJ >0 @3)

Consequently, the misspecified model assigns greater total impact variance to the iden-
tified shocks; in particular, at least one identified impact column must have larger norm
at h = 0 under TVARx, with equality only if A®) = 0.

The distortion arises because omitting the copula control inflates the reduced-form
variance: ESI), - ESE) = AOAD’ which is psd. Any identification map that rationalizes

the inflated reduced-form covariance ES& must reflect that inflation in the associated
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impact matrix, although the allocation across individual columns depends on the ad-

missible normalization or rotation.!?

Excess Propagation. The second distortion arises since, as established earlier, omitting
the copula control biases slope coefficients (recalling equation (16)). This perturbs com-

panion matrix .A(%) and moving-average coefficients ¥ () (n).

A Unified Decomposition. Given these two types of errors, we can now present a unified
decomposition for dynamic analyses, nesting their separate channels. Let IRFEi)(h, 7)
be obtained from reduced-form inputs via the identification map M satisfying >,, with
P.P, = X,. Accordingly, we then consider the difference between the impulse response
paths implied by the maintained and the true (copula corrected) models that allows us

to separate out these two distortions:

AIRF® (h, j) = TREY (h, j) — IREY (h, )

(24)

( (9@ ) - v (] P2 + 9 Q) (PR - PL2) ) e;

Excess Propagation Excess Sensitivity

where e; denotes the canonical selector for the jy, identified column under the main-
tained identification scheme. The proof follows immediately by adding and subtracting
v (h)PLe;.

The Excess Propagation error. Let Ag) and Al(\il) denote the regime-i companion matri-
ces implied by the maintained and true models, and recall g (hy=J (Asi))hJ ’. Define

the companion-matrix perturbation AA® = Ag) — Al(\il). Then the identity for matrix

powers yields
- T e S _ N
(AR)" = (AR)" = 3 (AR)” A0 (A0)" @)
s=0

For fixed horizon h, or uniformly over bounded h, substituting (Agé))s = (Af\i]) +
AA(i))s = (Al(\il) )s + O(||AA(1) |) into the canceling sum and retaining only first-order

12For any orthogonal matrix W, P W also identifies £ and [P W] = 1P| - Hence the total impact-
variance result is invariant to rotations within the class of decompositions satisfying PE’) P(.‘>' = E(.‘).
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terms yields

h—1
v (h) —eW(h) = 3" T(A)T AAD (AT 1 o(|aAD ), (26)
s=0

where || - || is a matrix norm.

Expression (26) shows that the propagation component is first order in the companion-

matrix perturbation A A, Since the omitted copula control induces the slope perturba-
tion AA® = A~ () the propagation channel is typically first order in the loading A(),
provided () # 0. The sensitivity component has a different local order. The covariance

distortion is exact:
AR = »» _wl) _ AOAG) 27)

If the impact matrix varies smoothly with the reduced-form covariance matrix, its local

change can be written as
PRl - (PY) = £ [azl] +o(lATR) 28)

where [,g) [-] denotes the linear approximation to the impact matrix induced by the iden-
tification scheme. Therefore, Excess Sensitivity is first order in the covariance perturba-
tion AES&, but locally second order in the primitive loading A(). By contrast, excess
propagation is first order in A.A() and therefore typically first order in A(). At impact,
h = 0, the propagation term is absent because \Ilgé)(()) = @1(\11)(0). Hence impact differ-
ences are driven only by Excess Sensitivity. For horizons i > 1, both sensitivity and prop-

agation channels may contribute.

3.2 External Instruments

We next examine identification with external instruments. In the proxy-SVAR frame-
work, the instrument isolates a structural shock through its covariance with the reduced-
form innovation. In the presence of threshold endogeneity, however, the relevant in-
novation depends on the estimand. If the target is the structural shock net of contem-
poraneous threshold selection, the proxy step should be conducted using the copula-
corrected innovations of the TVARy. These innovations remove the threshold-selection
component and are orthogonal to the threshold score.

This distinction is one of estimand. Proxy moments based on the corrected innova-

tion identify the impact vector of the orthogonalized structural shock in 57(51) . By contrast,
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proxy moments based on the uncorrected innovation uﬁi) identify a composite direction
whenever the instrument is correlated with the threshold score. The following proposi-

tion formalizes this distinction.

Proposition 2 (Proxy-SVAR impact identification with and without orthogonality
to the control). Let the reduced-form innovation decompose as

ul) = AD* LB R ] 297 = ok, (29)
and let the structural mapping be 59 = PSE) . ef), where PSQ = (pgi) p%?) and
E(eVel) = 1x. Let v") be a regime-specific external instrument that is relevant
and exogenous for the target shock:

A = Cov(el) o) £0,  Cov(el} vy =0 (j#£1). (30)

Note that conditions (30) are silent on whether there is correlation between the
threshold variable and the external instrument. To that end, define the threshold-
instrument covariance as

w® = (Cov(zt(i)*, vt(i)).
In our context, accordingly, we have:

i) TVARN. The proxy moment based on the controlled innovations is

28 = Covle” vy”) = Cov(PLle” 0f?)
' ' ' o 31
= PSQ (Cov(egl)mt(l)) = )\q()l)pgl)

Thus the proxy moment based on the corrected innovations identifies the im-
pact column pgl) of the orthogonalized structural shock, up to normalization,

regardless of w(V

ii) TVARx. The proxy moment based on ugi) is
24 = Cov(uf”, o) = Cov(a®f" + &), ")
N N (32)
= AP 4 ADLO

Equivalently, when Ag,i) # 0, the uncorrected proxy moment is proportional to
the (comp)osite direction
w®

pv(sio)mp = pgi) + WA(I) (33)

v
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If the target is the orthogonalized shock pgi), the second term represents

threshold-selection contamination. If the target is instead the full event that

also moves the threshold variable contemporaneously, then p&?mp is the rele-

vant estimand.'®
PROOF. Appendix A.4. O

The Proposition clarifies the estimand delivered by proxy-SVAR identification under
@

threshold endogeneity. When the proxy step is applied to the corrected innovations ¢; /,

the moment Cov(e%i) , vt(i)) identifies the impact vector of the orthogonalized structural
shock, net of contemporaneous threshold selection. This result holds even when the in-
strument is correlated with the threshold score, because that selection component has

been removed from ¢\

By contrast, applying the proxy step to the uncorrected innovations u%i) mixes
structural-shock variation with threshold-selection variation whenever w(!) # 0. If the
target is the orthogonalized shock pgi), the additional component (w®)/ )\9))/\(1) rep-
resents threshold-selection contamination. If the target is instead the full threshold-
moving event, the same moment identifies the composite direction p&?mp. Thus, the
correction does not rule out studying full event responses. It makes explicit whether
the researcher is identifying an orthogonalized shock or a composite threshold-moving
event.

When w() = 0, the threshold score is orthogonal to the instrument, and the corrected
and uncorrected proxy moments identify the same impact direction. Any TVARx —
TVARy difference in the corresponding IRFs then reflects the dynamic propagation
channel. When w(!) # 0, the uncorrected proxy moment also contains w®A®), gener-

ating an additional impact discrepancy at h = 0.

3.3 The Threshold Parameter

Finally, we turn to the threshold parameter itself. Because the threshold determines
regime allocation, misspecification in the regime-specific VARs feeds directly into its
estimation by distorting the population least-squares objective that governs threshold

selection. The identification of the threshold is central in threshold models because it

13A closed-form expression for the angle between the uncorrected proxy moment 21% and the target impact
column pf), together with a sharp first-order bound in the ratio w(?) / >\7(f> that quantifies the magnitude of

the threshold-selection contamination, is provided in Corollary A.1, Appendix A.
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materially shapes policy or behavioral conclusions.'# Both our Monte Carlo experiments
and empirical applications suggest that, when threshold endogeneity is ignored, the re-
sulting threshold distortion can be systematic.

The population least-squares criterion in discontinuous threshold models is typi-
cally locally one-sided rather than smoothly quadratic. Local movements of the thresh-
old reallocate observations across regimes, producing a switcher-driven objective; this
feature underlies the nonstandard threshold asymptotics in Chan (1993), Tsay (1998)
and Hansen (2000), and is closely related to change-point least-squares arguments in
Bai (1997). Accordingly, we characterize the effect of omitting the copula control as a
local tilt in the one-sided slopes of the population threshold objective, rather than as a
smooth quadratic displacement of the minimizer.

The omission cost entering the concentrated least-squares criterion is the residu-
alized cost of the omitted control. Once the included VAR regressors are re-estimated,
only the component of the omitted copula control that remains after projection on
the included regressors contributes to the concentrated residual sum of squares, as in
Frisch-Waugh-Lovell partialling-out arguments. When the dependence on the candi-
date threshold matters, the objects zgi)*, ~®, and Z should be read as functions of §,
although we suppress this dependence when no ambiguity arises.

Given the definitions of v(!) and Q%})Y in (16), define the residualized threshold score

as
r = 0Oy, . (34)

The residualized “omission cost” is
2 2
Da(0) = ok [A0r V[ 120) 4 (- pa) [ A 120] . e

where ps = Pr(z; < 0) = F;(9), as defined in (2). The Proposition below shows how this
residualized omission cost changes the local one-sided slopes of the population thresh-

old objective.

Proposition 3 (Local Threshold Bias under a Kinked Objective).Consider the population
concentrated objectives Qe (9), ® € {N,X}, where Qn(0) corresponds to the correctly spec-
ified TVARN and Qx () to the misspecified TVARx. Let 6o denote the unique minimizer

lAg emphasized by Hansen (2000) and Tsay (1998), threshold estimates are subject to substantial finite-
sample uncertainty, leading to regime misclassification. In applied macroeconomic settings, such misclas-
sification has been shown to materially distort estimated policy responses, particularly near regime bound-
aries; see, for example, Lo and Piger (2005) and Auerbach and Gorodnichenko (2012).
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of Qn (9). Assume that, in a neighborhood of 6y, the correctly specified objective admits the
one-sided expansion

QN () — Qn (o) = H (6 —80)+ + h (80 — )4 + o(|6 — do), (36)

where it >0, im >0, and v = max{x,0}. Suppose further that the misspecification
component satisfies

[Qx(8) — Qn(9)] — [@x(d0) — QN (%0)] = Dr(8) — Dr(do) +0(|d — do) (37)
locally around &y, and that Dg(8) is differentiable at &y, with derivative D' (5o) =
d%DR(é)’é:éo . Then, for § > &,

Qx(8) — Qx(60) = [K" + DRr(60)] (6 — o) + o(|6 — do]), (38)
whereas for § < dg,
Qx(8) — Qx(do) = [~ — Dr(d0)] (60 — 8) + 0(|6 — o)), (39)

where DR (§) = psC1(0) + (1 — ps)C2(8). Thus, omitted threshold endogeneity changes the
one-sided slopes of the population threshold objective. If

Bt + DR(60) >0 and K — Dp(dp) >0, (40)
then &y remains a local minimizer of the misspecified objective. If
KT+ D/p(80) <0, (41)
the misspecified objective is locally tilted to the right; and to the left if

W~ — Dl(80) < 0. (42)

PROOF. See Appendix A.5. O

Proposition 3 should be interpreted as a local one-sided-slope result. In a discontin-
uous threshold model, the population criterion is generally kinked at the true thresh-
old, because moving the threshold changes which observations are assigned to each
regime. Omitting the copula control does not necessarily generate a smooth quadratic
displacement of the minimizer.'® Instead, omission of the copula control changes the

left and right slopes of the population criterion through D’,(do). To interpret this deriva-

15Where ht is the right-hand (one-sided) slope of the population concentrated CLS criterion Q y at o, i.e.
the rate at which the objective increases as § moves above §o: it = limg 5, %{%"(50). Likewise for /.
Both are strictly positive because dp is the unique minimizer of Q .

16A smooth heuristic can be obtained by replacing the kinked objective with Qn (§) — Qn (do) ~ £ Ho (6 —80)2.
Together with D (8) — Dr(d0) ~ D' (80)(6 — o), this gives dx — dp ~ —D’;(d0)/Ho. We do not use this
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tive, write
Dg(6) = psC1(6) + (1 —ps)C2(9), (43)

where C;(0) = E{HA(i)rt(i)

2 .
|Z(1)]. Since 7 is scalar, we have C;(5) =

IAD|2E [(rt(i))2 | z<i>} . Assuming that F, is differentiable at 8y, with density f. () > 0,

we have

D7g(d0) = f=(60) [C1(d0) — Ca(d0)] + ps, C1(d0) + (1 — psy)C5(d0). (44)

The first term is a composition effect: moving the threshold reallocates marginal ob-
servations across regimes at rate f,(dp), and the effect depends on the difference be-
tween the residualized omission costs in the two regimes. The second and third terms
are within-regime omission-cost effects, weighted by the regime probabilities ps, and
1 —ps,-

This decomposition clarifies the direction of the local shift. If the composition effect
dominates and C;(dp) < C2(do), then D% (dp) < 0, so moving the threshold to the right
lowers the residualized omission cost. In that case, the right-hand slope 2™ + D', (do) is
reduced and, if it becomes negative, the misspecified objective is locally shifted toward
larger threshold values. Conversely, if the composition effect dominates and C1(dp) >
C2(0o), then D' (0o) > 0, reducing the left-hand slope ™ — D%, (d0) and potentially shift-
ing the objective toward smaller threshold values.

Hence, the pseudo-true threshold under TVARx adjusts by reallocating marginal
observations toward the side that reduces the residualized omission cost. This result is

local. For fixed and large omitted-control effects, the pseudo-true threshold

x = argm(sinQX(é), (45)

remains well defined, but its displacement from §; depends on the global shape of the
misspecified objective rather than only on the local one-sided slopes. The Monte Carlo

experiments illustrate this nonlocal behavior under finite misspecification.

as the formal result because discontinuous threshold objectives are generally locally one-sided rather than
quadratic.
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4. ESTIMATION AND IMPLEMENTATION

Let Zp ={z;:t=1,...,T} denote the sample support of the threshold variable. Follow-
ing the standard practice in threshold models, the threshold parameter is searched over

a trimmed subset of this support,
ls = {6€Zp:7<F,(6)<1-71}, (46)

where 7 € (0,1/2) is a trimming parameter, say 7 = 0.1.

If the threshold value § were known, estimation of the augmented TVAR model
would proceed by least squares applied separately within each regime. When ¢ is un-
known, it is estimated by concentrated least squares (CLS), following the standard
threshold-estimation approach of Chan (1993). For each candidate threshold ¢ € I, the
regime partition and the corresponding copula controls are recomputed, and the pa-
rameters are estimated by least squares within each regime.

For each ¢ € l5, compute the residual sum of squares

2
. 2

RSS@) =Y % Hé%a)HF, (47)

i=11€T;(9)

where 71(6) = {t: 2z < 4§}, T2(6) = {¢: 2 > 0}, and
D) = g — AWy, — ROz, (48)

The threshold estimator is then defined as

0 = arg(rsréllI;RSS(é). (49)

Given 4, least squares estimation of the remaining coefficients, 0 =
(AW AR AW A®) | and of the regime-specific covariance matrices 9 follows
in a second step. In the standard threshold VAR setting, the asymptotic results of Chan
(1993), Tsay (1998), and Samia and Chan (2011) imply strong consistency of the thresh-
old estimator and /T-consistency of the remaining slope and covariance estimators
under stationarity and distinct threshold effects. In the present model, the copula cor-
rection introduces generated and threshold-dependent controls. The assumptions and
lemmas below show that these additional components are asymptotically negligible
at the global and local scales relevant for consistency and the standard threshold limit

theory.
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Inference for © can be based on its limiting distribution via the delta method or,
more robustly, via a moving-block bootstrap that accounts for serial dependence and
the generated-regressor structure. Our Monte Carlo exercises in Section 6 demonstrate
that the estimator performs well, even in small samples. '’

The following assumption collects regularity conditions ensuring that the estimated
copula controls are asymptotically close to their infeasible population counterparts over
the trimmed threshold grid. It also imposes a local counting regularity condition near
the true threshold, which is needed to control local objective increments on the 1/T
neighborhoods relevant for the threshold asymptotics.

The regime-specific truncated CDFs F,(;t) and their estimators 13,(;3 are deterministic
transforms of the marginal CDF indexed by the candidate threshold §; we suppress this

dependence when no ambiguity arises.

Assumption 2 (Plug-in Regularity for the Copula Control). The following condi-
tions hold.

1. Trimmed grid. Search overls = [§,0] withPr(z <) > 7 andPr(z <0)<1—7
forsomer € (0,1/2).

2. Smooth marginal. ¥, is continuous and strictly increasing with density f,
bounded away from zero on an open neighborhood of ;.

3. Uniform CDF consistency under weak dependence. Let F. denote the empir-
ical CDE or a kernel CDF estimator, of z;. Then

(r=sup |[F, —F.|=o0,(1). (50)

z€R

A sufficient primitive condition is that {z} is strictly stationary and weakly
dependent, for example strongly mixing with summable mixing coefficients,
so that a uniform Glivenko—Cantelli law holds for the ECDE For kernel CDF
estimators, the usual bandwidth conditions are assumed.

4. Local counting regularity near the threshold. Let 5y denote the true thresh-
old. For every fixed C < oo,

T
x x
1<min(dg,d0 + = ) <zt < 30,00 + = ) r = Op(1). 51
I;FISPC; {mln( 05 0+T) Zt_maX( 0; 0+T)} p(1) (51)
5. Winsorized PIT transform. Let et | 0 and define the winsorization map

kr(u) = min{l — ey, max{er,u}}. (52)

17 Appendix F discusses computational costs and scaling aspects of the TVARy framework.
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In the feasible CLS criterion, the regime-specific PIT controls are computed as
20 = -1 (IiT (ﬁg?)) : (53)

with the corresponding infeasible controls defined analogously by replacing
FY with 7Y . Moreover, if

Lt = sup
u€le,1—er]

; (54)

@‘P_l(u)

then Lt(t = o,(1) and LT—% — 0.

This observation-level winsorization ensures that the arguments of =1 (e)
remain in [e7,1 — e7], so that the estimated and infeasible PIT controls are
uniformly close over the trimmed threshold grid. The additional rate condi-
tion L2,/ T — 0 ensures that the local change in the oracle controls induced by
moving the threshold within 1/ T neighborhoods is negligible for the RSS-scale
local objective increments.

6. Stationarity and moments. The stationarity and moment conditions in
Proposition 4 Condition (i) hold.

Assumption 2 ensures that the generated copula controls are asymptotically well be-
haved over the trimmed threshold grid. Condition 3 gives uniform consistency of the
marginal CDF estimator, while Condition 5 applies an observation-level winsorization
before the Gaussian quantile transform. This is important because trimming the thresh-
old grid bounds the regime probabilities ps and 1 — pgs, but it does not by itself bound
the individual regime-specific PIT values away from zero and one. The winsorized trans-
form therefore keeps the arguments of ®~!(e) in a region where the quantile transform
is Lipschitz. The restriction L1{t = 0,(1) makes the feasible and infeasible PIT controls
uniformly close, while L% /T — 0 ensures that threshold-induced local variation of the
oracle controls is negligible at the RSS scale relevant for the 1/T threshold limit.

Appendix A formalizes these approximation steps. In particular, subsection A.3 es-
tablishes feasible-oracle equivalence for the CLS criterion. Part (a) gives the global ap-
proximation over the trimmed grid /5, which is sufficient for consistency of the threshold
estimator in Proposition 4. Part (b) gives the corresponding approximation for local ob-
jective increments in 1/T neighborhoods of the true threshold 4.

For the local asymptotic analysis, one additional issue must be controlled: the
regime-specific PIT controls are themselves indexed by the candidate threshold. Hence,

changing § changes not only regime membership but also the values of the oracle con-

ECB Working Paper Series No 3263

27



trols within each regime. Condition 4 controls the number of observations that switch
regimes in 1/T neighborhoods of §y, while subsection A.4 shows that the additional
threshold-dependence of the oracle controls is asymptotically negligible for the local
increments of the CLS objective. Combined, A.3 and A.4 imply that the feasible local
objective has the same switcher-driven limit as the standard threshold objective. Con-
sequently, the Chan-type nonstandard limit for T(g— 0g) continues to apply, as stated in

Remark 1.

Proposition 4 (Consistency of the Threshold Estimator). Let 6y denote the true
threshold value and let

&)

= argmin Qr(0) (55)
o€ls

be the minimizer of the feasible winsorized CLS objective over the compact,
trimmed grid 5. Suppose:

(i) The piecewise VAR is regime-wise stable, so that {y.} is strictly stationary and
ergodic with E||y||**< < oo for somes > 0.

(ii) The threshold variable z; has a continuous, strictly increasing distribution
with positive density in a neighborhood of 6y, and dg lies in the interior of l5.

(iii) The threshold is identified: the population infeasible objective Qn(6) has a
unique minimum at dg. A sufficient condition is that the regime-specific con-
ditional mean is discontinuous at g, for example through distinct regime co-
efficients A(Y) £ A(2) or distinct control loadings A" # A(2).

(iv) Assumption I and Proposition 1 hold, so that the corrected innovations sat-

isfy
E(ef | Yi1.27) =0k (56)
(v) Assumption 2 holds.
Then
5§ %8y,  asT— oo (57)
PROOF. Appendix A.10. O

Proposition 4 establishes consistency of the threshold estimator in the presence of the
copula control. The proofrelies only on Appendix A.3 part (a), which shows that the fea-
sible and infeasible CLS criteria are uniformly o,(1)-close over the trimmed search grid

ls. This global approximation is sufficient for consistency in probability. Under stronger
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almost-sure versions of the uniform convergence conditions in Assumption 2, the con-
vergence can be strengthened to almost sure convergence.

The following remark concerns the local asymptotic distribution of the thresh-
old estimator. This requires stronger local approximations than consistency. First, Ap-
pendix A.3 part (b) ensures that the feasible and infeasible objective increments are
asymptotically equivalent on 1/T neighborhoods of the true threshold §y. Second, Ap-
pendix A.4 shows that the additional dependence of the oracle PIT controls on the candi-
date threshold is locally negligible. Together, these two local results imply that the feasi-
ble local objective has the same switcher-driven limit as in the standard threshold theory
of Chan (1993).

Remark 1 (Nonstandard Limit with Plug-in F,(Zit)). Under the conditions of Propo-
sition 4, Appendix A.3 part (b), and Appendix A.4, the feasible local CLS objec-
tive has the same limit as the oracle local objective in the standard discontinuous-
threshold problem. Hence the threshold estimator retains the Chan-type nonstan-
dard limit,

T(5 — 6o) = arg mi]%’r(x), (58)
ze

where Y (x) is the compound-Poisson limit process generated by the local switch-
ers around 6g. Accordingly, inference for 6 should be based on a profile-objective
likelihood-ratio set,

~

{6:RSS(8) — RSS(6) < cqal, (59)

with c,, obtained from a moving-block bootstrap that recomputes 1392, the win-
sorized copula controls, and ¢ in each draw.

PrROOF. AppendixA.11. O

Summing up, the copula correction preserves the large-sample behavior of the thresh-
old estimator relative to the standard TVAR framework. Appendix A.3 and Appendix A.4
show that the generated, winsorized PIT controls and the threshold-dependent ora-
cle controls are asymptotically negligible for consistency and for the Chan-type local
threshold limit. Consequently, the standard threshold asymptotic theory can be applied

after the copula-control step.

5. EXTENSIONS BEYOND THE GAUSSIAN BENCHMARK

The formal results in the previous sections are developed for the regime-specific

Gaussian-copula benchmark. Under this benchmark, the conditional mean E(ufti) | zgi))
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is linear in the Gaussian PIT score zgi)*, and the resulting control can be included as
an additional regressor in the TVAR. This yields the closed-form representation used for
estimation, misspecification analysis, and threshold asymptotics.

The purpose of this section is more modest. We discuss how the same control-
function logic can be extended or approximated when the dependence between the
threshold variable and the reduced-form innovations departs from the Gaussian bench-
mark. These extensions should not be interpreted as part of the exact least-squares the-
ory established above. Rather, they clarify how the baseline method relates to depen-
dence structures in which the conditional mean correction may be nonlinear. These
extensions are useful in applied work because they provide a parsimonious way to de-
tect and absorb residual nonlinear threshold-selection effects that may remain after the
baseline Gaussian PIT control.'®

For non-elliptical copulas, the conditional mean E(ugi) | zt(i)) is generally not linear
in the Gaussian PIT score. In such cases, the single linear control zii)* may capture only
part of the threshold-selection component. A flexible way to extend the correction is to
approximate the unknown conditional mean using a sieve expansion in the Gaussian

PIT score:
. . dT . .
E(ul! [2) =Y 80 s; (20", (60)
j=1

where {s; (~)}§l£1 is a centered and scaled basis. Substituting this approximation into the

regime-specific TVAR gives

dT . . .
=AY, 1+ 3 W sz + 2. (61)
j=1
Here ggi) contains the mean-zero innovation u,ﬁ” - E(ugi) | z§i>) and the approximation

error from the finite sieve. See Appendix B for the derivation.
A convenient basis is given by Hermite polynomials evaluated at zzfi)*. Under the
Gaussian-copula benchmark, only the linear term is needed in population. Departures

from the Gaussian benchmark may generate nonlinear components in the conditional

8Heavy-tailed elliptical specifications, such as a Student-t copula, provide another possible departure
from the Gaussian benchmark. Under elliptical dependence, a Student-t PIT score can preserve a linear
conditional-mean control, although the associated conditional dispersion may depend on the threshold
score. Thus, Student-¢ departures can also be treated within the broader control-function logic considered
here, either by using the corresponding PIT score or by approximating residual departures from the Gaus-
sian PIT control with the sieve terms discussed below.
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mean, which can be approximated by higher-order terms. Thus, the Hermite exten-
sion should be interpreted as a sieve-style robustness device: it asks whether enrich-
ing the PIT-score control improves finite-sample performance when the true threshold-
innovation dependence is nonlinear. The Monte Carlo experiments in the next section
use nonlinear copula designs to evaluate this robustness channel. They do not treat
the non-elliptical extension as an exact analogue of Proposition 1; instead, they assess
whether additional PIT-score terms help absorb nonlinear threshold-selection effects in

finite samples.

6. MONTE CARLO ANALYSIS

We now study the finite-sample properties of the exogenous (misspecified) and endoge-
nous (true) threshold VAR specifications using Monte Carlo (MC) simulations. We exam-
ine robustness to cases where the dependence between the TVAR innovations and the
threshold variable is linear or nonlinear (using Clayton, Joe, and Gumbel copulas), with

correlations of varying signs and strengths, and over different sample sizes.

6.1 The Data Generating Process (DGP)
Assume the true DGP is the following bivariate threshold VAR:

(1)

0.7 0.1 Y1t—1 Uqy if 2 <6
0.1 0.7 Ya2t—1 ugi) ' -
Y1t _ 62)
Y2t (2)
0.1 0.7 _
it Y iz >0
0.7 0.1 Y2t—1 Ugy

where the true value of the threshold parameter §; is set to the third quantile of the
assumed distribution of z;. The initial values of y;; and y; are set to zero. We consider

two marginals for z;, chosen to have the same variance for valid comparisons:!?

2zt ~ U(—4,3) = Var(z;) =4.08, dg = Qs =1.25,

2zt ~ N(0,4.08) = Var(z;) =4.08, dgp=Qs3=1.36.

For z ~ U(a,b), Var(z) = (b — a)?/12.
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The covariance structure among the reduced-form innovations is assumed common

across regimes. For uﬁi) = (ug? , ugt) ), let

) N ) 1 0
Eq(}q)i _ B(z)lg(z)/7 B(Z) — 08 1 , 1=1,2.

Thus, B = B(2) is the common lower-triangular Cholesky factor capturing the con-
temporaneous covariance between the elements of ugi). Equivalently, ugi) = B(i)egi),

with ! ~ N(0, I).

Let corr(ug? ,2¢) denote the correlation coefficient between uglt)

linear-Gaussian Scenarios 1 and 2, see below, the innovations and the threshold variable

and z¢, j = 1,2.In the

are jointly Gaussian,

i ot
() ’

Ouz Ozz

(1

Jt >

(™, 2) ~ N[0, (63)

with the cross-block calibrated from the targets corr(u;,’, z¢) via

0

[afj)]j = corr(uJ;f ,zt) A0z [E(um].j, j=12. (64)

The resulting joint covariance matrix is chosen to be positive semidefinite in each

regime. To keep §p invariant across scenarios we draw z; from its fixed marginal and

then uﬁ“ | z; from the Gaussian conditional implied by (63)-(64); the regime i is selected

ex postby 1{z; > dp}.

We consider four scenarios.

- Scenario 1 (Common Linear Endogeneity). Corr(ug-?, z) =0.8for j=1,2.

— Scenario 2 (Regime-dependent Linear Endogeneity). corr(uﬁ),zt) = 0.8 and

corr(uﬁ), zt) =—-0.7.

— Scenario 3 (Heavy-Tailed / Skewed Innovations; Robustness to Marginals). The
Gaussian-copula dependence structure of Scenario 1 is preserved (i.e. the copula
implied by (63)-(64)), but the marginals of ugzt) are replaced by: (a) Student-t5, gen-
erating excess kurtosis; and (b) skewed-t¢5 of Fernandez and Steel (2012), adding
skewness. Both features are common in financial data (see, e.g., Harvey and Sid-
dique, 2000, Papantonis et al., 2023). Because rank dependence is copula-invariant,
this scenario isolates the effect of non-Gaussian marginals while holding rank de-
pendence fixed.
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— Scenario 4 (Nonlinear Dependence). The Gaussian coupling between ug? and z; is
replaced, pair by pair, by one of three Archimedean copulas — Clayton, Gumbel, Joe
—applied to the PIT pair (F (), F-). The within-u dependence is kept Gaussian via

J

("), The three copulas capture, respectively, lower-tail dependence (Clayton) and
upper-tail dependence (Gumbel and Joe), with Joe placing more mass deeper in

the up per tail at matched overall dependence.?’ The dependence parameters are
calibrated so that corr(u%% zt) =~ 0.70 after the marginal transforms, giving ¢) = 3.5

(Clayton), v = 4.0 (Joe), 1 = 5.0 (Gumbel).

Moreover, to allow for flexible approximation of nonlinear dependence, we augment

the TVARy specification with Hermite polynomial controls ”Hj(zt(i)*). The Gaussian

copula transformation z,gi)* corresponds to a sieve approximation of the conditional
mean, with j = 1 capturing linear dependence, while higher-order terms (e.g., j = 2)
capture nonlinear features of the threshold-innovation relationship, according to equa-
tion (61). This exercise therefore shows whether higher-order sieve terms can improve
meaningfully upon the baseline Gaussian-copula PIT control when the true threshold-
innovation dependence is generated by nonlinear copulas.

Given the above, we perform 1,000 MC replications at T € {200,500}, estimating §
and the remaining TVAR parameters via the procedure outlined in Section 4.%! The den-
sities fz(z ) are estimated nonparametrically with a Gaussian kernel, and the correspond-
ing CDFs FZ) by integration. For the estimation of ¢, we trim 10% of the observations
of z; from each end of its sample to increase the degrees of freedom in the estimation
of the model for both regimes. The tables report the average bias, BIAS = E(g —0),
and mean-squared error (MSE) of the estimates of the threshold parameter ¢ and of the
variance—covariance parameters of the TVAR innovations. The full set of results is rel-
egated to Appendix C; the following two subsections compare dynamic responses and

relative-efficiency metrics.

2OW[O, 1]2, see, e.g., Nelsen (2006):
Cllayon(U, Vi) = (U™% + V=¥ —1) 7Y >0,
Coumbel (U, V39) = exp{ — [(~nU)¥ + (-l V)¥]V¥}, w>1;
Croe(U, Vi) =1 [(1=U)¥ + (1= V)¥ = (1-0)* 1 - V)¥]V¥, p>1.

2!In the context of quarterly data, T = 200 would represent 50 years; this is a typical aggregate macro sample
size.
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6.2 Monte Carlo Results: Dynamic Responses

Figure 1 presents the dynamic responses of y1; and yo; to the structural errors e;) and

eﬁ) across both regimes for the true DGP (in green solid), the TVARx (red dash) and
the TVARy (blue dot-dash). Aside from the former, the IRFs reported are based on the
average estimates of the model over all iterations for the simulation scenario where
T = 500,Z ~ U(—4,3) and corr(uﬁ), z) = 0.8 and corr(uﬁ), z¢) = —0.7 (corresponding
to Panel B, Table C.2).

Whereas the TVARy tracks the true IRFs almost imperceptibly, the TVARx is char-
acterized by the earlier-identified errors: excessive initial jumps in the endogenous vari-
ables, and a dynamic error is manifest for a horizon of roughly 10-15 periods before
dissipating, consistent with the finite-order VAR dynamics. In addition, there are large
biases in the threshold variable: |IEJ[3X} —6o| ~2.6; E[on] — do| ~ 0.

6.3 Monte Carlo Results: Relative Efficiency

To assess the relative efficiency gains from accounting for threshold endogeneity, we
compare the MSE performance of the misspecified TVARx model with that of the
correctly specified TVARy model using a relative efficiency (RE) metric. The following

lemma characterizes the asymptotic behavior of this metric under threshold endogene-

ity.

Lemma 3 (Divergence of Relative MSE under Threshold Endogeneity). Defining
Relative Efficiency as the ratio of MSEs for both models, for T € {200,500}.>> Then,
asT — oo:

1. Threshold parameter Sn is T-consistent and asymptotically unbiased,
whereas 6 x converges to a pseudo-true value §% # 6y. Consequently,

_ MSEs(TVARx)

— MBS L VARX) 2
REsT = Siopmvany = 1000 Cs>0, (65)

so REs 1 — oo at rate T? (where Cj is the asymptotic MSE constant of the
correctly specified threshold estimator).

22Note that the slope and loading coefficients (A(), A()) are not included in the RE metric since their perfor-
mance differences manifest through the implied IRFs rather than through a single-parameter MSE com-
parison, whereas the threshold and regime variances admit scalar bias terms that directly govern the rela-
tive MSE behavior.
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FIGURE 1. Monte Carlo: Dynamics Responses

This figure shows dynamic responses under an endogenous threshold and exogenous threshold
VAR alongside those of the true data generating model. The panels plot replication-average IRFs

of y1,t4+n and ya 14, to cross-equation shocks egl) and e§2)

equation (15).

2. Regime-specific variances ié? are \/T-consistent and asymptotically unbi-

ased, while ), converge to £ = £ + AOA® 2 39 Hence
REX)TE%:CET—‘FO(].), Cx. > 0.

SOREs T — oo atrateT.

In particular, under threshold endogeneity, the MSE of TVARx plateaus at a pos-
itive constant (the squared asymptotic bias), while the MSE of TVARy shrinks
to zero. As T increases, the correctly specified TVARy therefore pulls away from

TVARx in MSE terms.

ECB Working Paper Series No 3263

in the two regimes. The DGP is the
TVAR of the main text with T = 500, z; ~ U(—4, 3), with correlations 0.8 and —0.7. “True” denotes
the theoretical IRFs from the known DGP; TVARx omits the copula control; TVARy includes
it. TVARx exhibits impact overshoot and shape distortion, consistent with equations (16), (23),
while TVARN closely matches the true DGP responses with tighter dispersion, consistent with
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PROOF. Appendix A.12. O

The divergence results in Lemma 3 follow directly from the variance-bias decomposi-
tion for ¢:

MSE(3) = Var(3) + (E[5] —do)°. 67)
Under the correctly-specified TVARy, both the threshold and the regime-specific vari-
ances are consistent, so their MSEs are driven by sampling variance and decay at rates
T—2 for §, and T~ ! for the variances. In contrast, TVARx omits the copula control and
its estimators converge to pseudo-true values shifted away from the truth by amounts
proportional to A® (threshold) and A A’ (variances). These asymptotic biases, note,
do not vanish with T, so the corresponding TVARx MSEs converge to positive con-
stants. Taking the ratio therefore produces the T2 and T divergence rates for the thresh-
old and the variances, respectively.

Table 1 condenses our finite-sample evidence (1,000 replications across designs),
comparing the relative efficiency based (RE) on MSE performance across the thresh-
old parameter and reduced-form covariances. Values above one therefore quantify the
MSFE penalty from ignoring threshold endogeneity. Consistent with the theory, these
penalties are modest in the Gaussian benchmark but become very large when the
threshold-innovation dependence is heterogeneous across regimes, non-Gaussian, or
non-elliptical, reflecting systematic regime misclassification and distorted innovation
second moments under TVARx.

In the table, Hs denotes the inclusion of second-order Hermite terms in the copula
control, corresponding to a quadratic sieve expansion. The results indicate that even
the baseline Gaussian copula control (first-order sieve) captures most of the relevant
dependence, delivering substantial efficiency gains relative to TVARx. The inclusion of
higher-order terms provides additional (though generally moderate) refinements, par-
ticularly in settings with pronounced nonlinear or asymmetric dependence.

Overall, the Monte Carlo evidence indicates that relatively simple copula-based con-
trol functions provide a robust approximation to threshold endogeneity across a wide
range of dependence structures. In particular, the Gaussian copula control, correspond-
ing to a first-order sieve, captures most of the relevant dependence, delivering accu-
rate impulse responses and substantial efficiency gains even when the true dependence
is nonlinear or non-elliptical. Higher-order Hermite terms offer incremental improve-

ments, especially in settings with strong asymmetries or tail dependence. These findings
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TABLE 1. Relative Efficiency for Threshold Scalar and Variances

Scenario corr(uyg,zt) 2z distribution RE Comment”

J 2i=1,2 )
T=200 T=500 T=200 T=500

1 0.8 ze~U 8 3 1 4 a
’ 2~ N 66 143 18 46 a

i ze~U 371 692 9 24 [¢

2 0.8,-0.7 i~ N 789 3490 5 9 d
5 2t ~t(5) 9 3 2 4 e
2t ~ skew-t(; 5) 3 4 2 2 f

Clayton 144 760 4 9 g
Clayton+H2 145 797 4 9 g

4 Joe 50 463 5 5 h
Joe+Ho 60 493 5 5 h
Gumbel 92 380 16 32 i
Gumbel+Ho 78 368 16 32 i

This table calculates the relative MSE for the estimated threshold scalar and the sum of error vari-
ances (relative to the corresponding TVARx results). Full MC results are tabulated in Appendix C.
Comments™ : (a) Linear but non-Gaussian z: large § and variance MSE gains from TVARy; (b) Gaus-
sian benchmark: modest ¢ gains; variance gains small but positive; (c) Regime-dependent correlation
plus non-Gaussian z;: TVARx essentially unusable for §; (d) Regime-dependent correlation: very large
threshold MSE cost if endogeneity ignored; (e) Heavy-tailed shocks: moderate § gains, persistent vari-
ance gains; (f) Heavy-tailed and skewed shocks: similar moderate gains for 6 and variances; (g) Lower-
tail dependence: strong threshold efficiency gains particularly for large samples; (h) Upper-tail depen-
dence: very large § gains; variance gains smaller in small samples due to regime imbalance; (i) Upper-
tail dependence (extreme-value structure): large and increasing gains for both § and variances.

are consistent across simulation scenarios; additional results reported in Appendix C

confirm the accuracy and robustness of the approach.

7. EFFECTS OF MONETARY POLICY SHOCKS

As an application, we assess the effect of unanticipated monetary policy shocks. The
choice is attractive for several reasons. First, VAR methods have dominated the empiri-
cal monetary literature, constituting a natural benchmark and entry point (e.g., Ramey,
2016, Miranda-Agrippino and Ricco, 2021). Second, there is a vibrant theoretical and
empirical literature indicating that price-setting, expectation-formation, and policy re-
sponses may be characterized by nonlinearities and regime dependencies — e.g., in high
versus low-inflation regimes (e.g., Golosov and Lucas, 2007, Davig and Leeper, 2008, Al-
varez and Lippi, 2020). However, that literature notwithstanding, the linear VAR remains
the core approach. This tension may partly explain the fragility of some empirical find-

ings, such as price and output puzzles, excessive persistence, and sensitivity to different
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instruments, samples, and specifications (e.g., Coibion, 2012, Ramey, 2016, Bu et al,,
2020, Herwartz et al., 2022).

7.1 Inflation State Dependency in Policy Models

The standard New Keynesian (NK) model relies on Calvo pricing, implying a con-
stant degree of nominal rigidity and a linear Phillips curve. However, in models with
menu costs or (S, s)-type pricing, the frequency of price adjustment is endogenous
and governed by the cross-sectional distribution of price gaps (the deviations of cur-
rent from desired prices, Khan et al., 1999, Alvarez and Lippi, 2014, Gagliardone et al.,
2025). Because higher trend inflation erodes relative prices and widens these gaps more
rapidly, aggregate price dynamics become highly sensitive to the inflation environment
(Golosov and Lucas, 2007).

To formalize this, assume
mt = B Eemeq1 + F(2t) Ut, (68)

where 7; is inflation, § € (0,1) is the discount factor, ¥; is the output gap, and function
F (=) represents the slope of the Phillips curve which depends on the inflation regime
(e.g., Gertler and Leahy, 2008):

FL o if 2 <6,
Flz) = (69)
FH if 2, > 6.

Parameter ¢ denotes the threshold inflation level separating low- and high-inflation
regimes. All else equal, 7/ > F implies a lower sacrifice ratio (where the sacrifice ratio
is given by 1/F) in the high-inflation regime.

When many firms are clustered near adjustment boundaries, sufficiently large
shocks or elevated trend inflation can trigger widespread simultaneous repricing
(Blanco et al., 2024). This threshold specification parsimoniously approximates these
extensive-margin nonlinearities. Because the true distribution of price gaps is unob-
servable, we proxy the inflation environment z; using expected inflation. Following
standard forecast-combination approaches (Stock and Watson, 2007, 2009, Faust and

Wright, 2013), we construct the threshold (inflation state) variable as a fitted inflation-
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expectations measure that combines survey expectations with lagged realized inflation:

4
zt:aOJraSStJrZaﬂ’j Te—j, (70)
j=1

where S; is the expected inflation 2 quarters ahead made in period ¢ (taken from the
Livingston Survey), and 7;_; denotes lagged realized inflation.?3

The fitted value, Z;, serves as our threshold variable. By combining forward-looking
expectations with historical persistence, it filters out transitory noise, providing a sta-
ble, reduced-form proxy for the cumulative buildup of price misalignments that gov-
ern firms’ adjustment incentives (Coibion and Gorodnichenko, 2015). Crucially, because
z¢ incorporates anticipated and recent inflation outcomes, it responds contemporane-
ously to the structural shocks driving the economy. Large monetary or cost-push shocks
can directly shift the economy across the threshold ¢. This inherent endogeneity of the
regime state provides the foundational econometric motivation for employing an en-

dogenous threshold VAR framework.

7.2 Empirical Exercise

Our empirical analogue of the NK model is a VAR in the Output Gap (y: the percentage
gap between real and potential output as calculated by the Congressional Budget Of-
fice); the rate of Inflation (r: the percentage change in the chain-weighted PCE price de-
flator at an annual rate); the Federal Funds Rate (iy); and the Excess Bond Premium (ebp).
The latter indicator is the average corporate bond spread purged of default compensa-
tion to capture financial channels, following Gilchrist and Zakrajsek (2012) (see also Cal-
dara and Herbst (2019)). The monetary shock is the canonical Romer and Romer (2004)
narrative shock using the Wieland and Yang (2020) update, which serves as a proxy for

the change in the federal funds rate.?* The sample is from 1973q1 to 2007q4, reflect-

23This is the longest backdated US survey of inflation expectations, dating back to 1946. The Michigan Survey
and the Survey of Professional Forecasters (SPF) begin in 1978 and 1981, respectively.

24The monetary policy shock measure constructed by Romer and Romer (2004) is widely used as an external
instrument in structural VARS (SVAR-1V). These shocks are derived in two steps: first, narrative records are
used to construct a series of intended changes in the Federal Funds rate; second, these intended changes
are regressed on the Fed’s internal GreenBook forecasts of inflation, real output, and unemployment. The
residuals from this regression isolate exogenous variations in monetary policy, capturing unexpected devi-
ations from the Fed’s systematic reaction function. In the Proxy SVAR framework (e.g., Stock and Watson,
2012, Mertens and Ravn, 2013), a reduced-form VAR is initially estimated, and the Romer and Romer series
is utilized in a second stage as an external instrument. This provides the covariance restrictions necessary
to identify the structural column vector associated with the monetary policy shock, allowing for the esti-
mation of causal impulse response functions.
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ing the joint time span of the monetary shock series and the premium (see Data Ap-

pendix G).

7.3 Results

Table 2 shows that the endogenous threshold VAR locates the threshold at §=35%2%
Loosely interpreted, this suggests that the transmission of unexpected monetary policy
changes is constant if z; is at or below that value. This threshold is 150bp above the sam-
ple median and significantly different from the conventionally-understood 2% target.>®
The economy spent 51.45% of the sample in the low inflation regime, and 48.55% in
the high-inflation regime. The middle block shows the regime-specific covariance ma-
trices, showing that output and inflation volatility is around 3- and 2-times higher, re-
spectively, and funds rate volatility around 10 times higher in the upper regime. The cor-
responding exogenous-threshold specification gives a substantially higher cutoff, about
ox = 4.8%.27

To test for the presence of significant threshold effects, we report a likelihood ratio LR
statistic testing the null of a linear VAR (i.e., without threshold effects) against the alter-
native of the TVARy specification. Since the two threshold regimes cannot be identified
under the null, bootstrapped probability values of the statistic are reported, calculated
based on a non-overlapping block-bootstrap of fixed-length using 5, 000 iterations. The

linear VAR is decisively rejected against the TVARY.

7.4 Inflation Regimes.

Figure 2 presents the inflation regimes inferred from the TVARy model. The solid black
line denotes the observed inflation rate, while the dashed line plots the threshold in-
flation expectations variable and the horizontal red line marks the estimated threshold
scalar. Shaded green bars indicate “high”-inflation episodes: z;(7) > 5.

The classifications closely align with established monetary and economic narratives
(inter alia, King and Lu, 2021). The 1970s and early 1980s exhibit a prolonged high-

inflation regime for most of the period 1974-1981, coinciding with the twin oil shocks

25Appendix H tabulates the full bootstrapped TVARy and VAR parameter estimates.

26The 2% inflation target was explicitly adopted by the FOMC in January 2012. Bullard (2018) argued that
policy makers used an implicit 2% inflation target since 1995.

7In terms of Proposition 3, this upward displacement is consistent with a negative contribution from D/, (o)
to the right-hand slope of the misspecified objective. Economically, the exogenous-threshold TVAR shifts
the regime boundary upward, reallocating marginal observations toward the lower-inflation regime to ab-
sorb part of the omitted contemporaneous threshold-innovation dependence.
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TABLE 2. Endogenous Threshold VAR Estimation Results

Coefficient/Test Value
5 3.533
(2.403 : 4.660)
5 =2.00 [0.000]
5 =4.80 [0.000]
1{z >0}/T 0.486
T gy  n iy ep
7 0.195
$(1L) ©  -0.023 0.896

AIC 950.666

LR (vs. linear VAR) 115.120
[0.000]

This table shows the estimated threshold value, its duration characteristics, the covariance matrix in each
regime (“(H)”igh and “(L)”ow), and some diagnostics. Numbers in braces and squared brackets indicate,
respectively, 90% confidence intervals and probability-values. AIC denotes the TVARN Information Criterion
(we report the regime summed AIC). Lag orders are chosen by AIC. Full estimation results are reported in
Appendix H.

and the accommodative Burns-Miller era, which allowed inflation expectations to be-
come entrenched. The subsequent Volcker disinflation represents a sharp transition, as
the high inflation and high inflation expectation fall sharply in the early 1980s following
a series of aggressive policy tightening episodes.

From the mid-1980s through the early 2000s, we identify a persistent “low” infla-
tion regime, consistent with the Great Moderation, and with the anchoring of inflation
expectations such that once the low-inflation regime was established, it became highly
persistent, thus explaining why our threshold indicator remains in the low state for the
rest of the sample, tying in with the notion of policy credibility and stable inflation tar-

gets.

7.5 Dynamic Analysis

Having estimated the models, we now examine their dynamic implications for monetary
transmission. Figure 3 reports responses to the monetary policy shock over a 20-quarter

horizon under the low-inflation TVARy regime (blue, solid), the linear VAR (black,
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FIGURE 2. Inflation Regimes
This figure shows the inflation rate (solid line), the threshold variable (dashed), and the threshold scalar at

0 = 3.53% (horizontal red solid line). The bars marked in green shading demarcate high-inflation regimes
given by 1{z¢(7) > 3}. Two additional horizontal lines of 0 and 2 percent are drawn for visual convenience.

dashed), and the high-inflation regime (red, solid), with confidence bands. The esti-
mated one-standard-deviation structural shocks are regime- and specification-specific.
Furthermore, the reduced-form volatility of the policy equation differs across regime:
larger in the high-inflation regime, smaller in the low-inflation regime. Because these
differing shock sizes obscure direct comparisons, Figure 3 focuses strictly on the qual-
itative shape, sign, persistence, and uncertainty of the responses. A strictly normalized
comparison is deferred to Figure 4.

The qualitative picture aligns tightly with regime-dependent transmission. For the
output gap, both regimes display a hump-shaped contraction, but the high-regime re-
sponse is sharper and troughs earlier (5/6 quarters) than the low-regime one (9/10 quar-
ters), suggesting real activity reacts faster to tightening when inflation is elevated; the
linear VAR’s intermediate trough masks this timing asymmetry. For inflation, the high
regime delivers a clean disinflation with tight bands excluding zero, whereas the low
regime is essentially flat or mildly positive with bands straddling zero — monetary pol-

icy in low-inflation states has no statistically discernible price effect.
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The linear VAR produces the familiar price puzzle. The federal funds rate decays in
all three cases but with regime-specific persistence: the high regime has the largest im-
pact and fastest mean reversion, the low regime is smaller and more drawn out. The
excess bond premium rises in a hump shape in both regimes, confirming that con-
tractionary shocks tighten financial conditions regardless of state, but the high-regime
response is sharper and more precisely estimated. Accordingly, the linear VAR is not
merely a less precise version of the regime-specific responses but a qualitatively mis-
leading one. See Figure H.1 for the TVARx IRFs.

Normalized IRFs Figure 4 isolates the regime-dependent transmission mechanism by
rescaling responses to a 25-basis-point tightening. In the high-inflation regime, the
shock transmits efficiently to nominal variables: inflation falls markedly (troughing near
—0.05 percentage points) alongside a peak output gap contraction of —0.08, implying a
relatively low dynamic sacrifice ratio®® of ~ 1.6. Conversely, nominal rigidities bind more
strongly in the low-inflation regime; the real economy absorbs the shock via a protracted
output contraction (—0.05) while the inflation response is muted (dropping by around

0.01), yielding a steep sacrifice ratio of 5.0.

Output Gap Inflation

[—

Excess Bond Premium

Low Inflation Regime = —=—— Linear VAR —— High Inflation Regime

FIGURE 4. Normalized IRF Comparisons

This figure reports impulse responses to an identified monetary policy shock over a 20-quarter horizon. The
responses are rescaled to show a within-regime initial increase in the funds rate of 25bp.

28Calculated here as the ratio of the peak output contraction to the peak inflation decline.
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The funds rate mean-reverts fastest in the high regime, more slowly in the linear
VAR, and slowest in the low regime, consistent with a more aggressive systematic pol-
icy response in inflationary periods. The comovement between the funds rate and ebp
is likewise state dependent: the high-regime response is larger in levels, but the low-
regime response is larger per basis point. A natural interpretation is that higher infla-
tion erodes real liabilities and moves firms away from the default boundary, dampening
credit-spread sensitivity to tightening; in low-inflation regimes, higher real debt bur-
dens amplify bond premia responses through the convexity of the Merton (1974) default
schedule. The risk-taking channel (Borio and Zhu, 2012, Drechsler et al., 2018) reinforces
this asymmetry.

The linear VAR’s magnitudes are revealing in their own right: its responses tend to
lie closer to the low-regime lines, reflecting the greater sample share of low-regime ob-
servations in the sample, and its inflation response in particular fails to recover either
regime’s amplitude: overstating the low-regime effect and grossly understating the high-
regime one. The results establish that regime asymmetries are not artifacts of differing
shock sizes but reflect quantitatively large differences in transmission, and that the lin-

ear specification understates the dispersion in policy potency across regimes.

8. CONCLUSIONS

This paper develops a new method for controlling for threshold endogeneity in thresh-
old VARs. The method uses a regime-specific copula control to remove the threshold-
selection component from the conditional mean of the reduced-form innovations. It is
instrument-free, does not impose a parametric form on the marginal distribution of the
threshold variable, and preserves the regime-wise least-squares structure of the TVAR.

The analysis shows that threshold endogeneity is not only a threshold-estimation
problem. When the contemporaneous threshold variable is correlated with the VAR
innovations, the sample split changes the conditional mean and covariance struc-
ture of the reduced-form shocks, contaminates autoregressive dynamics, and distorts
structural impulse responses. The copula correction addresses this conditional-mean
misspecification while preserving the least-squares threshold-search structure and the
Chan-type large-sample behavior of the estimator.

The Monte Carlo evidence confirms the quantitative importance of the above
results. Ignoring threshold endogeneity generates sizable distortions in the esti-
mated threshold, regime-specific covariance matrices, and impulse responses, whereas

the corrected TVAR substantially reduces them across Gaussian, non-Gaussian, and
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nonlinear-copula designs. Thus, the simulations show that the proposed correction is
not only theoretically valid under the Gaussian benchmark but also practically robust in
settings that depart from it.

As an illustration, we examine the threshold characteristics of unanticipated mon-
etary shocks. In contrast to linear VARs, the endogenous threshold VAR reveals pro-
nounced regime dependence and variable sacrifice ratios, delivering more coherent
impulse responses and historically regime characteristics. Given the widespread pop-
ularity of VARs, and the growing interest in nonlinearity and regime dependence, our
method should prove valuable across a variety of applications commonly addressed in
the threshold literature.
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APPENDIX A: PROOFS

This appendix presents detailed proofs of the main results and collects auxiliary lemmas
used in these proofs. Throughout, all stochastic orders are understood uniformly over
the parameter space.

A.1 Proofof Proposition 1

PROOF. By the PIT, for regime i,
A= L (FD) AN (0,1),  wr =0t (FD ) ~N(0,1), E=1,... K, (A

where FS} is the regime-i truncated CDF of z; and Fq(j,z , are the marginals of the u,(cig k=
1,2,..., K. By Sklar (1959)’s theorem and the Gaussian-copula assumption, the K-vector

uf* = (%, W) and 2V* are jointly Gaussian with mean zero and correlation

(1)x (i) ,.()

Uy Rua muz

)~ o, [ (A.2)
(Zﬁ’“) ( (ré’z’ 1))

where, as before, we have the correlation objects, RD ¢ REXK () o pKx1 The Jast
result implies that

matrix,

E(ugi)* | z,gi)*) = 7"1(22151)*, Var (ugi)* \ zt(i)*) = RS& — 7“1(21“1(2,. (A.3)
Equivalently, by joint normality, there exists a K-vector ngi), independent of zgi)*, such
that

u%i)* = 7"1(2 z,gi)* + nt(i), nii) L zéi)*, ngi) N./\/(O7 RS& — rfjﬁrsz)’) (A.4)
Since the marginals of ugg are NV (0, (O’S%)Q) ,write DI, = diag(oﬁ e 01(2() so that ugi) =
foaugi)* component-wise. Multiplying (A.4) by D) and defining

2O = D@, o =D, as)
we obtain the single-factor representation
ul = A 4 D 0 0 (A.6)
Its covariance follows immediately:
Var(€§i)) = D) (Rl(fl)l - Tq(fgm(@l) DY = »W. (A.7)

The conditional density fl(bit)‘Zt in (4) factorizes via Sklar’s theorem into a Gaussian copula

and Gaussian marginal densities for ugi). In PIT-Gaussian coordinates, this implies joint
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normality, so the conditional mean is linear and the conditional variance is constant, as
in (A.3).
(

Because zti)* =@ ! (F,(th) ) is a measurable function of z; within regime i, we have

]E(ugi) | zgi)) = E(A(i)zgi)* + E,Ei) ’ zgi)) = A(i)zlgi)* + E(agi) | zlgi)) = A(i)zlgi)*, (A.8)

where the last equality follows from the independence of eii) and zgi)*. This proves both
the orthogonal decomposition and the linear selection term. The exogenous-threshold

case corresponds to m(j; = 0hence A) = 0and 282 = DI(JZ;ZRS&DI(B/. O

A.2 Proofof Lemma 1

PROOF. From u! = A0V 1 ) with E(zgﬂ*ggi)/) = 0 and Var(2"*) = 1, it follows
that

@ = VaruV) = AOA0 1 x) (A.9)
Hence,
VD ORRNOPY S (A.10)
For any a € R,
. . ) i i 2
a (283 - 222) a=dADAO, = (A(%) >0. (A.11)

Thus, El(fl)l — ZE:Q is positive semi-definite and therefore Zl(fl)l bt ESE) in the Loewner order.
As a corollary,

tr(28) — tr(5W) = tr(AOAD) = ]AD |2 > 0, (A.12)

which shows that the total innovation variance increases when the copula control is
omitted. O

A.3 Proofof Lemma 2

PROOF. We prove the two bounds separately. Let B()) denote the regime-i VAR slope
matrix entering the first block row of the companion matrix. Since the lower block of the
companion matrix is fixed, the companion-matrix error is a linear function of the slope-
coefficient error. Hence there exists a fixed embedding matrix R € R(K?) *xK*p guch that

vec (ﬁ(i) — A(i)> = Rvec (E(i) — B(i)> . (A.13)
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First consider the correctly specified TVARy estimator. Standard least-squares the-
ory gives

varfvee (BY - 80)] = 5 (@) w5t (A1
Therefore,
A9 - AQ|” = x {ar[vee (AL - 4Q)]}
. Tt) r {R [(Q;i;N)_l ® ESQ] R’} =), (A.15)
By Markov’s inequality,
(A9 - A0, > ) < B a1

Since v < tl(\?stab, the event Hﬁl(\i]) - A1(\i1) HF < tvimplies p(ﬁl(\i])) < 1. Hence

. v
Pr(p(Al(\})) < 1) >1- -2 (A.17)
v
Now consider the misspecified TVARx estimator. Its least-squares fluctuations are
centered around the pseudo-true misspecified companion matrix Ag) . Thus,

Var[ve (BY - BY)| = % [(Qiix) e 23&} , (A.18)
and therefore
E[AQ - Af ; = Tl(i) tr {R [(Qiix) e Efj&} R’} =v{. (A.19)

Relative to the correctly specified companion matrix, ﬁg) - Al(\il) = (/ng) —Ag?) +

(Ag? — AI(\?) , the first term is centered around zero. Hence,

s 012 . . A2
E|AY - Q| = v+ AR -] (A.20)
Applying Markov’s inequality gives
. . T
T <V}({1)+HA§)_AI(\}) : -
(A0, 2 T
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Again, since t < tl(\il)stab’ the event Hﬁg) - AI(\?

‘F < vimplies p(ﬁ(}?) < 1. Therefore,

(i) G 407
Pr(p(ﬁg))a) zl—VX +HAZ A ’F (A.22)

This proves the result. O

A.4 Proof of Proposition 2

PROOF. The proof follows from the decomposition of the reduced-form innovation,
ul) = AO 0% 4 O (A.23)
Taking covariances with the external instrument vt(i) gives
Cov (19 7) = AOCov (=, + Cov oY), e
By definition, we have w(®) = Cov (zf)*, v,ﬁi)) . Using the structural mapping
9 = PR, P = (D), (25)

and the proxy relevance and exogeneity conditions,

Cov(el), o) =20 20, Cov(el, vy =0, j#£1, (A.26)
we have
Cov (e, vf) = PLCov(e”,vf?) = APp{. (A.27)

Case i) TVARN. When the proxy step is applied to the corrected innovations ggi), the
proxy moment is

@ = cov(e, o) = AP, (A.28)
Thus, the corrected proxy moment identifies (up to scale/sign) the impact column p@ of

the orthogonalized structural shock in sgi), up to normalization. This result is unaffected

by w®) because the threshold-selection component has been removed from agi).

Case ii) TVARx. When the proxy step is instead applied to the uncorrected innovation
ugl), substituting (A.27) into (A.24) gives

2l = Cov(ul?, o) = AW P 4 AD O, (A.29)
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If /\q(,i) # 0, this moment is proportional to the composite direction

i i L )
D = pl 4 WA( ) (@) (A.30)

v

Hence, if the target is the orthogonalized shock pgi), the term (w( / Ag,i) )A( is threshold-
selection contamination. If the target is instead the full event that also moves the thresh-
old variable contemporaneously, then p((;io)mp is the relevant estimand. When w® =0,
the threshold score is orthogonal to the instrument, and the corrected and uncorrected

proxy moments identify the same impact direction. O

Corollary A.1 (Magnitude of threshold-selection contamination). Under the assumptions
of Proposition 2, with )\sf) + 0, decompose the threshold loading as A() = A‘(‘Z) + A0,
where
NG
A _ paA® RO BNORINC)
[ ()2 1 [
Ip3 112
are, respectively, the components of A9 parallel and orthogonal to the target impact col-
umn pgz). Then the angle () € [0, 7 /2] between the uncorrected proxy moment I #0
and p(ll) # 0 satisfies the exact identities

(A.31)

@A

tang® = @ 1AL T2 (A-32)
IR+ @A,
’ @) AD
gl WAL Il2 . (A.33)
. . . . 2 . )
\/HA&%@ +wOAD |24 @)z 403
In particular; in the small-contamination regime |w®|[|A® |3 < [AS)][[p{? 2,
i 7 i i 2
o = WAl ( l'”o”m()”? ) (A34
A 168 2 1A e

Two limiting cases deserve emphasis. (a) If w@® =0, then 09 = 0 and the uncorrected
proxy moment identifies pgz) exactly, recovering Case (i) of Proposition 2. (b) IFA() pgl),
then AS) =0 and 61) = 0: threshold selection rescales the impact moment but does not

rotate it, so directional identification is preserved even when w") # 0.
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PROOF. From (32), 283 = Aq()i)pgi) + w@AG), Substituting A = A‘(‘i) + Ai) and noting

A|(|i) | Pgi) while Aﬁ) 1 pgi), the orthogonal decomposition of 2 relative to pgi) is

Aq(,i)pﬁi) + w(i)Al(li) + w(i)ASf) . (A.35)
N—— .
parallel to pgi) orthogonal to pgl)

Identity (A.32) follows from tan #(*) = ||orthogonal component|, /| parallel component||o,
and (A.33) from sinf( = |lorthogonal component||2/||25fv|\2 with ||E£fl),|\§ =
AP + w(i)A‘(‘l)Hg + (w2 A|2 by Pythagoras. For (A.34), write 5() = w(® /A,

The denominator in (A.33) equals |A!| ||p§i) 2 - (1 +0(5®)), and a first-order Taylor
expansion combined with () = sin () + O((sin §()?) yields the stated expansion. The
two limiting cases are immediate from (A.32). O

A.5 Proof of Proposition 3

PROOF. Let
G(0) = Qx(0) — Qn(J) (A.36)

denote the misspecification gap. By assumption,

G(8) — G(d9) = Dg(8) — Dr(do) + o(|6 — do])- (A.37)
Since Dy, is differentiable at o,

G(8) — G(60) = D'r(60)(6 — 60) + o(|§ — o). (A.38)

For § > d¢, the one-sided expansion of Qy gives

QN(8) — Qn(do) = I (6 — o) + o(|6 — do])- (A.39)

Therefore,
@x(9) = @x(00) = {Qn(d) — @n(d0)} +{G(6) — G(do)} (A.40)
= [B* + DR(50)] (8 — do) + o(|6 — o)) (A.41)

For ¢ < o, the one-sided expansion of Qx gives
QAn(9) — Qn(do) = B (6o — ) + o(]6 — do]). (A.42)

Using
D'r(80)(6 — 80) = —D'r(80) (60 — 6), (A.43)
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we obtain

Qx(6) — Qx(d0) = {Qn () — Qn(d0)} + {G(6) — G(d0)} (A.44)

= [ = Dir(60)] (80 — 8) + o(|5 — b)) (A.45)

The local-minimizer and local-tilt statements follow directly from the signs of the two
one-sided coefficients. O

A.6 LemmaA.l

Lemma A.1 (Uniform Consistency of Truncated CDFs). Under Assumption 2,

sup sup ‘?“9) - Fgl)‘ = op(1), sup sup ‘1?22) - Fg) = op(1). (A.46)
0€ls z<6 0€ls z>6
PROOF. Let ps =F.(8) = Pr(z < 6),ps = F~(5), and define
AF, = F,—F.,  Aps=Ds—ps. (A.47)
By Assumption 2, Conditions 1 and 3,
inf ps >, sup |Aps| < sup ﬁz —F,|=(r = op(1). (A.48)
d€ls sels z€R
Hence, with probability approaching one,
inf ps > 7/2 inf (1 —ps) >71/2. A.49
dnf ps > /2, 51215( ps) =7/ (A.49)
For the lower regime,
-~ F
PO = = B0 - 2 (8.50)
bs bs
Therefore, uniformly over 6 € /5 and =z < ¢,
[ gl = | T
bs  Ps
AF —-F.(A
— |( Z)p6 Z( p§)| (A.Sl)

DsPs

On the event above, the denominator is bounded away from zero, and since 0 <F, <1
and0<ps <1,

sup sup ﬁgl) - FS)} <C; (sup |AF ;| + sup |Ap5|> = op(1), (A.52)
0€ls z<d z€R o€ls
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for a finite constant C..
For the upper regime,

b~ Fiom e Feoh s
1—ps 1—ps
Thus,
F\g) - F,(z2) _ (AFZ)(]' _p5) - (1 - Fz)(Apé)' (A.54)

(1=ps)(1 = ps)

Again, the denominator is bounded away from zero with probability approaching one,
while the numerator is bounded by

sup |AF | 4+ sup |Aps]. (A.55)
z€R d€ls
Therefore,
sup sup )ng) — ng)‘ = op(1). (A.56)
0€El5 z>6
O

A7 LemmaA.2

Lemma A.2 (Uniform Accuracy of the Copula Control). Let zt(i)* =
<I>_1(nT (FS))) and 2V = o1 (nT (132))) . Under Assumption 2,

sup max

= o,(1), =12 (A.57)
sels t€Ti(0) P

‘Egz)* . Zt(z)*

PROOF. By Assumption 2, Condition 5, the winsorized PIT arguments lie in [eT,1 — eT].
Hence, on this interval, ®~!(e) is Lipschitz with constant

d

Lt = sup |—® (u)|. (A.58)
u€leq,1—ep] | AU
Moreover, the winsorization map () is non-expansive, so that
|kr(a) — k()] <|a—1] (A.59)
forall a,b € [0,1]. Therefore, for each regime 1,
20— "] < Lo () - e (7D)]
<Ly |FY —FW (A.60)
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Taking the supremum over ¢ € /5 and the maximum over ¢t € 7;(4) gives

Sup max ‘/z\t(i)* — zt(i)* < Lt sup sup Y — FS) . (A.61)
sels t€Ti(4) s€ls ez
By Lemma A.1 and the proof of that lemma, the last supremum is O, ({r). Hence
S OLEN O
sup max ’ —z = O, (L1(t) = 0,(1), (A.62)
sup o "] = 0p(Lrtr) = 0p()
by Assumption 2, Condition 5. O

Lemma A.1 and Lemma A.2 establish the consistency properties of the estimated, win-
sorized copula controls. Appendix A.3 uses these results to prove feasible-oracle equiva-
lence of the CLS criterion, both globally over the trimmed grid and locally on 1/T neigh-
borhoods of §p. The next lemma then handles a separate issue: even with the population
CDE the regime-specific PIT controls depend on the candidate threshold. It shows that
this additional threshold dependence is negligible for the local objective increments un-
derlying the Chan-type limit.

A.8 Appendix A.3

Lemma A.3 (Generated-regressor effect on the CLS objective ).Let
Qr(6) =T 'RSSr(5),  Qr(6) =T 'RSS1(s), (A.63)

where Q1 (9) denotes the infeasible concentrated CLS criterion computed with the
infeasible winsorized copula controls zt@*, and Qr (0) denotes the feasible criterion
obtained by replacing z( 0 with z( i) . Under Assumption 2, the following hold.

(a) Global criterion closeness.

sup ]@T(a) - QT(J)‘ = 0p(1). (A.64)

o€l

(b) Local increment closeness. For every fixed C < o,

S|u<pc ’T [ Qr(d +2/T) — Qr()) — (Qr(do +2/T) — QT(50))] ’ =o0p(1)
(A.65)

PROOEF. For a candidate threshold 4, let 7;(5) denote the regime-i index set. Let X () (5)
be the infeasible regime-i: design matrix constructed using the infeasible winsorized
(i)* , and let X (6) be the corresponding feasible design matrix obtained by
(i ) with Z A( )*_ The two design matrices differ only in the copula-control col-

control z
replacmg 2
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umn. Let
PGy = xO(5)(xD 5y xD(5)) " xD (5, (A.66)

and define P()(§) analogously using X ()(8). For y ) (8) = (y4),7: 5), the regime-specific
concentrated residual sums of squares are

RSSY(8) = (- PO@)yD )2, RS5w (6)= (I - POy @) a67)

Hence
RSS1(5) — RSS1(5 Zy( )(5) (PD(5) = PD(6))yD (). (A.68)
By Lemma A.2,

dr = sup max max

= o,(1). A.69
sely i=L.2teT;(5) or(1) (A.69)

t

‘ gi)* _ Z(i)*

The uniform nonsingularity of the regime-specific Gram matrices and the moment con-
ditions in Assumption 2 imply that the projection operator is locally Lipschitz in the
design matrix, uniformly over ¢ € /5. Therefore,

sup max ng(i)((S) — P(i)(é) = Op(dt) = 0p(1). (A.70)
56[61 1,2 op
Also, by stationarity and the moment condition,
ly™ (9)]?
sup max ————— = O, (1). (A.71)
56}21 1,2 T p( )
It follows that
sup [Q(8) - Qr(6)| < supz”y— |POE) - PO =0, @72
d€ls d€ls i=1 op

which proves part (a).
For part (b), define the RSS-scale generated-control error

Hr(8) = RSS1(6) — RSST(6). (A.73)
We need to show that, uniformly over |z| < C,
HT(50+.CL'/T)—HT(50>=OP(1). (A.74)

The preceding projection-matrix expansion gives a first-order representation of Hr(d)
in terms of the control-column perturbation z( i) zt(l)*, with a remainder of smaller
order uniformly over the local neighborhood. When § moves from ¢y to §p + «/T, two
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changes occur. First, only observations satisfying
min(dg, oo + =/ T) < zx <max(dg,dp + z/T) (A.75)

can switch regimes. By Assumption 2, Condition 4, the number of such observations is
Op(1) uniformly over |z| < C. Their contribution to the difference Hr (6o +x/T) — Ht(do)
is therefore O, (1)dt = 0p(1).

Second, for observations that do not switch regimes, the local change in the regime-
specific PIT transformation is induced only by the change in the candidate threshold
from dg to §p + =/ T. The truncated CDFs are smooth functions of ps, and

Pso+a/T — Psy = O(1/T) (A.76)

uniformly over |z| < C by the smoothness of F, near dy. After winsorization, the Gaus-
sian quantile transform is Lipschitz with constant Ly, and Assumption 2, Condition 5
gives the required uniform control of the feasible-oracle PIT error. Hence the non-
switcher contribution to Hy(do + 2/ T) — Hr(do) is also o,(1).

Combining the switcher and non-switcher contributions yields

ISlup [Hr (00 +2/T) — Hr(do)| = 0p(1), (A.77)
z|<C
which is equivalent to part (b), since Hy(8) = T{Q1(5) — Qr(6)}. O

A.9 Appendix A.4

Lemma A.4 (Local negligibility of threshold-dependent oracle controls).Let Q1 (4)
denote the infeasible CLS criterion computed with the oracle winsorized controls
zt(i)*, where the regime-specific PIT controls are recomputed at each candidate
threshold 0. For §; = 60 + ¢/ T, define @T(ém) as the same infeasible CLS criterion,
except that for observations whose regime assignment does not change between g
and 6., the oracle controls are held fixed at their 5y values. For observations that
switch regimes, the candidate-threshold controls are retained.
Under Assumption 2, for every fixed C' < oo,

supjei<c [T [(Qr(do +2/T) = Qr(60)) — (Qr(0 +2/T) = Gr(80)) || = 0p(1)  (A.78)

PROOF. Let C < oo and write d; = dp + /T, with |z| < C. The only difference between
Q1(5,) and Qr(d,) comes from observations whose regime assignment is unchanged
between Jp and J, but whose oracle regime-specific PIT controls are recomputed at J,
rather than held fixed at dg.

Consider first a non-switching observation in regime i. By Assumption 2, Condi-
tions 1 and 2, the regime probabilities are bounded away from zero and one, and F,
is differentiable with bounded density on a neighborhood of [;5. Hence the truncated
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CDF transforms satisfy, uniformly over |x| < C' and over non-switching observations,

FO(5,) —FY (s ] - (> (A.79)

The winsorization map r is non-expansive, and ®~!(e) is Lipschitz on [eT, 1 — e1] with
constant L. Therefore,

sup max
|| <C non-switchers

i)* i L

20%(5,) — 2 >*(50)‘ - o(TT). (A.80)
Let AZ;(x) denote the vector collecting the differences in (A.80) for the non-

switching observations in regime i. Then

2 LT L
|s‘u<pc||AZ( x)|* = O < T2> O (T) = op(1), (A.81)

where the last equality follows from the winsorization-rate condition in Assumption 2.

Because the CLS criterion is concentrated over the regression coefficients, the first-
order effect of a small perturbation in an included regressor column is absorbed by least-
squares re-estimation. Equivalently, by standard projection-matrix or Frisch-Waugh-
Lovell algebra, the resulting change in the concentrated residual sum of squares is of
quadratic order in the perturbation of the included control column, uniformly over the
local neighborhood, provided the regime-specific Gram matrices are uniformly nonsin-
gular. Hence,

sup |RSST(6:) — RSST(6,)| = op(1). (A.82)
lz|<C

At §, the two criteria coincide by construction,

Q1(50) = Qr (). (A.83)

Moreover, observations that switch regimes between dy and ¢, are treated identically
in Qr(8,) and Q(8;). Condition 4 of Assumption 2 ensures that the number of such
switchers is O, (1) uniformly over |z| < C, so they are part of the usual local threshold
objective and do not contribute to the difference between the two criteria.

Since Q(0) = T~ RSST(6), the preceding RSS-scale bound gives

s [T[(@r(0) - Qr(d) - @1(6:) = Qe o)) ]| = (). A9
This proves the lemma. O

A.10 Proof of Proposition 4

ProOF. Consider the infeasible concentrated CLS criterion Q1 (d) and its feasible coun-
terpart Qr(9), as defined in Appendix A.3. Let Qn(J) denote the population counterpart
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of the infeasible criterion. Under Condition (i) of Proposition 4, the process is station-
ary and ergodic with sufficient moments. Together with the compact trimmed grid in
Assumption 2, this gives the standard uniform law of large numbers for threshold re-
gressions:

up |Q1(5) — Qn(8)] = op(1). (85)
6€ls

Condition (iii), together with the orthogonality implied by Assumption 1 and Proposi-
tion 1,

E(ggﬂ |Yt_1,z§i)) = 0k, (A.86)

and the positive density of z; around Jp, implies that assigning observations to the wrong
regime raises the population CLS objective. Hence Qn () is uniquely minimized at &g.

It follows from the argmin consistency theorem that the infeasible threshold estima-
tor

6t = argmin Qr(9) (A.87)
o€ls

satisfies
0% L5 0. (A.88)

It remains to transfer this result to the feasible estimator. By Appendix A.3 part (a),

sup | Qv (6) fQT(5)’ = 0,(1). (A.89)
d€ls

Therefore,
sup |Or(6) fQN(é)‘ = op(1). (A.90)
6€l5

Since QO (9) is uniquely minimized at dp on the compact trimmed grid /s, another appli-
cation of the argmin consistency theorem yields

&)

= arg min @T(é) TN 00. (A.91)
o€ls

This proves consistency of the feasible threshold estimator. O

A.11 Proofof Remark 1

PrOOF. Define the feasible local objective process

M\T(I) =T [@T (50 + %) — @T((SO)} , r €R, (A.92)

and the corresponding infeasible local process

Mr(z) =T [QT (60 + %) - QT(&))] . (A.93)
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By Appendix A.3 part (b), for every fixed C < oo,

sup ‘M\T(x) —MT(:E)’ = op(1). (A.94)
lz|<C

Next, let MVT(x) denote the oracle local objective process defined from Q in Ap-
pendix A.4, namely

Mr(z) =T [QT (50 + %) - @T(ao)} . (A.95)

By Appendix A.4, again for every fixed C < oo,

sup ‘MT(x) - MT(x)‘ =op(1). (A.96)
|z|<C
Therefore,
sup ‘M\T(x) —MVT(:U)’ = op(1). (A.97)
lz|<C

The process MT(m) is the standard local threshold objective: over 1/T neighbor-
hoods of §p, only the observations that switch regimes contribute to the first-order local
criterion, while the remaining regressors and oracle controls are held fixed to first or-
der. Under the stationarity, moment, positive-density, and distinct-regime conditions in
Proposition 4, the standard threshold limit theory of Chan (1993) yields

Mr(e) = T(e) (A.98)

on compact subsets of R, where T is the compound-Poisson limit process.
Because the feasible and oracle local processes are uniformly o,(1)-close on com-
pact sets, the argmin continuous mapping theorem gives

~

TS —bg) = in M. inY(z). A.99
(0= 00) = argmin Mr(x) = argmin Y () (A.99)

This proves the stated limit. O

A.12 Proofof Lemma 3

PROOF. We proceed in two steps. First, we establish the result for the threshold param-
eter ¢, and then for the regime-specific variances. The two cases must be treated sepa-
rately because the correctly specified threshold estimator is T-consistent, whereas the
correctly specified variance estimators are only v/T-consistent.

Part 1: Threshold parameter. Let

MSE;(TVARx)

REsT = MSEs(TVARY)

(A.100)
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By assumption, under correct specification the TVARy threshold estimator is T-
consistent and asymptotically unbiased. Hence there exists a finite constant Vs > 0 such
that

TGN —00) L Zs,  E(Zs)=0, E(Z2)=V;, (A.101)
which implies
E[(SN — 50)2} - % n 0<T12> . (A.102)
Therefore,
MSE4(TVARy) = % +o(T12> . (A.103)

Under misspecification, the TVARx threshold estimator converges to a pseudo-true
value 0% where 6% # d¢. Define the asymptotic bias

bs = 6% — 8o #0. (A.104)
Then
6x — 80 = by +op(1), (A.105)
so that
E[(EX - 50)2} = 02+ o(1). (A.106)
Hence
MSEs(TVARx) = b2 + o(1). (A.107)
Taking the ratio gives
REs 1 = (%) - éTQ +o(1). (A.108)
Thus
b2
RE;T = GT?+0(1),  Cs = 7‘; >0, (A.109)
and therefore
RE;T oo  atrate T2 (A.110)

Part 2: Regime-specific variances. Now define

MSEy,) (TVARx)
MSEy.) (TVARy)

REy 1 = (A.111)

Under correct specification, the regime-specific variance estimators are +/T-consistent
and asymptotically unbiased. Hence, for each regime i, there exists a finite constant
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Vz(i) > 0 such that
VIO -2@) 420, E[Z)] =0 E[(20)"] =W, (A.112)

where, for notational simplicity, the M SFE is understood componentwise or for a scalar
summary of the variance object. It follows that

v
MSEy,;) (TVARy) = % +o <T> ) (A.113)

Under misspecification, TVARx ignores the copula control and the corresponding
variance estimator converges to

O — s L AOAGY £ 3D (A.114)

as stated in the main text. Therefore the estimator is asymptotically biased relative to
the target EQE) Let

bg) = x® _»O _ AOA@ £, (A.115)
Then
S0, x — 22 =0 +0,(1), (A.116)
and hence
MSEg (TVARx) = (55)* + (1), (A.117)

again interpreted componentwise or through the scalar variance summary used in the
lemma.

Therefore,

OIS p()2

REg 1 = ((1)2) *oll) = (2(3 T+ O(1). (A.118)
VZ /T+O(T71) Vg
Thus
(b))

REg,r = CxT+0(1), Cx = VZ“) >0, (A.119)

2

and therefore REy, T — oo atrate T.

Since the misspecified TVARx estimator has a nonvanishing asymptotic bias in
both cases, its M .SE converges to a strictly positive constant, whereas the correctly spec-
ified TVARN M SE shrinks to zero at rate T2 for the threshold and at rate T~ for the
regime-specific variances. This proves the lemma. O
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APPENDIX B: BEYOND ELLIPTICAL DEPENDENCE

We now provide details on how the Gaussian-copula control can be extended to non-
elliptical dependence structures. Under the Gaussian benchmark, the conditional mean
of the reduced-form innovations is linear in the pseudo-normal score. This linearity
need not hold under more general copulas. We therefore treat the non-elliptical case
as an approximation exercise: a first-order expansion of the copula density around in-
dependence motivates a nonlinear control function, which can be approximated using
sieve terms in the pseudo-normal score. The appendix is organized as follows. We first
present the local copula-density expansion, then derive the implied conditional-mean
representation, and finally describe its implementation using Hermite polynomial con-
trols.

B.1 Local Copula-Density Expansion

Let Ut(i) = Fu(? B8N (0,1)X and Vt(i) = FZ(Z)B/\/' (0,1) denote the regime-specific probability
integral transforms of the reduced-form innovation vector and the threshold variable.
Consider a copula density cg)(Fl(L? , FZ(Z)), where () ¢ R™ indexes the dependence be-
tween u” and z,. We normalize independence to §) =0, so that ¢\ (F{)), F{') = 1. As-
sume that cg) (FS), Fz(t1 )) is continuously differentiable in #() in a neighborhood of zero.
A first-order Taylor expansion around independence gives

e (F FY) =1+ €D (FD, ED)Y 0D +o(|o@])). (B.1)
where
€0(rG), FY) = (08 FD), e (R FD)) (B.2)
with
W (FD FY) = aj@cg) (FED FD.g0) . j=1,...,m. (B.3)
J () =0

The vector ¢() (Fqsit), Fz(ti)) is the copula-density score at independence. Because c((;) isa

copula density for each #(), the score satisfies the marginal normalization restrictions
/ ¢O(rY, FDYar{) =0 forall FLY, / D, FarP =0 forall B

These restrictions ensure that the expansion changes the dependence structure without
changing the marginal distributions.

B.2 Conditional-Mean Representation

From the conditional-density representation in (4), we have

1O = e ED FD) 1.

ut\zt
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Substituting (B.1) gives

£ = 1+ D ED FDY 0D +o(lo0])] £5).

Ut ‘zt
Taking expectations and using E(ugi)) = Ok yields
E(ug) | 57) = BO ()01 + o( 0], (B.4)
where

BO(z{)) = / ueD(ED, FDY 1D . (B.5)

In (B.5), u denotes the integration argument, while F%(L? and fﬁ? follow the notation of
the main text and denote the regime-specific marginal distribution and density evalu-
ated at that argument. Thus, away from the Gaussian benchmark, the conditional mean
correction is generally a nonlinear function of the threshold variable. The Gaussian-
copula case corresponds to the special case in which this function is linear in the
pseudo-normal threshold score.

B.3 Sieve Approximation in the Gaussian PIT Score

Let zt(i)* =¢-! (Fz(ti)) denote the regime-specific Gaussian PIT score used in the baseline
model. Since B(i)(zt(l)) is an unknown function of the threshold variable, we approxi-
mate the conditional mean in (B.4) using a sieve basis in z§‘>*:

. . dT . .
E(ugl) | zél)) R~ Z ﬁj(-l)sj(zt(l)*), (B.6)

Jj=1

where {sj(-)};iil is a centered and scaled basis. Substituting (B.6) into the regime-
specific TVAR gives

dp ) ) )
=AY, 1+ 3 80 sz + 8. (B.7)
j=1

The error term E(ti) contains the mean-zero innovation ugi) — E(ugi) | zéi)), the finite-sieve

approximation error, and the higher-order remainder from the local copula expansion.
Equation (B.7) is therefore not an exact analogue of the Gaussian-copula represen-

tation in Proposition 1. Rather, it is a flexible control-function approximation designed

to absorb nonlinear threshold-selection effects when the true copula is non-elliptical.
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B.4 Hermite Polynomial Implementation

A convenient choice of basis is given by orthonormal Hermite polynomials evaluated at
the Gaussian PIT score. The first few basis functions are

2 3
r°—1 x° — 3z
Hi(x) ==, Ho(x) = , Hz(z) = )
1(7) 2(7) 7 3(z) NG
and
4 2
r*—6x“+3
Hy(x) =
4( ) \/ﬂ
With this basis, the sieve-augmented TVAR becomes
. dT . . .
=AY, 1+ 3 p0H; () 2l (B.8)
j=1

The baseline Gaussian-copula control corresponds to the first-order term Hl(zgi)*) =
zt(i)*. Under the Gaussian benchmark, no higher-order Hermite terms are needed in
population. Under non-elliptical dependence, however, the conditional mean may con-
tain nonlinear components, and the higher-order Hermite terms provide a parsimo-

nious way to approximate them.
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APPENDIX C: MONTE CARLO EXERCISES IN FULL

We now present additional details on the results of our Monte Carlo experiments. We
consider the following simulation scenarios: (i) common correlations across regimes
(Scenario 1) versus regime-specific correlations (Scenario 2), for both Gaussian and
uniform z¢; (ii) a non-normal threshold variable (specifically, z; ~ U(—4,3)); (iii) non-
Gaussian VAR innovations (Scenario 3); and (iv) non-elliptical dependence between z;
and the innovations (Scenario 4).

The following tables report Monte Carlo results, that is to say, the average BIAS
and MSE over 1,000 replications (with trimming at 10% when estimating 6) for the
threshold estimate & and regime-specific innovation variance-covariance parameters
{02, (62,60, 1 i € {1,2}. Results are shown for the following estimators: (i) the
misspecified TVAR that ignores threshold endogeneity (TVARx), (ii) the copula control
specification (TVARy), and (iii) for the final scenario TVARy with Section 5 Hermite
term approximation.

— Table C.1: Scenarios 1. and 2. for T = 200.

— Table C.2: Scenarios 1. and 2. for T = 500.

— Table C.3: Scenarios 3. for both T = 200 and T = 500.
— Table C.4: Scenarios 4. for T = 200.

— Table C.5: Scenarios 4. for T = 500.

Overall Summary

Across all scenarios, neglecting threshold endogeneity (TVARx) produces biased es-
timates and elevated M SE for the threshold ¢ and the regime-wise innovation second
moments. These distortions are most pronounced when (i) the correlation structure be-
tween z; and the shocks differs across regimes (Scenario 2), (ii) the threshold variable is
non-normal (here z; ~ U(—4,3)), (iii) the VAR innovations depart from normality (Sce-
nario 3), or (iv) the dependence between z; and innovations is non-elliptical (Scenario
4). In contrast, the copula control specification (TVARy) substantially reduces both
bias and M SE for ¢ and typically also improves estimation of the innovation variance-
covariance parameters, even in relatively small samples (T = 200).

Scenarios 1-2 (linear dependence)

Table C.1 (T = 200) and Table C.2 (T = 500) consider cases in which dependence be-
tween z; and structural TVAR shocks is linear, either with common correlations across
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regimes (Scenario 1) or with correlations that differ across regimes (Scenario 2), and for
both Gaussian and uniform z;. Two regularities stand out. First, the uniform threshold
designs are substantially more challenging for TVARx : bias and M SE in 4 and in sev-
eral regime-specific second moments remain large, particularly when correlations dif-
fer across regimes. Second, increasing the sample size from T = 200 to T = 500 reduces
sampling variability but does not remove misspecification bias in TVARx in the more
demanding designs; by contrast, TVARy delivers tight performance already at T = 200
and remains accurate at T = 500.

A concrete illustration is Scenario 2 with z; ~ U(—4,3): at T = 500 (Table C.2, Panel
B), TVARx exhibits a large threshold bias (about \gx — dp| = 2.6) and correspondingly
large MSE, while TVARy drives the threshold bias close to zero and sharply reduces
MSE. This ranking carries over to several innovation second moments, where TVARy
typically dominates TVARx in both bias and MSE.

Scenario 3 (non-normal innovations)

Table C.3 reports results when the VAR innovations are Student-¢ or skewed-¢ (with
z¢ ~ U(—4,3)) for both T =200 and T = 500. Under heavy tails, TVARx continues to
display non-trivial bias in § and in innovation second moments, while TVARy reduces
threshold bias toward zero and typically lowers MSE. These results indicate that the
Gaussian copula control provides a satisfactory approximation even when the underly-
ing innovations are non-Gaussian. The gains are generally larger under symmetric heavy
tails (Student-t) than under skewness (skewed-t), consistent with skewness exacerbat-
ing small-sample regime-wise moment estimation.

Scenario 4 (Nonlinear Dependence)

Table C.4 and Table C.5 examine cases in which the dependence between the threshold
variable and the innovations is non-elliptical and generated by Archimedean copulas
(Clayton, Joe, and Gumbel). In both sample sizes, the exogenous-threshold specifica-
tion TVARx exhibits sizable bias and M SFE for the threshold parameter and for several
regime-specific second moments, reflecting the failure to account for nonlinear thresh-
old-innovation dependence. Introducing a copula-based control function substantially
improves performance.

Consistent with earlier findings, the Gaussian copula control provides a satisfactory
approximation even under non-elliptical dependence. In particular, even in the smaller
sample (T = 200), the linear control #; (2{”*) = 2{"* removes most of the thresh-
old bias across copulas, while the augmented specification including both linear and
quadratic terms, H2 (zt(i)*), delivers additional—though generally modest—efficiency
gains. These gains become more pronounced at T = 500, where the augmented TVARy
specification typically attains the lowest M SE for 4, indicating that the quadratic term
helps capture residual nonlinear dependence.

The improvements are particularly pronounced for the Clayton and Gumbel copu-

las. In these cases, both the baseline TVARy model and its extension with #o (zgi)*)
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reduce threshold bias essentially to zero and markedly lower M SE at both sample sizes,
with the extended specification providing a systematic refinement in larger samples.
The gains are comparatively more modest for the Joe copula. Although the inclusion
of #, and H2 controls effectively for threshold endogeneity, reductions in the bias and
MSE of some elements of Zgg)—particulaﬂy in regime 2—are more limited in smaller
samples.!

Overall, the Monte Carlo results indicate that relatively simple semiparametric
copula-based control functions are effective in controlling for threshold endogeneity
across a broad range of nonlinear dependence structures. Their gains are evident in
small samples and become more pronounced as the sample size increases, particularly
in the presence of strong or asymmetric nonlinear dependence.

Mapping Results and Theory

The Monte Carlo metrics in the tables directly rationalize the dynamic distortions doc-
umented in Section 6.2. In the design used for Figure 1 (the T = 500, z; ~ U(—4,3),
regime-varying correlation case corresponding to Table C.2, Panel B), TVARx exhibits a
large threshold error (about |<5AX — do| = 2.6), whereas TVARy yields |§N — 0| =~ 0. This
threshold misclassification is consequential for impulse responses because it changes (i)
which regime-specific dynamics are applied along a simulated path and (ii) the regime-
wise reduced-form innovation covariance that feeds into structural identification. Em-
pirically in that figure, these channels manifest as (a) excessive impact responses at h =0
under TVARx (“impact overshoot”) and (b) a pronounced shape distortion that persists
for roughly 10-15 horizons before dissipating, whereas TVARy tracks the true DGP IRFs
closely.

The link between these dynamic errors and the table evidence is mechanical:
the large ¢ bias in TVARx implies systematic regime mis-assignment, while the in-
flated/biased regime-wise second moments reported across the tables imply distorted
impact matrices and (through biased reduced-form coefficients) distorted propagation.
By removing the endogenous component of E(uf) | z¢) via the copula control, TVARy
restores near-orthogonality between the threshold and innovations, which in turn yields
accurate regime classification, tighter innovation covariance estimates, and IRFs that
align with the true DGP in both impact and medium-horizon shape.

IThis behavior likely reflects the strong upper-tail dependence of the Joe copula, which interacts with a
relatively small number of observations in regime 2. In such settings, finite-sample noise limits the ability
of low-order polynomial controls to fully capture the nonlinear dependence structure, although precision
improves with sample size. Higher-order terms # ; (®) or larger samples may further enhance performance.
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TABLE C.4. MONTE CARLO RESULTS, T' = 200, SCENARIO 4.

S (W) (W) o @2 @) ol
Clayton: ¢ =3.5
TVARx
BIAS -1.1133 0.1374 0.0908 0.1387 0.3069 0.3253 0.1375
MSE 1.5577 0.0672 0.0996 0.0714 0.1098 0.1639 0.0301
TVARN
BIAS -0.0229 0.0184 -0.0078 0.0271 0.1231 -0.0302 0.0956

MSE 00108 00031 0.0257 0.0061 0.0256 0.0447 0.0201
TVARN + Ha(2\"*)

BIAS -0.0159 0.0117 -0.0198 0.0208 0.1082 -0.0562 0.0935
MSE 0.0107 0.0028 0.0252 0.0056 0.0216 0.0445 0.0192
Joe: =40
TVARx
BIAS -1.0464 0.8139 0.6740 0.7609 0.7531 0.8297 0.4404
MSE 1.5964 0.8123 0.6200 0.7180 0.5921 1.0099 0.2402
TVARN
BIAS -0.0304 0.2144 0.1743 0.2080 0.6771 0.0473 0.2248

MSE 0.0316 0.0534 0.0634 0.0538 0.4935 0.0610 0.0744
TVARNy + Ha (%)

BIAS -0.0314 0.2052 0.1586 0.2001 0.6525 0.0117 0.2172
MSE 0.0264 0.0490 0.0563 0.0497 0.4601 0.0524 0.0690
Gumbel : ¥ =5.0
TVARx
BIAS -1.0212 0.5722 0.4689 0.5272 0.5062 0.6500 0.2532
MSE 1.1693 0.3484 0.2734 0.2998 0.2699 0.5137 0.0789
TVARN
BIAS -0.0018 0.0635 0.0591 0.0606 0.1363 -0.0286 0.0325
MSE 0.0127 0.0045 0.0213 0.0048 0.0222 0.0418 0.0051
TVARy + Ha (%)
BIAS -0.0074 0.0612 0.0471 0.0581 0.1323 -0.0496 0.0290

MSE 0.0149 0.0042 0.0200 0.0044 0.0209 0.0430 0.0047

The table presents the average values of the bias (BIAS = lE[éA. — 80]) and mean square error (MSE)
of the estimates of the threshold parameter § and the variance—covariance parameters of the TVAR in-
novations uglt) and “gt)' denoted (aﬁf )2, (afjg )2, and afjf uo» ACTOSS the two regimes i = 1,2, when the
dependence structure between z; and ug.i) is nonlinear and governed by the Clayton, Joe, and Gum-
bel copulas. The copula parameters + are reported in parentheses and imply a Pearson correlation
coefficient of about 0.7 between z; and ui‘t) forall j,i. Results are shown for: (i) ignoring threshold en-
dogeneity, (ii) controlling for it via the copula approach, and (iii) adding a Hermite approximation.
The sample size is T = 200. Metrics are averages over 1,000 replications; trimming at 10% was used

when estimatingé.

ECB Working Paper Series No 3263

76



TABLE C.5. Monte Carlo Results, T = 500, Scenario 4.

1 1 1 2 2 2
6 (Ui(Ll) )2 (Ui(tz) )2 07(1«1)u2 (Ui(t1> )2 (0'1(1; )2 0’1(”)’112
Clayton: ¢ = 3.5
TVARx
BIAS —1.2027 0.1345 0.0892 0.1422 0.3582 0.3865 0.1356
MSE 1.6730 0.0519 0.0536 0.0546 0.1383 0.1849 0.0231
TVARN
BIAS —0.0111 0.0202 0.001 0.0327 0.14722e — 04 0.0984
MSE 0.0022 0.0014 0.0092 0.003 0.0258 0.0169 0.0144

TVARN + H, (2\"%)
BIAS —0.0077 0.0143 —0.0088 0.0264 0.1409 —0.0107 0.0978

MSE 0.0021 0.0012 0.0090 0.0026 0.0238 0.0165 0.0141
Joe:p=4
TVARx
BIAS —0.9993 0.8704 0.7417 0.8285 0.8060 0.8987 0.4648
MSE 1.4797 0.9025 0.6806 0.8184 0.6635 1.1474 0.2544
TVARN
BIAS —0.0019 0.2156 0.1726 0.2089 0.7198 0.061 0.2335
MSE 0.0032 0.0494 0.0403 0.0474 0.5341 0.0284 0.0649

TVARN + H, (21"%)
BIAS ~ —0.0065 02038 01595 01995 07097 00487  0.2294

MSE 0.0030 0.0443 0.0356 0.0433 0.5196 0.0250 0.0627
Gumbell : ¢ =5.0
TVARx
BIAS —1.0739 0.5639 0.4752 0.5308 0.5519 0.7411 0.2676
MSE 1.2173 0.3289 0.2489 0.2936 0.3118 0.5961 0.0794
TVARN
BIAS —0.0047 0.0458 0.0285 0.043 0.1389 0.0015 0.0298

MSE 00032 00023 00065 00022 00207 00172  0.0026
TVARN + H, (%)

BIAS  —0.0073  0.0448 00244  0.042 0.1369  —0.0073  0.0286

MSE 00033 00022 00063  0.0021 0.0201 0.0171  0.0025

The table presents the average values of the bias (denoted as BIAS = E[g. — o)) and mean square
error (MSE) of the estimates of threshold parameter § and the variance-covariance parameters of the

TVAR innovations u&'t) and ugt), denoted J&)Q, affg) 2 and aq(fl) ug» ACTOSS the two regimesi = 1,2, when

the dependence structure between z; and u;i) is nonlinear governed by the Clayton, Joe, and Gumbel
copulas. The values of the copula parameters 1y considered are reported in parentheses. These imply
a Pearson correlation coefficient of about 0.7 between z; and u§'t) Vj,4. This is done for the following
cases: (i) ignoring the threshold endogeneity, (ii) controlling for it based on our suggested copula ap-
proach, and (iii) the controlling case plus a Hermite approximation. For all the above cases, the size
of the sample is set to T = 500. Finally, note all metrics represent averages over 1,000 replications;
trimming at 10% was used when estimating .
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SupApp-1

Supplemental Internet Appendix for

Threshold Endogeneity in Vector Autoregressions

by Dimitris Christopoulos, Peter McAdam, and Elias Tzavalis

Abstract

This Internet Appendix provides additional material such as proofs, graphical presenta-
tions, robustness exercises, and elaborations on the theory in the main text.
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SupApp-2

APPENDIX D: SUMMARY OF NOTATION

TABLE D.1. Summary of notation (Part 1 of 4)

Symbol Description

INDICES, SETS, AND BASIC OPERATORS

K Number of endogenous variables in the VAR (dimension of ;).
P VAR lag order (stacked in Y¢_1).

T Sample size; 7O = regime-i sample size.

i Regime index (i = 1 low, i = 2 high).

t Time index (t=1,...,T).

h IRF horizon, h € No. Maximum horizon: 7.

J Shock index for IRFs, j € {1,...,K}.

k Response-variable index for IRFs, k € {1,...,K}.
1{e} Indicator function in {0, 1}.

ej jth canonical basis vector in R,

In n x n identity matrix.

tr(e) Trace of a square matrix.

vec(e) Vectorization (column-stacking) operator.

diag(e) Diagonal matrix with given entries.

® Kronecker product.

1 Statistical independence.

== Loéwner (semidefinite) order.

p(e) Spectral radius.

-1, I - ll2, Il “llops || - |7 Euclidean (also ¢2), operator, and Frobenius norms.
O(+), o(+), Op(+), op(+) Deterministic and stochastic order-of-magnitude symbols.
RGN Convergence in probability; weak convergence.

PROBABILITY, DISTRIBUTIONS, AND OPERATORS

E, Var, Cov, Corr Expectation, variance, covariance, correlation operators.
N(p, %) (Multivariate) normal distribution.

U(a,b) Uniform distribution on [a, b].

(), #(-) Standard normal CDF and density.

1() Standard normal quantile function (PIT-Gaussian map).
Tu() Univariate Student-t CDF with v degrees of freedom.

IS Moment-existence exponent: E||y:||?*< < co.

THRESHOLD VARIABLE, REGIMES, AND CDFs

) Threshold level (parameter).

5o True threshold level.

5 Estimated threshold.

6% Pseudo-true threshold under the misspecified TVARx.

z(M) Lower-regime event {z; < §}.

7z Upper-regime event {z; > J}.

Ds Regime mass ps = Pr(z; <d) =F.(d) € (0,1).

2t Threshold variable.

zt(i) Realization of z; conditional on 2z € 7z,

F.(), Fz, Marginal CDF of z:; shorthand F., = F.(z) used throughout (also applies to all
marginal/conditional/joint CDFs).

F, FE:? Regime-i truncated CDE eq. (2).

f=() Density of z; (assumed positive on a neighborhood of §¢).

ﬁz, 1?“2‘} Empirical (or kernel) CDF and its regime-i truncated counterpart.

20 Regime-i Gaussian PIT score: z{"* = &= (F{)) ~ A(0, 1).

251)* Feasible (winsorized plug-in) PIT score: &~ 1(~T(ﬁ<;) ))-

kr(+), e Winsorization map and threshold; £ (u) = min{1 — ey, max{er,u}}.

L, (1 Lipschitz bound for o~ !on leT, 1 — er]; uniform CDF approximation error.
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TABLE D.2. Summary of notation (Part 2 of 4)

Symbol Description

VAR REPRESENTATION AND REDUCED-FORM INNOVATIONS

Yi1 Regressor stack (1,5} _1,...,y}_,) € RKPTL,

A® Regime-i slope matrix A() ¢ REX(Kp+1),

AS), Agé) Population slope matrices under TVARy and TVARx.

AAD Omitted-control slope bias: AAD) = Agé) — Al(\i]) = A0

uii) Reduced-form innovation in regime i: uii) =yt — A“)Yt,l.

ES& Uncorrected innovation covariance: E(u“), = Var(uii) )= AN 4 zg‘; (also denotes the
TVARx population covariance).

sii) Endogeneity-corrected innovation: eii) = ugi) - ]E(uii) | zii)) = uii) - A(i)zt“)*.

E(E'E) Corrected innovation covariance: E£‘2 = Var(sﬁi))‘

A Regime-i copula-control loading vector (€ R¥*1).

ein Orthogonalized structural shock vector, ]E(e@ egi)/) =Ik.

COPULA CONSTRUCTION AND PIT MACHINERY

ey Regime-i (K+1)-dimensional copula, eq. (3).

() Corresponding copula density, eq. (5).

F,(uit), Fsz . Regime-i marginal CDFs of the innovation vector and its kth component.
,Sik) f Regime-i marginal density of ugt).

JSI)C Regime-: standard deviation of ugz.

D‘(,i.), Diagonal matrix diag(n&) Seees (TSI)().

uﬁz)*, u(,:t)* PIT-Gaussian innovations: “St)* = <I>’1(F82L),

RS& Latent correlation matrix of ugl)*A

#{) Latent correlation vector: 7\ = Corr(ugl)* , z,@*) e RKX1,

nﬁi) Latent residual orthogonal to zi')*, with ggi) = D&i‘),nii).

COMPANION FORM, IRFS, AND STABILITY

. Subscript tag. For covariance-class objects, e € {uu,e¢}. For dynamic objects (slopes, com-
panion matrices, multipliers, IRFs), o € {N, X} distinguishing TVARyN from TVARx.

4t Companion state z; = (4}, ...,y _p1) € RXP.

A(.i) Regime-i companion matrix under specification e.

J Selection matrix J = [Ik 0 --- 0] € RKXKP,

o (n) Reduced-form multiplier: U$" (h) = J(AD )2 7.

P?) Impact / identification matrix: P?)(P(.i))’ = E?).

p(1i> First column of Pg‘g (impact vector of the target shock).

IR,F(.i) (h,j) IRF response at horizon h to shock j: \lf(.i> (h)P(.i)e].

B (slope) Regime-i first-block-row VAR slope matrix in companion form; B g REXKp,
R Fixed selection matrix linking vec(.Z —A)= Rvec(ﬁ — B).

Sg)cy. Companion-form second-moment matrix: E(z—12;_1 | Z1) under specification e.
VI\(,UA, V)Ei) Variance terms entering the finite-sample stability bound (Lemma 2).

ri?ab, tl\?’stab St?il))ility margin around A®; subscript N indicates margin around the correctly specified

AD.
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TABLE D.3. Summary of notation (Part 3 of 4)

Symbol Description

PROXY-SVAR IDENTIFICATION AND CONTAMINATION

vii) Regime-i external instrument / proxy variable.

)\E,D Proxy relevance: )\E,i) = Cov(egig,vii)) # 0, with (Cov(eg.it),vii)) =0forj#1.

w® Instrument-threshold covariance: w® = Cov(z{"*,v{").

Zg‘v) Proxy moment using corrected innovations: Egg = Cov(eﬁi) R vii)) = )\,(Ji)pgi).

21(:2, Proxy moment using uncorrected innovations: EL‘Z, = )\Sjwp(li) +w®AD,

péigmp Composite impact direction: p((:io)rnp = pgi) 4 (w® /A0y A O,

A‘(‘D, AE) Components of A® parallel / orthogonal to p@ (Corollary A.1).

o Angle between E,(,ii and pgi) (contamination angle).

Iy, Orthogonal projector onto the complement of span(v): I, =1 — vo’ /|Jv] 2.

ESTIMATION, CLS OBJECTIVES, AND GENERATED REGRESSORS

Zr Sample support of the threshold variable.

ls Trimmed search grid for §: {§: 7 < ﬁz(d) <1l-71}.

T Trimming fraction (e.g., 7 = 0.10).

Ti(8) Regime-i index set: 71 (0) = {t : z¢ <8}, T2(0) = {t: z¢ > 6}.

RSS(0) Residual sum of squares at candidate 4.

QN (), Qx(d) Population concentrated CLS objectives under TVARy and TVARx.

Q1(9), Qr (6), Qr (%) Infeasible (oracle), feasible (winsorized plug-in), and oracle with frozen non-switcher con-
trols CLS criteria.

Mor(z), Mrp(z), Mrp(z) Local objective processes evaluated at 6o + =/T.

() Compound-Poisson limit process of Chan (1993).

T(§ — 6o) = argmin Y(z) Limit process governing the local threshold objective in Remark 1

~® ‘ Projection of z{")* on Y,_1 in regime i.

QS)Y Conditional second-moment matrix: E(Y;—1Y}_1 | Z(i)).

) Residualized threshold score: (" = 2{* — 1)y, ;.

Dpg(8), C;i(6) Residualized omission cost and its within-regime components.

ht, b~ Right/left one-sided slopes of the population threshold objective at dg.

Hp Local quadratic curvature (smooth heuristic, Proposition 3 footnote).

Ca LR critical value at significance level « for the threshold profile set, Remark 1.

MSE / RELATIVE-EFFICIENCY METRICS

BIAS, MSE Bias (E[6] — 6o) and mean squared error of an estimator.

RE; 1, REs T Relative MSE: ratio of TVARx to TVARy for threshold and variance objects.

bs, b(zn Asymptotic biases of TVARx estimators: bs = 6% — do, bg =ADAO,

Vs, Vz(i) Asymptotic variances of the correctly specified TVARy estimators.

Cs, Cx RE divergence constants: REs 7 ~ CsT?, REs, T ~CsT.
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TABLE D.4. Summary of notation (Part 4 of 4)

Symbol Description

SIEVE / NON-ELLIPTICAL EXTENSION

9® Copula dependence parameter indexing departures from independence.

5“) ), 5;”(-) Copula-density score at independence and its jth component.

B (zi(i)) (kernel) Nonlinear conditional-mean kernel arising in the non-elliptical case, eq. (B.5).

s5(), B](»i) Sieve basis functions and regime-i coefficients.

dr Sieve dimension (number of basis terms; d = 1 recovers the Gaussian one-factor control).
Hj() Orthonormal Hermite polynomial of order j evaluated at zt(i)*.

éﬁi) Sieve-augmented residual innovation.

COMPUTATIONAL PARAMETERS

G Number of threshold grid points searched.

B Number of bootstrap replications.

i Maximum horizon for IRFs.

q Regressors per equation including controls: g =Kp + 1 +d.
d Copula-control dimension (sieve order).

MONTE CARLO DGP AND COPULAS

B Cholesky factor of the reduced-form covariance in the MC DGP: El(,il), = BB
L Contemporaneous structural loading matrix mapping e; into w.

P Archimedean copula dependence parameter (Clayton/Joe/Gumbel).

U,v Uniform [0, 1] arguments of copula functions.

Cclayton: Cjoe; Cumbel ~ Archimedean copulas used in Scenario 4.

EMPIRICAL APPLICATION (NK MODEL)

Ut Output gap.

" Inflation rate (annualized PCE deflator change).

ebpt Excess Bond Premium of Gilchrist and Zakrajsek (2012).

F(z), FE, FH State-dependent Phillips-curve slope and its low/high-regime values.
e Monetary policy shock.

Ag VAR intercept
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APPENDIX E: ADDITIONAL RESULTS AND TECHNICAL NOTES

This appendix presents Supplemental results and technical details related to the main
sections of the paper. The material is not included in the main text but may be of inde-
pendent interest.

E.1 Impact contamination and weak identification instruments

Lemma E.1 (Size of the impact contamination). IfwY) # 0 and pgi) is not collinear
with A, the (small-angle, denoted by “/ ") deviation between the TVARx impact

direction and pgi) obeys

L @) 5,7 A0]

A )\S)pgi) +w®AD pgi)) . .
AL 1)

(E.1)

where H;l(i) projects onto the orthogonal complement of pgi). Note that if A is
collinear with p; then H;fl(l)A(i) = 0 and the angle is correctly zero.

PROOEF. Letv # 0 and w be vectors in R", and let ¢ € R. Denote by Z(v + cw, v) the angle

between v + sw and v. Let

!/
T L (E.2)
llol®
be the orthogonal projector onto the complement of span(v). We begin by decomposing

v 4 ew into components parallel and orthogonal to v:

/
V4w = (v + % 5w> + I (cw) (E.3)
[ o] ——

component orthogonal to v
component along v

This decomposition is exact and separates the perturbation sw into its projection along
v and its projection orthogonal to v. The two components form a right triangle whose hy-
potenuse is v + cw and whose side opposite the angle /(v + cw, v) has length ||TT;- (sw)].
Hence,

HJ_
sin Z(v + ew, v) = M (E.4)
lv 4+ ew||
As e — 0, we have
v+ ew|| = [[v]| + O(|e]), |[TL; (ew)|| = [e] Ty wl]. (E.5)
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Moreover, for small angles ¢, sin ¢ ~ ¢. Combining these relations yields the first-order
expansion
ITL5 |

/(v +ew, v)zw|s|+0(€2), e—0. (E.6)

Applying this result with v = \{) pgi) and w® = w®A® delivers the statement of the

lemma. O

The quantity
/ ( ADpD 4 O, pgﬂ) (E.7)

provides a first-order approximation to the distortion in the identified impact direction.
The lemma shows that, when the instrument loads on the threshold variable, proxy-
VAR identification is rotated toward the threshold-selection direction. The distortion in-
creases in the instrument-threshold correlation w() and decreases in the instrument
strength A(), reflecting the fact that weaker instruments are more susceptible to con-
tamination by omitted selection effects.

E.2 Convergence rates of the estimators: A summary

Table E.1 summarizes the convergence rates of the estimators considered in the paper.

TABLE E.1. Large-sample rates and limits for key TVARy objects

Object Estimator Rate Limit law

Regime slopes AW, loadings A® OLS within regime VT Normal

IRFs w() (h) (fixed h) Plug-in and “delta” method VT Normal

Threshold ¢ CLS over trimmed grid T arg min of compound-Poisson process
Sieve-TVARY slopes/IRFs OLS with d control VTifd%/T—0 Normal

Proxy-SVAR (strong IV) Moment on controlled residual /T Normal

Proxy-SVAR (weak IV) As above, \/v/T — Non-Gaussian (Cauchy-type)

This table collects the large-sample behavior of the main TVARy estimators. Regime-specific slope and
loading estimates are standard ~/'T objects (as are fixed-horizon IRFs via plug-in/delta-method arguments),
whereas the threshold estimator is nonstandard, converging at rate T to an argmin of a compound-Poisson
process; inference for the threshold should therefore be based on a profile-LR set or a block bootstrap that
re-estimates the control and the threshold. When the copula control is implemented via a sieve with dimen-
sion drr, the usual /T limits for slopes and IRFs continue to apply provided dr grows slowly enough (e.g.
d% /T — 0). For proxy-SVAR identification, the impact column is invariant to including the control under
strong instruments, but under weak (local-to-zero) relevance the limit becomes non-Gaussian and weak-IV-
robust inference is required.
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APPENDIX F: COMPUTATIONAL COST AND SCALING OF TVARN

As before, T is the sample length; K is the number of endogenous variables; p is the
lag order; G is the number of threshold grid points (post trimming); 5 is the number of
bootstrap replications; H is the maximum horizon for IRFs; d is the control dimension
(d =1 for the Gaussian one-factor; sieve uses d = dr); ¢ is the number of regressors per
equation: ¢ = (Kp + 1 + d) (the +1 is for the intercept and the d is for the controls), and
here O denotes complexity, order-of-growth notation.

Per-step complexity (feasible CLS implementation)

We decompose the runtime and memory in the canonical implementation (grid search
over ¢, regime-wise OLS, optional bootstrap).l

Stage (1) Preprocessing. Sort {2}, ; and build the empirical CDF (for fast truncated
CDF evaluations):

time = O (TlogT), memory = O (T). (E1)

Stage (2) Per grid value .

(a) Build controls. For each candidate ¢, form regime-specific PIT-Gaussian
controls Zgl)* = <I>‘1(F(Zl) (2¢;6)) in a single pass:

time = O (Td) withO (T)ifd=1. (F2)

(b) Regime-wise OLS. With X € RTiX¢ and Y € RTi*K in regime i, a
QR/normal equations solve with K right-hand sides costs:

O (Tig®> + TigK +¢* +¢°K) perregime, O (Tq* +TgK +¢* +¢°K) across both. (E3)

When K < ¢ (which is typical VAR case with ¢ ~ Kp and p > 1) the ¢?K term is dominated
by ¢3.
Summary (per6):

timeperd = O (Tq(g+K) + ¢ + ¢*K + Td) . (E4)
Stage (3) Selection and refit at 5. One additional two-regime OLS:
O (T¢? + TgK + ¢° + ¢°K). (E5)
Stage (4) IRFs at I horizons. Using the Kp x Kp companion:?

time = O (}_I (Kp)g) (reduced in practice via recursions). (F6)

1A Caveat: Storing G grid points of precomputed statistics (e.g., X’ X) reduces runtime but increases mem-
ory to O(Gg?). Thus, memory may increase to O(Gq?) if sufficient statistics are cached for grid reuse.

’In practice, Krylov/recurrence methods or eigen-decomposition can reduce the per-horizon cost to
O((Kp)?) after an O((Kp)3) initialization; so the bound reported is conservative.
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Stage (5) Bootstrap. A moving-block bootstrap that recomputes the controls and 5 re-
computes steps (2)—(4) for each draw, i.e. adds a factor B to those costs. However, IRFs
tend to be only computed once post-bootstrap (rather than per draw). Accordingly, we
can specify two relevant cases: (I) Threshold-only bootstrap: O(BGT(¢? + ¢?)); (I) Full
IRF bootstrap: add O(BH (Kp)?).

Total runtime and memory

Collecting terms in Table E1:

Time = O (TlogT + G[Tqlq+K)+¢® + ¢°K + Td] (E7)
+ A Kp)® + B(G [Tq(g+K)+¢* +¢*K+Td] + i (Kp)3)). (E8)

In the common regime T > ¢? and d < ¢, we have
leading term ~ O ((B+1) GTq(q+K)), (E9)

and if additionally K < ¢, the ¢?K term is absorbed by ¢>.

Special case for the Gaussian one-factor control.

For the Gaussian one-factor control (d = 1), g =Kp+ 1 and
Time ~ O((B+1)GT (Kp+1) (Kp+K+1)) = O(B+1)GTK?p(p+1)). (E10)

IRFs add O((B+1) H (Kp)?) if IRFs are computed for each bootstrap draw (e.g. for
bands), and O(H (Kp)?) as a one-off otherwise.

Memory. Storing Y, X and the control columns requires

Memory = O (T (K +q)). (E11)

Remarks

— Sieve control. If a dp-term sieve is used, replace d by dr in ¢; the control-build pass
adds O (Tdr) and OLS terms scale with q.

— WhenT>>¢?, the ¢3 term is dominated and total cost is linear in T, linear in G, and
linear in B.

— Practical speedups (same asymptotics). One QR per regime with K right-hand side,
accumulate X’ X and X'Y via BLAS-3 (Level-3 routines in the Basic Linear Algebra
Subprograms); reuse sufficient statistics along a sorted grid; coarse-to-fine ¢ grids.
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TABLE E.1. Per-operation summary (asymptotic order)

Operation Time Memory Notes

Sort & empirical CDF of z; O (TlogT) O (T) one-off

Controls per § O (Td) O (T) d=1 for Gaussian one-factor
Two-regime OLS per § O(T¢® +TgK + ¢+ ¢*K) O (T(K+q)) q=Kp+1+d

Select § and refit O(Tg* + TgK + ¢3 +¢*K) O (T(K+gq)) one-off

IRFs (all horizons) O (H (Kp)®) O ((Kp)?) companion powers

Bootstrap (B draws) add Bx (steps 2-4) x 1 recompute controls and 3; IRFs if bands

Accordingly, for fixed (K, p,d) and without the bootstrap, TVARy’s feasible CLS scales
essentially as

O(GTq(¢+K)) = linearinT, (F12)
with IRFs adding one O(H (Kp)?) pass - or (B+1) such passes if IRFs are bootstrapped.
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APPENDIX H: ADDITIONAL MATERIALS

TABLE H.1. TVARy Estimation and Bootstrapped Probability Values

Low-Inflation Regime High-Inflation Regime
Regressor Estimate  p-value Estimate p-value
Equation: y
Ut—1 0.871 0.001 0.857 0.001
Ti—1 —0.016 0.774 —-0.121 0.063
if g1 —0.008 0.874 —0.065 0.354
ebpr_1 —0.521 0.222 —1.221 0.001
Ap —0.001 0.998 0.996 0.001
A —0.137 0.512 0.273 0.057
Equation: 7
Ut—1 0.021 0.862 0.197 0.274
T—1 0.257 0.028 0.527 0.001
if¢1 —0.024 0.820 —0.004 0.978
ebpr_1 —0.035 0.966 —1.072 0.005
Ap 1.917 0.004 1.818 0.006
A 0.202 0.525 1.518 0.001
Equation: i
Ut—1 0.129 0.253 0.064 0.638
T—1 0.079 0.428 —0.040 0.683
if 41 0.899 0.001 0.911 0.001
ebpr—1 —0.345 0.690 —1.644 0.001
Ag 0.219 0.744 0.646 0.202
A —0.015 0.964 0.696 0.001
Equation: ebp
Ut—1 0.036 0.013 0.011 0.804
TE—1 0.036 0.008 0.027 0.325
Tf 41 0.025 0.019 0.019 0.526
ebpi_1 0.889 0.001 0.827 0.001
Ap —0.246 0.001 —0.215 0.137
A —0.081 0.098 —0.107 0.134

This table shows the estimation results of the bootstrapped estimation for the TVARN model. The first block
refers to results in the low regime, z; < §, and the second block corresponds to the high inflation regime.
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TABLE H.2. Linear VAR Estimation and Bootstrapped Probability Values

This table shows the estimation results of the bootstrapped estimation for the linear VAR model.

Regressor Estimate  p-value
Equation: y
Ut—1 0.923 0.000
Te—1 —0.057 0.170
ifi—1 0.127 0.049
ebpi—1 —0.669 0.013
Ut—2 —0.093 0.271
T—2 0.020 0.641
if -2 —0.175 0.006
ebpi—2 0.159 0.564
Ao 0.403 0.002
Equation:
Ut—1 —0.033 0.866
Te—1 0.599 0.000
if -1 0.188 0.165
ebpt—1 —0.160 0.774
Y2 0.074 0.676
T—2 0.272 0.003
if -2 —0.170 0.200
ebpr_o —0.138 0.810
Ao 0.402 0.125
Equation: i s
Yt—1 0.266 0.061
Te—1 0.068 0.281
ifi—1 0.944 0.000
ebp;—1 —0.388 0.337
Yt—2 —0.208 0.107
TE—2 0.058 0.370
if -2 —0.031 0.749
ebps—2 —0.183 0.661
Ag 0.100 0.596
Equation: ebp
Yt—1 —0.014 0.644
Te—1 0.014 0.298
if -1 0.016 0.454
ebps—1 1.004 0.000
Yt—2 0.034 0.225
TE—2 —0.018 0.205
ift—2 —0.003 0.885
ebps—2 —0.169 0.066
Ag —0.049 0.238

ECB Working Paper Series No 3263

91



"asuodsal 0.9z ayj SUIVUL dUT] PAYSDP [PIUOZLIOY D AD]1210 dM ‘DIUNUIUOI [PNSIA L0 SPUDQq dUPLU0I %89 paddv.iisjooq
21DI1PUL SPAID PaPDYS Y], "dIUIUIAUOD [DNSIA 10f UMDP S1 0192 Jo dul] (Paysvp) adualafal vV "8’y < *2 Uaym Japoud 1271v] a2YyJ 10 111990 aui18a. uonvlful-ysiy ayJ,
‘Jopout VAL Snouadoxa ayi 4of ‘Ajaaipoadsal ‘owirdal uoyvful ydiy puv moj ayj ui sasuodsal 2joudp saui] pal puv anjg -winiwaid puoq ssaixa ayj puv ‘o1 spunf
p1apaf oy ‘uoyvyul ‘dvs yndino ayj 1of umoys auv sasuodsay "uoz1.10Y 123.1vnb g v 1200 yo0ys A1j0d Livjauow payyuapt uv oy sasuodsai asynduii syodat anSuf s1yJ,

Yooys A1e1ouoA e 01 asuodsay aspndw] XYvA T ‘1'H 40514

SupApp-15

0z Sl 0l S 0 oz Sl 0l S 0z sl oL 0 oz sl ol
1 1 1 1 1 S 1 1 1 1 S 1 1 1 1 &S 1 1 1 IS
8 8 IE [a
o o
o o B - T TN T = g ~— - - [ 8
e — T re ™7~ rs
o o
rs rs
4 4
rs rs
g g
L e L e
3 3 ls L
o o N N
Fa Fa rs rs
wnijwald puog ssadx3 djey spun4 |elspa
0z sl 0l 5 0 0z Sl 0l 5 0 0z Sl oL S 0 0z Sl oL S
1 1 1 1 1 &S 1 1 1 1 1 K 1 1 1 1 1 N 1 1 1 1 1 N
o o o =3
o m o o
Lo
5 s
8 Lo S
L& 3 3
5
o
o P S — 8
=2 2000 [ 38 ° °
. — — — — — N < — g
o o o
o o
SIS a
o
o o o o
rs 3 rs ]
awibay ybiH awibay Mo awibay ybiH awibay Mo
uoneyu| deo indinQ

92

ECB Working Paper Series No 3263



Acknowledgements
The paper is dedicated to the memory of lvan Jaccard.

Dimitris Christopoulos
European Central Bank, Frankfurt am Main, Germany; email: dk.christopoulos@gmail.com

Peter McAdam
European Central Bank, Frankfurt am Main, Germany; email: peter.mcadam@ecb.europa.eu

Elias Tzavalis
Athens University of Economics & Business, Athens, Greece; email: etzavalis@aueb.gr

© European Central Bank, 2026

Postal address 60640 Frankfurt am Main, Germany
Telephone +49 69 1344 0
Website www.ecb.europa.eu

All rights reserved. Any reproduction, publication and reprint in the form of a different publication, whether printed or produced
electronically, in whole or in part, is permitted only with the explicit written authorisation of the ECB or the authors.

This paper can be downloaded without charge from www.ecb.europa.eu, from the Social Science Research Network electronic library or
from RePEc: Research Papers in Economics. Information on all of the papers published in the ECB Working Paper Series can be found
on the ECB’s website.

PDF ISBN 978-92-899-7997-9 ISSN 1725-2806 doi:10.2866/5071779 QB-01-26-191-EN-N



mailto:dk.christopoulos@gmail.com
mailto:peter.mcadam@ecb.europa.eu
mailto:etzavalis@aueb.gr
http://www.ecb.europa.eu/
http://www.ecb.europa.eu/
http://ssrn.com/
https://ideas.repec.org/s/ecb/ecbwps.html
http://www.ecb.europa.eu/pub/research/working-papers/html/index.en.html

	Threshold endogeneity in vector autoregressions: reassessing monetary state dependence
	Abstract
	Non-technical summary
	1 Introduction
	2 An endogenous threshold VAR
	2.1 Correcting for threshold endogeneity using copulas
	2.2 Endogenous threshold VAR form

	 3 Misspecification effects of ignoring threshold endogeneity
	3.1 Impulse responses under misspecification
	3.2 External instruments
	3.3 The threshold parameter

	4 Estimation and implementation
	5 Extensions beyond the Gaussian benchmark
	6 Monte Carlo analysis
	6.1 The Data Generating Process (DGP)
	6.2 Monte Carlo results: dynamic Responses
	6.3 Monte Carlo results: relative efficiency

	7 Effects of monetary policy shocks
	7.1 Inflation state dependency in policy models
	7.2 Empirical exercise
	7.3 Results
	7.4  Inflation regimes
	7.5 Dynamic analysis

	8 Conclusions
	References
	Appendix
	A Proofs
	B Beyond elliptical dependence
	C Monte Carlo exercises in full
	D Summary of notation
	E Additional results and technical notes
	F Computational cost and scaling of TVARN
	G Data, data sources, and construction
	H Additional materials

	Acknowledgements & Imprint




