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important. Less influential is the choice of the Pareto threshold and the inclusion of further
portfolios to better represent portfolio structures of the wealthiest of the wealthy households.
However, as we only rely on portfolio structures collected in the HFCS, results could in fact
be even more extreme in the sense that equity could be even larger. We also find that refrain-
ing from stratification yields unreliable results, which emphasises the importance of a more
sophisticated approach than just taking simple average as proposed in this article.
We compile distributional account figures and show how our methodology can be used to
enhance them. We detect large instrument-specific inequality and find that the top quintile
holds the lion’s share of financial wealth whereas the bottom quintile has negative financial
wealth. In Austria (Germany), a household belonging to the lowest quintile has on average
−11, 342 EUR (−25, 127 EUR) compared to 323, 397 EUR (186, 789 EUR) for a household
belonging to the top quintile. In general, patterns are very similar in Austria and Germany.
As a by-product, we gain new estimates on the distribution of net worth. In-line with prior
findings in the literature, we find that the HFCS substantially underestimates wealth inequality
in Austria and Germany. Our analysis suggests that wealth inequality measured by a household-
level Gini coefficient increase from 72% in Austria and from 76% in Germany to roughly 80%
in both countries.
In terms of instrument-level inequality, we find that the wealthiest 1% of the population owns
70-80% of total equity and roughly 30% of total real estate assets, but less than 10% of total
liabilities. The top wealth quintile holds roughly 98% of total equity in Austria and 97%
in Germany, whereas the bottom three wealth quintiles together, i.e., the lowest 60% hold
practically nothing in both countries. We also find very high degrees of instrument-specific
inequality for mutual funds and bonds.
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Appendix

A The Pareto distribution

A.1 Estimating the shape parameter

A.1.1 (Robust) regression method

The Pareto shape parameter is often estimated using ordinary least squares (OLS), which
exploits the linear relationship between the Pareto distribution and the rank of observations:
The (shifted) log rank of an observation is a downwards-sloping function of logged wealth with
slope parameter ϑ, which is a direct consequence of (1):

P (Y > y) =
(
y

y0

)−ϑ

and thus
logP (Y > y) = ϑ log y0 − ϑ log y.

In a finite sample, observations approximately follow a Pareto distribution, if

i

n
≈
(
yi
y0

)−ϑ
for all i.

Thereby, i denotes the rank of the decreasingly ordered observations, yi net worth of observation
i, and n the number of observations. Thus,

log i ≈ C − ϑ log yi,

with C = log(n) + ϑ log(y0). The shape parameter ϑ could (in the absence of survey weights)
thus be obtained by estimating this equation using OLS.
Vermeulen (2017) adapts this method to take into account survey weights. Additionally, Gabaix
and Ibragimov (2011) showed that the estimator for ϑ is unbiased (up to order one) when
shifting the rank by 0.5. An estimate for ϑ is then obtained by estimating the equation

log
(

(i− 0.5)N̄fi

N̄

)
= C − ϑ log(yi), (3)

through a linear model. Thereby, N̄ = 1
n

∑n
j=1 wj is the average weight of all observations and

N̄fi = 1
i

∑i
j=1 wj the average weight of the first i observations.

The major advantage of this approach is that additional observations such as those from a
rich list can directly be included in the estimation process. As the response variable is a
transformation of the rank of an observation but not its amount, extreme observations from
the rich list are less problematic in the statistical sense. Still, the different weight structure
remains problematic. (Remember that rich list observations are assigned a weight equal to
1 while survey observations may have very large weights. In Germany, the largest weight
among all tail observation is 44,189 meaning that this one household represents this number of
households).
Still, the two types of data (survey and rich list) lead to non-random patterns in residuals.
Therefore, we propose a robust alternative that can be interpreted as a benchmark method.
The alternative is robust to violations of the standard OLS assumptions. If, which is the case
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for our data, differences between the standard regression and robust regression are minimal,
confidence in the standard regression is increased.
Quantile regression (which has been developed by Koenker and Bassett Jr, 1978, and is since
then widely used in statistics and econometrics) may be used as such a robust alternative to
OLS. Quantile regression is per construction less sensitive toward outliers and, in contrast to
OLS, does not rely on any distributional assumptions.
Similar as to OLS where the conditional mean is estimated, quantile regression aims to estimate
conditional quantiles including the conditional median.
For OLS, a linear conditional mean function

E[Y |X = x] = x>β

is estimated by solving the quadratic optimisation problem

β̂ = arg min
β

n∑
i=1

(yi − x>i β)2.

In a quantile regression setting, the linear conditional median function

QY (0.5|X = x) = x>β(0.5)

is estimated by solving the linear optimisation problem

β̂(0.5) = arg min
β

n∑
i=1
|yi − x>i β|.

Thus, quantile regression substitutes a quadratic optimisation problem by a linear optimisation
problem. For quantile regression, only the sign of a residual but not its magnitude matters
whereas for ordinary least squares the magnitudes are crucial. Hence, quantile regression is
robust against outliers whereas OLS is not.
Thus, we use a median quantile regression model to estimate the slope parameter ϑ in equation
(3) and call this the robust regression method. In contrary, we refer to Vermeulen’s method
based on OLS as the regression method.

A.1.2 Weighted robust estimators

Alfons et al. (2013) recommend the usage of weighted robust estimation procedures for semi-
parametric Pareto models based on complex surveys and apply their estimators to income data
obtained from the European Union Statistics on Income and Living Conditions (EU-SILC).
They specifically provide weighted versions of the integrated squared error (ISE) estimator
and the partial density component (PDC) estimator. Details regarding their methodology and
further references are found in Alfons et al. (2013).
A drawback of their methodology is that rich list observations are detected as outliers and –
as the procedures are designed to be robust against outliers – rich list observations are less
influential then needed.
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A.2 Pareto quantiles

Quantiles of the Pareto distribution are given by the inverse of the CDF. For a specific quantile
level q

FY (y) = 1−
(
y

y0

)−ϑ
= q and thus

F−1
Y (q) = y0 · (1− q)−1/ϑ

holds.
Specifically, for the three quartiles we have

F−1
Y (0.25) = y0 · 0.75−1/ϑ,

F−1
Y (0.50) = y0 · 0.50−1/ϑ, and
F−1
Y (0.75) = y0 · 0.25−1/ϑ.

A.3 Sampling from a Pareto distribution

Sampling from a Pareto distribution is done here by exploiting the inverse probability integral
transformation. This theorem states that, given a random variable Y with CDF FY , the
random variable Z = FY (y) follows a uniform distribution U(0, 1). Inversely, if Z ∼ U(0, 1)
and Y ∼ FY , then Y and F−1

Y (Z) follow the same distribution.
Thus, it is possible to construct Pareto distributed random numbers from a simple-to-generate
sample of uniformly distributed random numbers just by applying the inverse Pareto CDF.
Given a uniformly distributed random sample ui, i = 1, . . . , n,

yi = F̂−1
Y (ui) = y0

(1− ui)1/ϑ̂
= y0

u
1/ϑ̂

i

represents a random sample from a Pareto distribution with ϑ̂ and y0. The last equation is due
to symmetry in the interval (0, 1).

B Portfolio structures

This section demonstrates how portfolio structures change with net worth and total assets,
respectively. We show results based on the HFCS second wave for a series of countries.
The figures are calculated as follows: Observations are increasingly ordered by net worth (total
assets) and shares of total assets are calculated for rolling windows. For each window, we
calculate the share of total assets (aggregate net worth plus total liabilities) held in different
asset classes (y-axis). When calculating totals, we respect sample weights. Additionally, we
compute the average net worth (total assets) per window which is assigned to a net worth
quantile by empirically evaluating the country’s empirical weighted conditional distribution
function of net worth (total assets) (x-axis). We use a fixed step size of 10 observations and
country specific window sizes ranging between 150 observations for Cyprus, 200 for Slovenia,
500 for Austria, Finland and Spain, and 700 for Germany.58 As we do not include other assets
such as vehicles or jewellery, shares do not add up to one.

58Due to rather large window sizes (which guarantee smooth curves), we lack information for the lowest
quantiles.
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We find similar structural patterns across countries which are shown in Figure 15 and Figure 16:
When analysing shares of total assets broken down by total assets quantiles (i.e., Figure 15), we
find two kinds of substitution effects: First, the low end of the total assets distribution hardly
holds real estate assets whereas large shares of total assets are held as deposits. When moving
up along the distribution, real estate become the single most important asset class. Only at the
very top of the distribution, real estate loose importance to assets held in the form of equity –
a second substitution effect.
The point where real estate become more important than deposits is quite different across coun-
tries. For Austria and Germany – both countries with traditionally very low home-ownership
rates59 – this fix point is roughly at the 45th percentile of the total assets distribution (for
Austria it is the 46th percentile which roughly equals EUR 68,300 and for Germany the 43th
percentile which roughly equals EUR 49,700). For all other countries, the fix point is reached
much earlier.60 Also the maximum real estate share is noticeably larger for countries other than
Austria and Germany.
When looking at shares of total assets broken down by the net worth distribution (i.e., Fig-
ure 16), we find very similar patterns for the top tail as liabilities are less important in this
part of the distribution. However, at the low end liabilities do play an important role leading
to larger real estate shares at the low end of the distribution.

59The 2015 home-ownership rate was 55.7% in Austria and 51.8% in Germany compared to for instance
78.2% in Spain and 72.7% in Finland (Source: Eurostat).

60We find a strong negative correlation (Pearson correlation coefficient: -0.92) between the fix point and the
home-ownership rate among all countries participating in the second HFCS wave.
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Figure 15: Shares of total assets for total assets distribution.
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Figure 16: Shares of total assets for net worth distribution.
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C Sensitivity analysis

In this section, we perform five kinds of sensitivity analyses. We check how much the main
results, i.e., shifts in coverage ratios for highly comparable instrument, change when (i) using
different methods to estimate the shape parameter of the Pareto distribution ϑ, (ii) using differ-
ent thresholds from where on the Pareto distribution replaces survey results, (iii) manipulating
rich lists used in the Pareto estimation, (iv) refraining from stratifying by net worth, and (v)
using additional portfolios from other countries to better reflect the portfolio structure of the
very rich.
In general, we find that our methodology achieves a reasonable degree of robustness. In par-
ticular, results are extremely robust for liabilities, bonds and deposits, but less so for equity
and mutual funds. We expect that results would be even more stable if personal or household
level data on wealth and income would be used when performing oversampling. Given the yet
scarce knowledge about the distribution of wealth, making available more data sources should
in our opinion be of highest priority.

C.1 Choice of Pareto shape parameter estimation method

Estimating the Pareto shape parameter is ambiguous and different methods lead to quite dis-
tinct total tail wealth as shown in Table 8. In this section we compare the impact of different
methodological choices on instrument-specific coverage ratios.

Figure 18: Sensitivity toward the choice of Pareto estimation method.

Notes: The figures show coverage ratios for highly comparable instruments when relying on different
Pareto estimation methods. Bars represent 95% confidence intervals, white lines adjusted coverage
ratios, and black lines observed coverage ratios.

We find that the choice of method affects equity the most. This is not surprising as large shares
of equity are mainly held by the wealthiest of the wealthy and the likelihood of simulating very
wealthy households strongly depends on the exact value of ϑ.
The impact on all other instruments is less pronounced. Figure 18 shows coverage ratios for
highly comparable instruments using different estimation methods. Particularly for Germany,
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the wPDC method leads to large average coverage ratios and wide confidence intervals. This
is due to the fact, that this estimation method leads to a much larger and unrealistic total tail
wealth compared to all other methods (see Table 7).
The large variation of results for mutual funds in Austria sticks out. In fact, all manipulations
testing robustness find rather large impacts on mutual funds for Austria as compared to the
other instruments. This result is mainly driven by two outliers concerning investments in
mutual funds observed in the Austrian HFCS belonging to Q2 and Q4 .
Overlapping confidence interval indicate that differences between methods are not significant.
For many – though not the majority of all – bilateral comparisons, this holds true: Out of the
possible

#instruments ·
(

#est. methods
2

)
= 4 ·

(
4
2

)
= 24

pairwise combinations, 9 intervals overlap for Austria and 11 intervals overlap for Germany.

C.2 Choice of Pareto threshold

Choosing the threshold parameter y0 is another major model choice. Whereas the threshold
must be large enough to justify the Pareto tail, it should also not be too large to guarantee
enough observations that can be used to estimate the Pareto shape parameter. We choose
the same threshold (namely one million Euro) for both, Austria and Germany, facilitating
comparability. In this section we justify this choice and analyse the effect of varying the Pareto
threshold.
There is manifold evidence that the very top of the wealth distribution follows a Pareto law.
However, the Pareto model is not suited to describe other parts of the wealth distribution.
There are several tests that facilitate finding an appropriate cut-off point (see also Eckerstorfer
et al., 2016).61

Van der Wijk’s law can be used to check, whether the chosen threshold is large enough such
that the data already follows a Pareto law.
The Pareto distribution is the only distribution satisfying62

W (y0) =
∫∞
y0
yf(y) dy∫∞

y0
f(y) dy = ϑ

ϑ− 1 · y0,

i.e., the mean excess function is proportional to the threshold y0 (see van der Wijk, 1939; Cowell,
2011b; Dalitz, 2016). Practically, one thus computes the empirical mean excess function over
y0

W (y0)
y0

=
∑
yi>y0 yi · wi

y0 ·
∑
yi>y0 wi

for a sequence of thresholds y0 and checks, whether the chosen threshold lies within the area
where W (y0)

y0
is constant.

61We only look at HFCS data to detect this point as the large gap between the largest wealth observed in
the HFCS and the lowest number reported by the rich lists distorts this analysis. From a theoretical point of
view, this makes sense because as soon as the tail shows Pareto behaviour, this is true for the subsequent part
the tail too.

62Since the support of the Pareto distribution is (y0,∞), we have
∫∞

y0
f(y) dy =

∫∞
−∞ f(y) dy = 1 and∫∞

y0
yf(y) dy =

∫∞
−∞ yf(y) dy = E(Y ). Using (2) thus yields W (y0) = ϑ

ϑ−1 · y0. So, the Pareto distribution
satisfies van der Wijk’s law. It is also easy to show that among all continuous distributions the Pareto distribution
is in fact the only one satisfying this relationship (see Cowell, 2011b, Appendix A.3 for a proof).
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Figure 19: Choice of Pareto threshold parameter.

Notes: The figure shows the van der Wijk statistic for Austria and Germany calculated from HFCS
data.

Figure 19 shows the results. The van der Wijk statistic is constant from roughly 0.4 million
Euro onwards for both countries.
The Kolmogorov-Smirnov test, which calculates the maximum absolute distance between the
empirical distribution and a theoretical Pareto distribution, finds minimal deviation at y0 = 0.56
mEUR for Austria and y0 = 0.41 mEUR for Germany.
Thus, these two theoretical criteria suggest rather low thresholds. Additionally, we calculate
instrument-specific coverage ratios for various thresholds ranging between 0.4 and 2.1 million
Euro and thus also for the widely used thresholds63 of 0.5, 1 and 2 million Euro.
Figure 20 shows the results. We find that (except for mutual funds in Austria) coverage ratios
are fairly stable for thresholds above one million EUR. For equity, coverage ratios are in general
more volatile and become unreliable for thresholds above two million Euro.
We therefore conclude that the minimal threshold suggested by the van der Wijk law and the
Kolmogorov-Smirnov test are too low and thus go for a larger threshold achieving satisfying
results according to all our analyses: one million Euro. A larger threshold is also beneficial
in the sense that we do not want to substitute too large parts of the survey by a parametric
model.

C.3 Rich list observations

As the HFCS lacks observations from the very top, estimating the wealth distribution from
this data only is likely to underestimate the top tail. Thus, we enrich the HFCS data with

63See Vermeulen (2017), Chakraborty et al. (2016), and Bach et al. (2015).
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Figure 20: Sensitivity toward the choice of Pareto threshold.

Notes: The figures show coverage ratios for highly comparable instruments when using different Pareto
thresholds. Thresholds range between 0.4 and 2.1 million Euro with a step size of 100,000 Euro.

observations from rich lists and use this combined data set when estimating the Pareto shape
parameter.
Rich lists provide us with observations from the far right of the distribution. However, as
rich lists cover only 100 (AT) and 500 (DE) of the riches households, there is still a large gap
between the largest observation in the HFCS and the smallest observation on the rich list.
In this section we therefore test, how results change when manipulating the rich list. We
manipulate rich lists in four ways: the exact number of observations on the list, the influence
of the largest observation, the treatment of observations as single households or rather family
clans consisting of several households, and the exclusion of households holding assets mainly in
the form of foundations.
We estimate the Pareto shape parameter ϑ using the regression method when relying on (i)
the full rich list, (ii) the top 50% of all rich list observations, (iii) the top 25% of all rich
list observations, and (iv) the top 10% of all rich list observations. We also estimate the shape
parameter when excluding the wealthiest household from the rich list (v) as this is, in particular
for Austria, an extreme observation64 with possibly large leverage.
As a number of observations on the rich list may refer to family clans that probably consist
of more than one single household, we test the effect of splitting the amount into several
“households.” We perform this exercise once by splitting all observations into (vi) two or (vii)
four households, respectively. Alternatively, we report the results for a (viii) random split:
We split each observation into u households, whereas u ∼ U(1, 4) follows a discrete uniform
distribution on the set {1, 2, 3, 4}. We repeat this 10,000 times and report the average result

64In Germany, the richest family (Quandt/Klatten: BMW) owns 31 billion Euro (according to the Manager
Magazine) whereas the second wealthiest family (Albrecht/Heister: Aldi Süd) “only” owns 18.3 billion, i.e.,
roughly 60% of the Quandt/Klatten fortune. In Austria, Porsche/Piëch (Porsche, VW) are estimated to own
65 billion Euro (according to Trend), whereas the second-ranked Dietrich Mateschitz (Red Bull) owns with 7.6
billion Euro only roughly 12% of the Porsche/Piëch fortune.
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for ϑ̂ and the average length of the simulated rich list.65

For Austria, the rich list also contains information on the major source/type of wealth: foun-
dations, inherited wealth (without further classification), and listed or unlisted shares. Thus,
we measure the effect of (ix) excluding observations from the rich list that, according to the
Trend list, “hold assets” only in the form of foundations (see paragraph 42 for a discussion
about foundations in Austria).

Table 11: Sensitivity toward the number of rich list observations.

AT – Austria DE – Germany
Obs. ϑ̂ Tail wealth Obs. ϑ̂ Tail wealth

(i) full rich list 100 1.194 778,285 500 1.338 4,899,939
(ii) top 50% of rich list 50 1.174 854,177 250 1.317 5,144,155
(iii) top 25% of rich list 25 1.176 844,238 125 1.306 5,277,994
(iv) top 10% of rich list 10 1.179 832,291 50 1.318 5,125,318
(v) excl. top observation 99 1.211 726,232 499 1.341 4,866,363
(vi) split into 2 households 200 1.205 744,288 1,000 1.368 4,600,772
(vii) split into 4 households 400 1.221 699,804 2,000 1.387 4,432,071
(viii) random split U(1, 4) 250 1.214 717,052 1,250 1.376 4,528,258
(ix) excl. foundations 77 1.235 665,264 – – –

Notes: The table reports estimation results based on the regression method when manipulating the
rich list. Namely, we use the top 50%, top 25%, and top 10% of the rich list, analyse the effect of
leaving out the top observation, “foundation” observations, and the effect of splitting total amounts
on the rich list into two, four and a random integer between 1 and 4 households. Tail wealth is given
in mEUR and calculated according to formula (2).

Results are reported in Table 11. We find that in general the exact number of observations from
rich lists does not matter a lot as seen in rows (ii)–(iv). Even a strikingly small number, such
as 10% of the original list, leads to a very similar total tail wealth. Results are less sensitive
for Germany as there are in general many more observations.
Leaving out the richest family clan – see row (v) – in Austria has a stronger effect than in
Germany. This is not surprising given the extreme difference in net worth between the wealthiest
and second wealthiest family in Austria (see subsection 64).
Splitting amounts on the rich list into several households – see rows (vi)–(viii) – to account for
the fact that at least some observations refer to family clans consisting of several households,
does have a stronger effect than leaving out parts of the rich list. Whereas shortening the rich
list increases tail wealth, splitting observations leads to a decrease.
Results for leaving out households which hold their assets exclusively in the form of foundations
are presented in row (ix). As this information is not available for Germany, results are only
reported for Austria. Total tail wealth is reduced as many top (including the top) observation
is removed.
Table 12 reports the effects of such manipulations on instrument-specific coverage ratios. We
report coverage ratios for the maximum and minimum estimated shape parameter according

65Bach et al. (2015) split up German rich list observations based on information they collected through “thor-
ough internet research.” They claim that there is not enough information for lower ranked rich list observations.
For this part of the list, they hence assume that each observation refers to four households.
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to Table 11. While changes in total tail wealth seem to be quite remarkable, the impact on
coverage ratios are negligible except as for mutual funds and equity.

Table 12: Effects of manipulating rich lists on coverage ratios.

Austria Germany
(ii) (i) (vii) (ix) (iii) (i) (vii)

Liabilities 40.12 39.93 39.78 39.71 68.58 67.99 67.05
Bonds 13.47 13.30 13.16 13.11 47.39 46.67 48.18
Deposits 50.63 49.72 49.04 48.85 57.85 57.23 57.21
Equity 367.05 349.59 315.49 307.31 389.79 363.12 331.97
Mutual Funds 61.82 55.20 52.06 49.51 59.35 57.33 54.28

Notes: The table reports effects of manipulating rich lists on coverage ratios. Results are in %
and derived using the analytical approach. We report results for the largest and smallest change in
estimated Pareto shape parameter (see Table 11) and compare it to the standard method denoted by
(i). For Austria, we additionally report changes when excluding foundations.

C.4 Stratification

Our methodology relies on stratification taking into account the observation that portfolio
structures change when moving along the net worth distribution. Although we believe that
stratification increases reliability in our methodology, we here show results when neglecting
this correlation.
This means that in case of the simulation approach for each simulated net worth, we re-sample
an arbitrary portfolio from the full list of observed portfolios in the tail population. As a
consequence, the correlation between net worth and portfolio structure is not preserved. For
instance, a household with high simulated net worth is not more likely to hold greater shares
of equity than a household a simulated net worth close to one million Euro.
Likewise for the analytical approach, we do not calculate stratum-specific portfolio shares but
rely on a single average portfolio structure for the entire tail (see also Chakraborty et al., 2016).
Table 13 reports results: Aggregates for instruments with decreasing importance when moving
to the top end of the distribution (liabilities, deposits, bonds, and real estate) increase. In
contrast, aggregates for equity, which is most relevant for the very top of the tail, decreases.
As there is no clear correlation between the importance of mutual funds and net worth, this
instrument is least affected when refraining from stratification.
Simple averages ignore the correlation between net worth and the portfolio structure. This
strongly overestimates liabilities, bonds, deposits, and real estate – instruments that become
relatively less important with increasing wealth – and underestimate the most important asset
class of the wealthiest of the wealthy: equity.
These findings underpin the importance of stratification. In the future, when more waves of the
HFCS become available, portfolio structures from previous waves could be added to increase
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Table 13: Effects of stratification.

AT – Austria
Adjusted Aggregate Adjusted 95% confidence 95% confidence

(stratified) Aggregate interval for CR interval for CR
analytical simulation (not strat.) (stratified) (not stratified)

Liabilities 67,182 67,085 85,292 (39.62; 40.62) (47.00; 58.79)
Bonds 5,437 5,418 10,300 (13.02; 13.97) (20.39; 36.06)
Deposits 107,345 106,696 127,057 (48.30; 53.11) (54.92; 67.48)
Equity 437,234 421,037 316,024 (282.57; 489.45) (206.34; 364.17)
Mutual Funds 26,508 25,734 27,155 (47.35; 75.09) (48.00; 78.61)
Real Estate 829,044 814,032 926,068 – –

DE – Germany
Adjusted Aggregate Adjusted 95% confidence 95% confidence

(stratified) Aggregate interval for CR interval for CR
analytical simulation (not strat.) (stratified) (not stratified)

Liabilities 1,063,155 1,062,378 1,153,936 (67.50; 69.26) (72.82; 76.07)
Bonds 79,351 79,118 95,098 (45.30; 49.89) (53.43; 62.51)
Deposits 1,052,599 1,051,348 1,142,704 (56.78; 58.35) (61.23; 64.48)
Equity 1,823,723 1,812,224 1,505,197 (347.13; 407.37) (286.79; 330.59)
Mutual Funds 246,645 245,910 266,968 (55.36; 62.19) (59.62; 68.66)
Real Estate 6,859,346 6,841,174 7,041,632 – –

Notes: The table reports adjusted aggregates (in mEUR) and 95% confidence intervals for coverage
ratios (in %). Results rely on adjusting the tail with and without stratification, respectively. The 95%
confidence interval are obtained from the simulation approach whereas aggregates rely – if not stated
differently – on the analytical approach.

the precision.66 This might be particularly helpful for small countries like Austria. (Also see
the discussion in the next section.)

C.5 Representativenss of portfolio structures

As argued in subsection 3.2 surveys that do not oversample the wealthiest households might not
appropriately reflect portfolio structures of the very rich. Thus, adding additional portfolios to
the top stratum may be desirable to increase reliability. This section shows how HFCS data
obtained from other countries could be used with this regard.
When analysing figures Figure 15 and Figure 16, we find for Austria and Germany that at
the very top the average share of total assets or net worth held as equity is much lower than
the average share held as real estate. This is not plausible for the wealthiest of the wealthy.
In other countries, including heavily oversampling Spain and regionally oversampling Slovenia,
equity becomes more important than real estate at the very top. Thus, particularly for Austria

66Some countries including Germany already have or plan to have a panel component. When using portfolio
structures from previous waves, only the latest panel observation should be used to avoid bias. However, in the
future panel observations can be used to assess the stability of portfolio structures over time. Currently, we
draw portfolios respecting their weights, i.e., a portfolio from an observation representing many households is
more likely to be (and therefore is more often) drawn than one from an observation with a lower weight. When
merging portfolios from several waves, the weight structure is not obvious any more.
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Figure 21: Representativeness of top portfolio shares.

Notes: The figures show coverage ratios for various thresholds q.

Table 14: Usage of additional foreign portfolio structure at the very top.

AT – Austria DE – Germany

No extra obs. Extra obs. No extra obs. Extra obs.
q∗ = 0.9985 q∗ = 0.9965

Liabilities 39.93 40.63 67.99 67.63
Bonds 13.30 13.35 46.67 44.63
Deposits 49.72 49.43 57.23 56.99
Equity 349.59 355.49 363.12 405.22
Mutual Funds 55.20 52.99 57.33 57.17

Notes: Coverage ratios are obtained by the analytical method. No extra obs. refers to the standard
method used in this article. Extra obs. makes use of additional portfolios of the wealthiest house-
holds observed in the entire HFCS, whereas we only supplement the q∗th quantile of the net worth
distribution with extra observations. Coverage ratios are in %.

observations exceed yATq∗ and 553 (and thereof 528 non-German) exceed yDEq∗ . Most of these
foreign observations come from Spain (112 in AT / 247 in DE), followed by France (52 in AT /
209 in DE). Spain and France are countries performing advanced oversampling strategies based
on individual wealth data and achieved the highest effective oversampling rate of the top 5%68

among all countries participating in the second wave of the HFCS (see HFCN, 2016a, Table
4.7).
The added portfolios are mainly of type “equity,” i.e., the most important asset class is equity
(in 75.3% of all cases in Austria and 57.0% in Germany). Thus, these additional portfolios fulfil
our expectations about portfolio structures of the wealthiest of the wealthy.

68See subsection 6.1 for a definition of the effective oversampling rate.
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D Derivations

D.1 Analytical method

This section derives stratum-specific average wealth needed in section 4. Therefore, we use the
inverse of the Pareto CDF F−1 (see equation (1) and Appendix A). Quantiles in general are
calculated as described in Appendix A and denoted by F−1(p).
Strata are defined as quartiles of the tail, i.e., Q = [F−1(p1);F−1(p2)), with {p1, p2} ∈ {{0, 0.25},
{0.25, 0.5}, {0.5, 0.75}, {0.75, 1}}. Note that F−1(0) = y0 and F−1(1) =∞.
Stratum-specific average wealth is given by

W (Q) = E(Y |Y ∈ Q) = E(Y · IQ(Y ))
P (Y ∈ Q)

= 1
p2 − p1

∫
yIQ(y) dF (y) = 1

p2 − p1

∫ F−1(p2)

F−1(p1)
y dF (y),

whereas
IQ(Y ) =

{
1, Y ∈ Q,
0, Y 6∈ Q

denotes the indicator function.
Substituting q = F (y) yields dF (y) = dF (F−1(q)) = dq. The thresholds F−1(p1) and F−1(p2)
change to p1 and p2, respectively, yielding

W (Q) = 1
p2 − p1

∫ p2

p1
F−1(q) dq = 1

p2 − p1

∫ p2

p1
y0 · (1− q)−1/ϑ dq

= ϑy0

(1− ϑ) · (p2 − p1)
[
(1− p2)1−1/ϑ − (1− p1)1−1/ϑ

]
.

D.2 Properties of DINA

This section proves a property about DINA as defined in section 8: If instrument-specific ag-
gregates belonging to the top net worth group are increased (by for instance adjusting for the
missing wealthy), then distributional national account figures dij are strictly adjusted down-
wards for all groups except the top and strictly adjusted upwards for the top group.
As instrument-specific aggregates belonging to the top net worth group are increased, total
instrument-specific aggregates rise, i.e., x∗·j > x·j. This inequality implies

dij > d∗ij for 1 ≤ i < n, (4)

i.e., for all but the highest net worth group, and all instruments j. Thus,
n∑
i=1

dij = xnj
x·j

yj +
n−1∑
i=1

dij
(4)
>
xnj
x·j

yj +
n−1∑
i=1

d∗ij

= xnj
x·j

yj +
n∑
i=1

d∗ij −
x∗nj
x∗·j

yj = xnj
x·j

yj +
n∑
i=1

dij −
x∗nj
x∗·j

yj,

whereas the last equality is a direct consequence of scaling, i.e., ∑n
i=1 dij = yj = ∑n

i=1 d
∗
ij. This

implies
dnj = xnj

x·j
yj <

x∗nj
x∗·j

yj = d∗nj,

which finalises the proof.
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