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1. INTRODUCTION

In this paper, we discuss how to conduct scenario analysis with dynamic multivariate models
in macroeconomics when the functional form of the conditional mean is nonlinear and/or
unknown. While related tools exist in linear and traditional nonlinear frameworks (e.g.,
regime switching or time-varying parameter models, see Fischer et al. (2023) for a recent
example), they rely on potentially restrictive parametric assumptions and are not directly
applicable in nonparametric models. The latter feature in many recent macroeconometric
applications that employ Bayesian machine learning (ML) methods (see, e.g., Huber and
Rossini, 2022; Clark et al., 2023; Huber et al., 2023; Hauzenberger et al., 2025b; Chernis
et al., 2025; Lima et al., 2025).

We use the term scenario analysis broadly to refer to different counterfactual experi-
ments. These include versions of conditional forecasts (CFs) and structural scenario analysis
(as in Antolin-Diaz et al., 2021), and several variants of nonlinear impulse response functions
(IRFs). While some aspects and issues in the Bayesian ML context have been discussed
in isolation in the aforementioned papers, a unified or comprehensive treatment is not yet
available. We bridge this gap by developing a framework and estimation algorithms for
scenario analysis that are widely applicable when the conditional mean is flexibly learned
from the data.

Conditional forecasts simulate future paths of variables under scenarios encoded as
constraints on other observables, structural shocks, or both. Related techniques have been
used by academics and practitioners since the 1980s in linear models (see, e.g., Doan et al.,
1984), with subsequent refinements (see Waggoner and Zha, 1999; Andersson et al., 2010;
Jarocinski, 2010; Banbura et al., 2015; Antolin-Diaz et al., 2021; Chernis et al., 2024; Chan
et al., 2025; Crump et al., 2025)." Breaking the assumption of linearity, however, com-

plicates matters: there is no general representation of nonlinear time series as functions

! For a Bayesian decision analysis perspective and discussion of additional related literature, see West (2024).



of shocks (see, e.g., Potter, 2000), and unknown nonlinearities make it difficult to derive
multi-step ahead predictive distributions. Obtaining closed form solutions is often impos-
sible, but in this case one can resort to Monte Carlo methods. We show how common
approaches can be adapted to nonparametric settings. Akin to Banbura et al. (2015), our
approach casts conditional forecasting as a nonlinear state space problem. We use Particle
Gibbs with Ancestor Sampling (PGAS, Lindsten et al., 2014), which combines generality
with computational efficiency, making it suitable for a wide range of nonlinear multivariate
models.

An IRF can be defined as the difference between conditional forecasts (Gallant et al.,
1993; Koop et al., 1996; Rambachan and Shephard, 2021; Jorda and Taylor, 2025). Our
framework thus lends itself to estimating nonlinear dynamic effects (see Gongalves et al.,
2021, 2024; Kolesar and Plagborg-Mgller, 2025, for related discussions) in the form of gener-
alized IRFs (GIRFs), and thereby contributes to improving interpretability of ML methods.
Compared with IRFs in linear settings (which are symmetric, shape invariant and history
independent) the GIRFs do not feature such potentially restrictive properties. Specifically,
we consider (1) unorthogonalized GIRFs (the difference between conditional and uncon-
ditional forecasts subject to certain restrictions on observables), we explore (2) structural
GIRFs to shocks identified with approaches typically used in the structural VAR (SVAR)
literature, and (3) restricted GIRFs, which can be used to quantify the contributions of
specific sets of transmission channels in shock propagation.?

The proposed approach is generally applicable in multivariate dynamic models. This
means that there are many potential candidates for estimating conditional mean functions.

These choices include (but are not limited to) regression trees or Gaussian process priors (see

2 A related approach derived from Antolin-Diaz et al. (2021) is discussed in Breitenlechner et al. (2022).
Counterfactual experiments in this spirit relate to alternative policy rules and are subject to the Lucas
(1976) critique (for a recent discussion, see McKay and Wolf, 2023). While our approach is also susceptible

to these concerns, nonparametric modeling offers flexibility and a safeguard; see also Section 2.3.



Marcellino and Pfarrhofer, 2024, for a recent review). Such nonparametric methods are more
robust to misspecification that may arise from assuming tightly parameterized likelihoods,
and can be used tooffer the possibility of capturemodeling genuinely nonlinear patterns
in the data. For our empirical work, we use Bayesian Additive Regression Trees (BART,
Chipman et al., 2010) as a specific nonparametric implementation. We pick this sum-of-trees
model because tree-based approaches have proven particularly capable of producing accurate
forecasts when used with time series for the US economy, with datasets structured similarly
to the one we use in this paper (see, e.g., Medeiros et al., 2021; Goulet Coulombe et al.,
2022; Clark et al., 2023; Goulet Coulombe, 2024). Our approach to predictive inference
is developed under the assumption of an additive multivariate Gaussian error term with a
time-varying covariance matrix.

We illustrate our framework through severthree empirical applications. Our dataset
comprises about 25 quarterly macroeconomic and financial variables for the US economy
ranging from the mid-1970s to the last quarter of 2024. In one of our explorations, we also
add some international variables for the euro area (EA) and the United Kingdom (UK).
The applied work assesses and illustrates the role of nonlinearities when interest centers on
CF's, and we explore asymmetries in the propagation of shocks of different types, signs and
magnitudes. Specifically, we provide three empirical applications. First, inspired by Chan
et al. (2025), we use a subset of the macroeconomic assumptions underlying the annual
stress test conducted by the Federal Reserve System and compute CFs using constraints on
observables for different scenarios, comparing predictive densities from linear and nonlinear
models. Second, reflecting the growth-at-risk literature (Adrian et al., 2019), we study the
unorthogonalized counterfactual implications of varying financial conditions on tail risks of
output growth, inflation, and employment. Third, we identify a US-based financial shock
recursively (as in, e.g., Barnichon et al., 2022), and compute GIRFs to shocks of different

signs and magnitudes that are allowed to propagate internationally. We then use a restricted



GIRF approach to gauge the role of spillovers and spillbacks, inspired by the empirical work
of Breitenlechner et al. (2022).

The rest of this paper is structured as follows. Section 2 addresses the challenges and
solutions to obtain predictive inference in the presence of nonlinearities of unknown form.
We discuss how to impose constraints on forecasts, and how these constraints may be used
to construct scenarios through GIRFs. Section 3 presents an econometric implementation

using BART. Section 4 provides three empirical illustrations. The last section concludes.

2. NONLINEARITY AND PREDICTIVE DISTRIBUTIONS

Let ys = (Y11, - - - Yne)' collect n variables for ¢t = 1,...,T, and =; = (y;_;,...,y;,) is a

k = np vector of lags. Interest centers on dynamic multivariate models of the form:

yr = F(z) + &, € ~N(0,3%), (1)
where F'(x;) = (fi(x),..., fa(x)) is an n-vector of conditional mean functions f;(x;) :
R* — R for i = 1,...,n, such that F/(x;) : R* — R". We assume iid reduced form Gaussian

errors €;, with nxn time-varying covariance matrix 3;. One may assume functional forms for
the f;(a;)’s or treat them as unknown and estimate them nonparametrically. The methods
we propose are designed specifically for the latter case.

All scenario analyses we discuss in this paper rely on computing functions of the
(conditional) moments of y;., based on (1). Consider the single-lag case p = 1, without

loss of generality. We may write:

Yirh = F(h) (Ytr €415 €42, - - €4n) = F(Fn—1)(Yt, €41, - - -5 €4 (h—1))) + €t4h, (2)

with gy = ﬁ’(l)(yt, €+1) = F(y;) + €41, and ﬁ’(h)(o) denotes the h-step composition of

F(e) which is defined recursively. This expression is related to the Wold decomposition,



and expresses y;., as a function of the initial condition y; and a sequence of white noise
shocks, {€:1,...,€,n}; see also Gourieroux and Lee (2023) and Appendix A.?

Our framework assumes that the functional form of F'(e) is unknown and estimated,
so it is not necessarily additively separable. Even if it were, applying a nonlinear function
to a Gaussian shock does not necessarily yield a random variable that follows a well-known
distribution. Thus, it is not generally possible to derive closed form higher-order moments.
In order to explore the predictive distributions nevertheless, one can resort to simulation-

based methods.

2.1. Predictive Simulation

Define a vector E that contains all coefficients and latent variables necessary to parameterize

(1). At time 7, the one-step ahead predictive distribution is:

pe(gons | T) = / Doy | T, E)(E | T)E, (3)

where Z denotes the information set used to infer =, and the subscript on p,(e) marks the
forecast origin. For typical out-of-sample exercises, Z = {y;};_,, and we are interested in
Pr(Yran | {ye}i_y) for h =1,2,..., steps ahead (see Geweke and Amisano, 2010). In other
cases we condition on Z = {y;}_,, to compute scenarios in-sample for 7 € {1,2,...,T}
using pr (Yr4n | {y:},) with parameters updated based on the full sample, but for initial
conditions at time 7. In either case (unless necessary for clarity, we omit the 7 index for the
forecast origin below), p,(y,-11 | Z) generally does not take a well-known form, and neither

does the distribution of higher-order forecasts for h > 2.

3 Under some assumptions about the behavior of F(h)(O), it is noteworthy that expansions such as the
Volterra series could be used as an approximation and a close equivalent to the Wold representation for

nonlinear time series, see, e.g., Potter (2000, Section 4) and Jorda (2005, Section IT).



However, we may obtain random samples from them via simulation. This involves
exploiting the fact that even though p(y,.1 | Z) is unknown, p(y,41 | Z,E) takes a known

form under the model in (1). The one-step ahead predictive distribution is:

Pyt | TE™) = N(F (1), 20)), @)

where @41 = (y,,...,y._,.1)" Here, 2™ refers to the mth draw of a random variable «
— in most cases throughout this paper, m indexes a draw from some posterior or predic-
tive distribution when running a Markov chain Monte Carlo (MCMC) algorithm. In what
follows we omit the m-indexing for the parameters, but stress that these computations are
carried out in each sweep of the algorithm and thus account for the posterior uncertainty
of parameters. For h > 2 we iterate forward, conditioning recursively on the draws for

preceding horizons, by setting the predictors to :cgi)h = (ygj:z:_l, yiTZ_Q, ...)'; and obtain:

P | Ty 10 B) = N(F(5), Sr) (5)
where y7(—T—:-L)1:T+h—1 denotes the path of the variables from 7+ 1to7+h — 1 and Y, 11,740 =
(Yoi1,---,Yryy) . This relates to the recursive composition discussed in the context of (2),

and exploits the fact that:

h
p(y7+1:r+h ’I) = / P\Yr41 ’I Hp Yrij ’ y‘r+1:7'+j71717 E)p<E |I)dE7 (6)
j=2

that is, the joint predictive distribution factors into the product of the conditional one-
step ahead densities. Simulating the process forward, sampling from the distribution in (5)
across horizons h = 1,2, ..., in each sweep of an MCMC algorithm, delivers draws from

P(Yri1.74n | Z) via a Monte Carlo approach.



2.2. Conditional Forecasts

As their name suggests, CFs imply an additional conditioning argument in (6). In this
context, we denote by Cj a set that defines desired restrictions at horizon h = 1,2,..., H,
where H is the maximum forecast horizon of interest, Ci.y = {Ci,...,Cy} collects all
restrictions over the full forecast path, and the unconditional forecast results when C;, = @
for all h. The joint distribution of interest is p(y.+1.-+1 | Z,C1.r), and can be obtained by
marginalizing p(y,11.-+u | Z,C1.z, E) over the parameters via MCMC sampling, as discussed
previously. When there are no restrictions (i.e., for unconditional forecasts), the model can
be simulated forward according to the law of motion in (1), so that any jointly realized
random path over (7+1) : (7+ H) is consistent with the model’s dynamics. In the presence
of restrictions, however, the key challenge in the nonlinear context is that we cannot work
directly with the joint distribution to impose them across all horizons simultaneously, as is
possible in linear settings; and a decomposition like in (6) is generally not applicable.

We propose to use a particle MCMC algorithm (see Andrieu et al., 2010), adapted from
the literature on nonlinear state space models, as a solution. Specifically, our approach is
based on PGAS as proposed by Lindsten et al. (2014), akin to the filtering-based conditional
forecast implementations of Baribura et al. (2015), and capable of enforcing the restrictions
discussed in more detail below on an h-by-h basis. In the spirit of Andersson et al. (2010),

we define C,, as a stochastic restriction:*

Ruy-n ~ N (74, ) (7)

4 The restrictions can also be written as a regression, 7, = Rpy,n + nn with 1, ~ N(0,82;,), which is
equivalent in distribution. The regression illustrates the interpretation as a type of measurement equation.
Exact (hard) restrictions can be approximated by setting the respective elements of €, to, e.g., 10~8, which

has computational and numerical advantages over using exact zeroes.



where Ry, is an r;, X n horizon-specific matrix selecting or encoding ry, restrictions on linear
combinations of endogenous variables, and r;, and €2, are the r, X 1 mean and r, X r},
covariance matrix of the restrictions.

Structural scenarios. In many cases it is desirable to impose a mix of restrictions
on future observables as well as structural shocks, for structural scenario analysis in the
spirit of Antolin-Diaz et al. (2021). This allows for imposing that specific structural shocks
(rather than an unrestricted combination of them) are responsible for the respective scenario
in terms of the observables. Econometrically, this can be achieved by forcing a subset of
the structural shocks to their unconditional distribution (non-driving shocks), and leave the
remaining ones (driving shocks) free. The latter thus may deviate from their unconditional
distribution, thereby acting as the offsetting forces that yield the restrictions imposed on the
observables. The same intuition can be used for computing dynamic responses to specific
structural shocks, see also Breitenlechner et al. (2022).

As discussed above, the one-step ahead prediction of our model conditional on any
preceding information up to 7+ h — 1 can be written as y,,, = uﬁ)h + €,1p, with ui"j)h =
F(ygz_l, . ,yiﬁb_p) = F(wﬁ)h) and €., ~ N(0,X,,,). We abstract below from time-
variation in the variances to simplify notation, but note that this framework is applicable
also in the presence of heteroskedastic shocks. A structural form of the model can be
obtained as Hy,., = Hp, 1 + u,,p, with iid shocks u, ~ N(0,,I,), where I, is an
n-dimensional identity matrix. Then, €, = H 'u,, and ¥ = H'HY.° Both types of
restrictions can be implemented with distributional assumptions about the restricted vector

of endogenous variables, as 1, = r,(ly) + r,(lu) restrictions on:

(i) observables: Ry, ., ~ N(r) Q¥ imposing ¥ restrictions;

5 An alternative, see also Section 3, is to parameterize (1) directly as Hy; = F(x¢) + us, us ~ N(0,,,1,,),
where H is nonsingular, see also Arias et al. (2023); Chan et al. (2024). Time-varying variances of
structural shocks, or more general forms of heteroskedasticity, can be addressed by using w, ~ N(0,, S),

where S, = diag(s?.,...,s2,), such that ¥, = H- 1S, H~Y.

renT



(ii) structural shocks: R™u, ; ~ N (r}(Lu), Q;Lu)), or equivalently, R Hy, , ~ N (r,(Lu) +

RYH ., qu)), imposing 7’,(1“) restrictions.

We may write these in terms of (7) by stacking both types in terms of their implications
about the observables. The operator bdiag(e) outputs a block diagonal matrix, with the
inputs arranged along the main block diagonal; we obtain r; = ['r,(Ly); 'r,(Lu) + RYHp, 1),
R;, = [RY: R\ H] and Q, = bdiag(Q!", Q\")).

Particle Gibbs with Ancestor Sampling (PGAS). Under these assumptions we obtain

the joint distribution of the forecast and the restrictions at horizon h:

Yrih In m by ZR;l
~ N R . (8)
Th R R, haR;z + Q,

which encodes a nonlinear state combined with a linear measurement equation. This casts
conditional forecasting and structural scenario analysis as a state space problem, similar to
Barbura et al. (2015), and allows to apply the PGAS algorithm of Lindsten et al. (2014)
with a few adjustments.® The idea in such algorithms is to use hypothetical realizations, a
set of particles v = 1,...,V, combined with a scheme to score how plausible these particles
are in light of the measurements/restrictions. A key ingredient of particle Gibbs or PGAS
is that we condition on a fixed trajectory for one of the particles. This reference particle is
chosen as the previous draw for the respective states in the encompassing MCMC sampler,
ensuring that the Markov kernel preserves the correct invariant distribution (see Andrieu
et al., 2010). The “ancestor” part of PGAS adds a resampling step for the parents of
the reference trajectory, which alleviates path degeneracy by maintaining variability in the
ancestral lineages, see Lindsten et al. (2014) for details. This improves mixing, especially

with few particles, making the algorithm computationally attractive.

6 Our framework is also directly applicable for nowcasting problems (see, e.g., Cimadomo et al., 2022).
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The h-specific distribution of the forecast conditional on the restrictions is available
in closed form (see, e.g., West and Harrison, 1997, chapter 16) when assuming additive

Gaussian errors and restrictions as in (7):

Yrin | Thy Ry, Oy, 0 ~ N (7}, Q) 9)
ri = p\") + SR, (RyER), + ) (1), — Ryul™)),

Q=% -3R,(R,XR), + Q) 'R,X.

While (9) places the respective restriction only at a single horizon, this conditional Gaussian
distribution can be used as an “optimal proposal” within our particle algorithm, in the spirit
of a forward-filtering update. This allows to generate particles that satisfy the restrictions
locally without being exposed to excessive weight degeneracy (the situation in which only
very few, if any, particles are compatible with the restrictions). Used within an encompassing
MCMC algorithm, PGAS propagates these particles in such a way that the restrictions are
enforced jointly over the entire forecast path, and we obtain draws from p(y,1.-+1|Z, C1.1)-

Details about PGAS and explicit computations appear in Appendix A. We provide
a brief summary of the main steps below. The initial conditions at each forecast origin 7
are known, and we can generate V' — 1 candidate particles to be considered alongside the

reference particle from the previous MCMC draw. We loop through:

(i) Resampling and ancestor sampling: To only retain particles with a high probability of
having generated the measurements, i.e., the restrictions in (7), we sample ancestors
for the non-reference particles using weights from the previous horizon, see step (iii)
below. For the reference particle, we sample an ancestor index from a categorical
distribution with support {1,...,V}, where the weights are proportional to the like-
lihood of particle v = 1,...,V, having generated the reference. Put simply, we obtain

a random ancestry that is likely to have generated the reference path.
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(ii) Propagation: We then propagate the “surviving” non-reference particles from the
resampling step one period forward. In case there are no restrictions (C;, = &) this
is done using (5). In case there are restrictions, we use (9) to draw particles already
conditioned on them at h. This avoids generating unsuitable candidate realizations

and reduces the required number of particles V.

(i) Weighting: We update the weights used in step (i) for the next horizon based on (7).
Specifically, we compute the likelihood of the lineage of the respective particles in light

of the restrictions. In case there are no restrictions, we trivially obtain equal weights.

Using the weights at the maximum forecast horizon H, we draw a particle index and generate
a fully smoothed trajectory by tracing back through the stored ancestor indices. This
trajectory becomes the new reference path in the next iteration. These steps are run in
each sweep of the main MCMC algorithm. In some cases we require the expectation of
the predictive distribution in each MCMC sweep. We obtain this moment via exploiting a
backward recursion (see, e.g., Godsill et al., 2004) to obtain smoothing weights, and use the
full set of particle trajectories for related computations, see also Appendix A. We provide
a comparison of the precision sampler of Chan et al. (2025) with our PGAS approach in a

linear VAR (with closed form solutions) using artificial data in Appendix B.

2.3. Generalized Impulse Response Functions

Various types of IRFs are widely used for both academic and policy analysis. These types
of dynamic effects can generally be defined as the difference between two forecasts, see
Koop et al. (1996). This provides a natural link to our previous discussions on predictive

distributions. Indeed, due to the recursive nonlinear structure of our model, we need to
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resort to a simulation-based variants of GIRFs.” We consider three main GIRF variants,

which are nested in the expression:
A'r - E(yT—i—l:T—i—H | CF])'{a $7—+1,I) - E(yr-i—l:r—i—H | Cib[)fa m'r-i—laI)a (10)

and differentiated by distinct conditioning assumptions. In line with the terminology in
Crump et al. (2025), the first expectation refers to the “scenario” (s) forecast imposed with
the restrictions CS}I, and the latter is the “baseline” (b) forecast subject to C@I Note that
the conditioning on Z here refers to the fact that these quantities are computed with draws
for parameter conditioning on all available information; the expectation is taken at time 7,
as indicated by conditioning on x,;. For later reference, define horizon specific GIRFs 4,

based on the structure of A, = (6!

(STRE

.07 5)'. That is, the one-step ahead forecast horizon
is associated with the contemporaneous impact of the restrictions (see Breitenlechner et al.,
2022, for a similar timing convention).

Equation (10) nests our main variants:® the (1) unorthogonalized GIRF (UGIRF)
which can be obtained from a fully reduced form model, but which may be extended to a
structural scenario analysis when additionally identifying and restricting structural shocks;
the (2) structural GIRF (SGIRF) in response to a structurally identified shock imposed
exclusively with restrictions on the contemporaneous (h = 1) shocks; and, the (3) restricted
GIRF (RGIRF), using an SGIRF as a baseline but systematically manipulating transmission
channels in the spirit of assessing alternate policy rules, by additionally imposing restrictions

on observables in a certain way.

7 Simulation-based methods are often used to compute dynamic causal effects in parametric nonlinear
(e.g., Baumeister and Peersman, 2013; Alessandri and Mumtaz, 2019), or nonparametric (e.g., Huber and

Rossini, 2022; Clark et al., 2025; Hauzenberger et al., 2025b) models.
8 Other related work includes Bernanke et al. (1997); Hamilton and Herrera (2004); Sims and Zha (2006);

Baumeister and Benati (2013); Baumeister and Kilian (2014); Adrian et al. (2025).
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Unorthogonalized GIRF. This version is closely related to the original GIRF of Koop
et al. (1996). It is obtained by restricting only observables as the scenario, which can be
compared to the unconditional forecast as a baseline. Without any further restrictions,
UGIRFs simply reflect a likely combination of structural shocks that drive the change in
the respective observable(s), see also Crump et al. (2025). In case one is willing to impose
additional structure in the model via identifying H, restrictions on observables can be
complemented with restrictions on shocks, see also Antolin-Diaz et al. (2021). Specifically,
one may restrict a subset of the shocks to their unconditional distribution (non-driving
shocks), while the unrestricted subset (driving shocks) is allowed to deviate to deliver the
structural scenario in terms of the observables. In light of the assumptions about the
structural form above, this implies r,(l“) =0 and Qfl“) = I for the non-driving shocks.

Structural GIRF. This variant relies on orthogonalized structural economic shocks.

We follow the literature (see, e.g., Jorda and Taylor, 2025), and define the SGIRF in response

to the jth structural shock of magnitude d as:
Aﬁ? = E(yT+1:T+H | Ujr4+1 = do + d, $T+171) - E(?JT+1:T+H | Ujr41 = do, CUT+1,I)~ (11)

The parameter dj is the baseline level of the shock. Since the structural errors enter linearly
in our model, choices about the baseline level do not matter and we implicitly use dyg = 0
in most of our subsequent discussions. Equation (11) is a special case of (10), which can
be obtained by defining C\¥ with r{") = (dy + d) - e}, and c® with 7" = d, - e} € is
the jth column of I,,. For both forecasts we use qu) = diag(1,...,1,1078,1,...,1) with
an approximately binding restriction in the jth position, Rﬁ“) = e;, and we have C;, = @
for h > 1. The GIRF at time 7 and horizon h in response to the jth structural shock of
size d is referred to as 5](.i?h. In Appendix A we discuss an alternative computation method

which can be used without running PGAS, and Appendix B again provides an illustraion

and comparison in a linear context using artificial data.
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Restricted GIRF. The final variant we consider combines the SGIRF with restrictions

on observables, so that we may impose E(Rhég) = 0,, along the desired dimensions.

Th
This approach switches off specific transmission channels of structural shocks, by partially
matching the observables of the scenario forecast conditional on the shock with those of the
forecasted observables in the baseline predictive distribution. Breitenlechner et al. (2022)
provide a discussion of this approach in a linear context, which allows for directly restricting
the IRF. In our nonlinear setting, we need to account for varying initial conditions and work
with the two conditional forecasts, as we cannot directly manipulate the IRF.

From an implementation perspective, we may obtain a draw yiiT)T g from the baseline
distribution p(yr41.7+5 | C§b), Tr41,7L), where C§b) features the impact restrictions as in (11)
plus any desired restrictions on the future sequence of non-driving shocks (this is however
not a necessary requirement, as otherwise all shocks may be allowed to deviate from their
unconditional distribution). For computing the scenario forecast, we then augment the
shock impact restriction in (11) with a restriction on the respective observable, so that
r — RY yﬁ’,’f), to define C!*),. Individual realized paths from the scenario and baseline
forecast distributions are identical along the restricted dimensions. The restricted GIRF
then arises as the difference in expected values as in (10), which has an expected value of
zero, but this cannot strictly be enforced for each individual draw. This is because otherwise
the reference trajectory in each sweep of the PGAS algorithm may not necessarily respect
the restrictions.

Conditional and unconditional GIRFs. One may obtain all three of these GIRFs
conditional on each point in time 7. In principle, one may thus consider “time-varying”
dynamic effects of shocks for each period individually, or averages for different known subsets
of observations (e.g., recessions vs. expansions). This time variation, however, is exclusively

due to variation across initial conditions, since the functional form is nonlinear but time-

invariant. Unconditional (G)IRFs can be computed in various ways (e.g., by randomizing
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over initial conditions and averaging, in bootstrap-type approaches); see also Kilian and
Liitkepohl (2017, chapter 18), and Gongalves et al. (2021, 2024) for definitions. In case we
require estimates of unconditional versions, our preferred approach is to compute the GIRF
at each point in time, and then average out this source of randomness, A = Zle A/T.
Lucas critique. Conditional forecasts and the GIRF variants relate to work on
evaluating counterfactual policy rules, and may be exposed to the Lucas critique. This
is the case particularly when imposing highly unusual conditioning scenarios, as opposed
to mere “modest policy interventions,” which may leave behavioral patterns of economic
agents unchanged (see Leeper and Zha, 2003). A recent discussion of these aspects is
provided in McKay and Wolf (2023): the issue is that any imposed counterfactual paths
on observables in this spirit require specific offsetting future shocks, and the restrictions
hold only ex post and not necessarily in expectation. Since our approach is based on the
same ideas as Antolin-Diaz et al. (2021), similar concerns as in linear models apply. It is
worth noting that by virtue of a nonparametric approach, structural shocks may locally
affect relationships among variables, even if the underlying functional form of the respective
relationship remains fixed. Thus, while our approach is susceptible to the Lucas critique, it

is likely more robust to related concerns than linear models.

3. MODEL SPECIFICATION AND ESTIMATION ALGORITHM

3.1. Multivariate System Estimation

To estimate the model in (1) we rely on a conditional representation of its n equations. Let
e; of size 1 xn denote the ith row of I,,, and E; of size (n—1) xn results from deleting the ith
row of I,,. Using y_;; = E;y; we may write y; = ely;;+E!y_;;. Under the assumptions of (1),
p(Yit | Y—ir,®) x exp {—(e;X; e}y — 2yqe; X (F(x,) — Ejy_;))/2}, which is a Gaussian

1

with variance ¢2 = (e;3; 'e/)~! and mean j; = ¢2(e;X; (F(x;) — Ely_y)). Indeed, this
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distribution is equivalent to a common representation of the conditional multivariate Gaus-
sian (see, e.g., Cong et al., 2017, section 2). The mean can alternatively be written as p; =
fila:) + (€27 E))(y-i — EF(x,)), and we define fii, = ¢}(e,2; " E})(y—i — EiF (z)),
ie., uy = fi(z;) + jiz.® The ith equation of the multivariate model in regression form,

conditional on all other equations, is then given by:

(Yt — ftie) = fi(@e) + wir,  wy ~ J\/'(O,g?t), (12)

which can be used in a Gibbs sampler to update the conditional mean relationships by
looping through equations ¢ = 1,...,n. This approach is similar to the one of Esser et al.
(2024) and allows to treat each equation of the multivariate system individually, conditional

on all other equations.

3.2. Bayesian Additive Regression Trees

The approach we discuss in Section 2 works with any implementation of multivariate models
with additive and jointly Gaussian errors. That is, assuming a linear functional form for

F(z;) combined with suitable priors results in a standard Bayesian VAR (BVAR).!? In case

9 Related papers often either use a mapping between the structural and reduced form of the VAR to
enable equation-by-equation estimation (see, e.g., Hauzenberger et al., 2025b), or rely on factor models
for the reduced form errors (see, e.g., Clark et al., 2023). These approaches come with computational and
inferential advantages and disadvantages. The former is simple to implement but requires parameterizing a
structural form, which may cause issues such as inadvertently (instead of purposefully to achieve structural
identification) breaking order-invariance of the equations. The latter allows for order-invariant inference
but gives rise to the usual identification challenges of factor models. Our approach uses an order-invariant
reduced form model for estimating the conditional mean relationships; see also Arias et al. (2023); Chan

et al. (2024) for discussions.
When we consider linear versions of our model for comparisons, we implement this setting with F(x;) =

Az, where A is an n x k matrix of reduced form VAR coefficients. We assume a horseshoe prior with a
single global shrinkage component on these parameters, see also Hauzenberger et al. (2024); (12) can be

used to update the VAR coefficients equation-by-equation from Gaussian posteriors.
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we treat F'(x;) nonparametrically, several options are available. Due to its versatility and
established favorable empirical properties we mentioned earlier, we use BART to approx-
imate the equation-specific functions in our applied work. That is, we consider a sum of

s=1,...,5, tree functions {;s(x; | T;s, m;s) such that f;(x;) ~ ZS

ooy Lis(xy | Tis, myg) where

Tis are regression trees and my; is a vector of terminal node parameters (which serve as fitted
values). Instead of having a single but complex tree, BART is akin to ensemble methods,
and uses a sum of many simple trees (“weak learners”), which has been shown to work well.

Using BART requires an algorithm that estimates splitting variables and thresholds
for which we specify suitable priors that together yield p(7;s); we further need a prior on
the terminal node parameters p(m;s | 7;5). Our setup follows Chipman et al. (2010) and we
first define the probability that a tree ends at a specific node at depth d = 0,1,2,..., as
a/(1+d)P, with a € (0,1) and 8 € R*. This prevents trees from getting overly complex
and provides regularization (here, we rely on the default values o = 0.95, and g = 2, which
perform well across many datasets). For the splitting variables, we choose a uniform prior.
This implies that each predictor is equally likely to be selected as a splitting variable. We
further assign a uniform prior to all thresholds within the splitting rules, based on the range
of the respective splitting variable.

Next we specify the prior for the terminal node parameters. On these parameters
m;,;, for I =1,..., #TN,,, where #TN;, denotes the number of terminal node parameters
of tree s in equation i, we impose independent conjugate Gaussian priors that are symmetric
across trees and identical for all terminal nodes. As suggested by Chipman et al. (2010)
the moments of these priors are chosen in a data-driven manner, such that 95% of the prior
probability lies in the interval (min(y;), max(y;)), where y; = (y;1, ..., yr)’, and such that
shrinkage increases the more trees S are chosen for estimation. We choose S = 250 trees
which has been shown to work well for typical macroeconomic time series applications (see,

e.g., Huber et al., 2023). Additional details are provided in Appendix A.
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3.3. Other Priors and Sampling Algorithm

Inspired by Carriero et al. (2024), we assume that ¥, = ;3 — the covariance structure
only varies proportionally over time and s; is used to capture outliers. Our prior setup
for the constant part of the covariance matrix follows Esser et al. (2024). Specifically, we
use a hierarchical inverse Wishart prior 3 | {a;}?; ~ W™(s¢, Sp), where so = v +n — 1,
So = 2v - diag(1/as,...,1/a,) and a; ~ G7'(1/2,1/A?) for i = 1,...,n, and a fixed scale
parameter A; > 0. Setting ¥ = 2 implies a comparatively uninformative prior about
the implied correlation structure, different from fixed-hyperparameter versions of this prior
which has a tendency to overshrink. If applicable, we assume that Pr(si/ 2 = )=1-p
and Pr(stl/2 ~ U(2,5)) = p, where U(2,5) is a discrete uniform distribution with (integer)
support between 2 and § = 6 and p ~ B(ay,b,) is the probability of observing an outlier.
We set a, = 1, b, = 50 which a priori implies about 2% of the observations are outliers.
Alternative and more flexible stochastic volatility specifications are available in this context
(e.g., Chan, 2023). We obtain draws from the joint posterior of our model using a fairly

straightforward MCMC algorithm. Details are provided in Appendix A.

4. EMPIRICAL APPLICATIONS

We employ the proposed framework in three related yet distinct applications. First, we
use the annual stress test scenarios conducted by the Federal Reserve System and compute
forecasts conditional on multiple observables. Second, we study the implications of varying
financial conditions on tail risks of output growth, inflation, and employment. Third, we

identify a US-based financial shock and gauge the role of spillovers and spillbacks.!!

1We sometimes compare a homoskedastic (BART-hom, s, = 1 for all ¢) and heteroskedastic BART (BART-het)
with a heteroskedastic BVAR (BVAR-het), featuring the outlier specification. The linear BVAR serves for
comparisons as it is a popular workhorse model in related contexts (e.g., Crump et al., 2025); due to our

sample featuring the Covid-19 pandemic, we disregard its homoskedastic version.
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4.1. Stress Testing Scenarios for the US Economy

In our first application, we conduct a scenario analysis for the US economy inspired by the
2025 version of the Dodd-Frank Act (DFA) stress test assumptions. This annual exercise is
conducted and published by the Board of Governors of the Federal Reserve System. Details
about the underlying dataset are provided in Appendix B. The information set features
about 25 broad variables (capturing economic activity, labor market, prices, housing and
the financial sector). We estimate our models using quarterly data ranging from 1976Q1
to 2024Q4, and subsequently consider a baseline and adverse scenario for the period from
2025Q1 to 2027Q4. These scenarios are imposed via constraints on the path of the un-
employment rate (UNRATE), CPI inflation (CPTAUCSL), and 10-year government bond yields
(GS10), inspired by Chan et al. (2025). We set the tightness of the restrictions in 4.5 using
the marginal variances on the diagonal of ¥ in each MCMC draw.

The posterior median forecasts and 50 and 68 percent posterior credible sets, obtained
with BART-het (conditional forecast distributions for other specifications are in Appendix
B), for the restricted and selected unrestricted variables, are shown in Figure 1: real GDP
(GDPC1), industrial production (INDPRO), personal consumption expenditure (PCE) inflation
(PCECTPI), payroll employment (PAYEMS), federal funds rate (FEDFUNDS) and the Gilchrist
and Zakrajsek (2012) excess bond premium (EBP). The baseline scenario draws from the
consensus projections from 2025 Blue Chip Financial Forecasts and Blue Chip Economic
Indicators; the adverse scenario is characterized by a recession. Figure 2 displays corre-
sponding UGIRFs across model specifications, which are computed as the indicated scenario
minus the unconditional forecast.

The unconditional forecasts from BART-het approximately coincide with the baseline
scenario (the UGIRF credible sets cover 0 in most cases). For the adverse scenario, a different
picture emerges — the scenario forecasts differ significantly from the unconditional forecasts.

There is an immediate downturn of economic activity and a reduction in payroll employment.
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Figure 1: Conditional forecasts with BART-het for selected variables.

Notes: Posterior median alongside 50/68 percent credible sets. Restricted variables: consumer price inflation
(CPIAUCSL), unemployment rate (UNRATE), 10-year government bond yields (GS10); unrestricted variables:
Real GDP (GDPC1), industrial production (INDPRO), personal consumption expenditure inflation (PCECTPI),
payroll employment (PAYEMS), federal funds rate (FEDFUNDS) and excess bond premium (EBP).

Financial conditions tighten initially but tend to improve subsequently, partially through a
monetary easing response by the central bank as reflected in the policy rate. In addition,
the assumed trajectory of the conditioning variables results in a modestly disinflationary
episode that vanishes by 2027.

The conditional forecast distributions across model specifications are similar for most
variables apart from output growth, industrial production, and employment. For BART-het,
the magnitude of the peak contraction reduces by about half. This can be explained by not-
ing that the algorithm decides to classify several observations (that are otherwise informative
about directional movements of variables when assuming homoskedasticity) as outliers. We

note that BART, due to the way how tree-based approaches fit data, is capable of dealing
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Figure 2: Unorthogonalized GIRF (UGIRF, scenario minus unconditional forecast) across
model specifications for selected variables.

Notes: Posterior median alongside 50/68 percent credible sets; adverse and baseline scenarios in red and
blue, respectively. Restricted variables: consumer price inflation (CPTAUCSL), unemployment rate (UNRATE),
10-year government bond yields (GS10); unrestricted variables: Real GDP (GDPC1), industrial production
(INDPRO), personal consumption expenditure inflation (PCECTPI), payroll employment (PAYEMS), federal
funds rate (FEDFUNDS) and excess bond premium (EBP).

with outliers and heteroskedastic data features in the conditional mean function by design
(see Huber et al., 2023; Clark et al., 2023, for discussions), even when assuming constant
variances. But in this case several observations are classified as noise rather than signal.
For linear models, the forecast trajectories are smoother, and an overshooting behavior is
noticeable around 2027. Moreover, the response of the federal funds rate is somewhat more
persistent, which may be due to nonlinearities arising at the effective lower bound which

the BVAR fails to capture.
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4.2. Financial Conditions in the US and Tail Risk Scenarios

In the next empirical application, we restrict our sample to 1976Q1-2017Q4 and consider
the period from 2018Q1 until 2019Q1 as a laboratory to assess nonlinearities between eco-
nomic variables and financial conditions. For this application we use BART-hom (since the
pandemic observations are excluded). We investigate nonlinear patterns of macroeconomic
risk, which, following the “growth-at-risk” approach of Adrian et al. (2019), is defined as
the predictive quantiles of some variable of interest at a pre-defined probability level (in
line with value-at-risk, VaR, in finance). We pick this period because the information set
already contains the global financial crisis (and the model thus had the opportunity to learn
from this severe financial episode), and because this “holdout sample” otherwise coincides
with a comparatively eventless period. We impose hard constraints on the h = 1 value of
the National Financial Conditions Index (NFCI) and trace the effects of these scenarios on
several macroeconomic variables.

The scenarios are defined to reflect an increase of the NFCI by approximately 1, 3 and
6 unconditional standard deviations (SDs, reflecting tighter financial conditions) in 2018Q1,
i.e., in C;, which we implement by placing these values as hard restriction on the NFCI in
that quarter. From 2018Q2 onward we leave the future unrestricted, i.e., C, = @ for h > 1.
We investigate growth-at-risk (quantiles of real GDP), inflation-at-risk (quantiles of PCE
inflation) and labor-at-risk (quantiles of growth in payroll employment) as our objects of
interest (see Adams et al., 2021; Pfarrhofer, 2022; Botelho et al., 2024; Clark et al., 2024;
Lopez-Salido and Loria, 2024, for related papers). The CF distributions (density estimates),
for average growth rates Y., = Z?:1 yr+;/h, are shown in Figure 3. In the lower panel,
we show the difference between the conditional scenario distributions and the unconditional
one, which yields the UGIRF (cumulated for all variables except the NFCI).

The different NFCI scenarios for 2018Q1 shift the predictive distributions. In all

cases, the economy contracts which is reflected in a decrease of real GDP growth and
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Figure 3: Conditional forecast distributions for selected variables and macroeconomic
value-at-risk (VaR) and unorthogonalized GIRFs for different scenarios of financial stress.

Notes: “Max. NFCI” refers to the maximum value of the NFCI for the scenarios, with moderate (1),
severe (3, comparable to the global financial crisis), and extreme stress (6). Sampling period 1976Q1 to
2017Q4, hard restriction applies 2018Q1. Posterior median alongside 50/68 percent credible set. Variables:
Real GDP (GDPC1), personal consumption expenditure inflation (PCECTPI), payroll employment (PAYEMS),
national financial conditions index (NFCI). Distribution of average growth rates from 2018Q1 until the
quarter indicated on the y-axis in the upper panel. Cumulated UGIRF's for all variables except the NFCI.

payroll employment, and the simulated shock has a modestly disinflationary effect. While
the upper tails of the distributions (upside risk) remain comparatively stable, downside risk

as measured by the lower quantiles increases significantly for all considered variables (the
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red shaded VaR < 0.05 moves strongly leftwards), and there are some visible asymmetries.
While the moderate NFCI scenario (max. NFCI = 1) results in growth-at-risk for the 5th
percentile at about —5 percent, the severe (max. NFCI = 3) and extreme (max. NFCI = 6)
stress scenarios yield —7 and —12.5 percent, respectively. This finding is also present for
inflation-at-risk and labor-at-risk.

The resulting predictive distributions exhibit non-Gaussian features, chief among them
being heavy tails and skewness (see also Clark et al., 2023, for a related but simplified
scenario analysis in this context). In addition, there are hints of multimodality as the
assumed values for the NFCI in 2018Q1 turn more extreme, which relates to the discussions
in Adrian et al. (2021). These features can arise — even in one-step ahead predictions and
for a single restricted period — due to, for example, the initial conditions of the nonlinear

unconditional mean function at the forecast origin.

4.3. Spillovers and Spillbacks of US Financial Shocks

In our final application, we estimate the effect of a financial shock in the US and trace its
effects through the domestic economy, but also capture spillovers and spillbacks to and from
other economies. We use an adjusted dataset in this case, which drops several of the domestic
indicators, but adds bilateral exchange rates alongside real GDP for the EA and the UK. To
identify the financial shock, we place timing-restrictions on the contemporaneous impulse
responses. This is operationalized with a specific ordering of the quantities in the vector y;
— we structure this vector such that all slow moving domestic and foreign macroeconomic
variables come first (which imposes zero restrictions on impact). These variables are then
followed by the EBP, and all fast moving variables such as those capturing the financial
economy. We then use a Cholesky decomposition of the form ¥ = PP’ where P is lower
triangular. That is, H~! = P, and we orthogonalize the structural shocks different to our

previous applications. The orthogonalized innovation of the EBP equation is interpreted as
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the financial shock, similar to Gilchrist and Zakrajsek (2012); Barnichon et al. (2022). In a
multicountry context, Huber et al. (2024) use an identification scheme identical to ours.

We use dy = 0 and simulate different shock sizes and signs with d € {—3,—1,1, 3,6}.
In contrast with conventional linear frameworks, our approach allows to assess nonlinearities
of higher-order responses with respect to different signs and magnitudes of a proportional
shock impact with GIRFs. Such asymmetries and related nonlinearities have recently gained
attention both in a VAR and local projection context, see, e.g., Mumtaz and Piffer (2025);
Carriero et al. (2025); Forni et al. (2024); Hauzenberger et al. (2025a). While our framework
allows to compute dynamic responses for each period in our sample, we focus on time
averages in the results that follow. Further, we rescale all SGIRFs by computing 5&2 /d
so that all responses shown below reflect a 1 SD financial shock (see also Gongalves et al.,
2024; Kolesar and Plagborg-Mgller, 2025). Note that for linear VARs, such scaling yields
identical IRFs for all shock sizes. For nonlinear models, this is not necessarily the case and
allows for a visual inspection of asymmetries. Selected variables are shown in Figure 4. The
rows in the figure show different subsets of the same results, structured such that the shocks
of different signs and sizes can be compared with ease.

Starting with the first row, we find that the size of the financial shock causes limited
asymmetries in responses for the indicated variables. Financial shocks of different sizes
rather symmetrically decrease real GDP and payroll employment. Interestingly, the effects
of very large shocks increase slightly less than proportionally. Peak effects occur about
two years after impact of the shock. In addition, the shock puts a persistent downward
pressure on prices and leads to a decline in the federal funds rate which peaks at about —15
basis points after around a year. Notably the federal funds rate does not react on impact,
different to stock returns which immediately decline by about 1.5 percent during the quarter

when the shock materializes. Qualitatively and in terms of magnitudes, these estimates are
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Figure 4: Structural GIRFs for selected variables to a financial shock in the US, comparing
asymmetries due to size and sign of the shocks.

Notes: Posterior median alongside 50/68 percent credible sets. Cumulated responses for variables in differ-
ences and levels for all other variables. “Horizon” refers to periods after impact of the shock. Variables:
Real GDP (GDPC1), consumer price inflation (CPIAUCSL), payroll employment (PAYEMS), federal funds rate
(FEDFUNDS) and S&P500 index (SP500).

roughly in line with the previous literature. The US-based financial shock spills over to the
other economies and leads to contractionary effects in terms of real GDP, see Appendix B.

Having established that the size of the financial shock does not seem to matter much,
the second and third row zoom into sign asymmetries. The 1 SD US-based financial shock
does not result in significant sign asymmetries (the posterior distributions overlap for the

most part). Turning to the final row, this clearly differs for larger sized shocks of different
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Notes: The restricted case assumes that the US financial shock does not spill over to non-domestic variables.
Posterior medians alongside 50/68 percent credible sets. Cumulated responses for variables in differences
and levels for all other variables. “Horizon” refers to periods after impact of the shock. Variables: Real GDP
(GDPC1), consumer price inflation (CPTAUCSL), payroll employment (PAYEMS), federal funds rate (FEDFUNDS)
and S&P500 index (SP500).

signs. For these GIRF's that show the responses to a positive (adverse) and negative (benign)
3 SD shock, asymmetries are visible for most variables. In particular, we find that the
negative effect on payroll employment is almost twice as large for adverse shocks, and the
Federal Reserve responds more strongly to adverse financial shocks, as measured by the
much stronger shift in the federal funds rate. These findings corroborate previous evidence
(see, e.g., Forni et al., 2024; Hauzenberger et al., 2025a).

We next explore the role of international variables in the domestic transmission of the
US shock. For this purpose, besides SGIRFs, we consider an alternative analysis where non-
domestic transmission channels are switched off — we investigate how international channels
affect the domestic transmission of shocks originating in the US. That is, we impose the
restriction that foreign variables (real GDP in the EA and UK, and exchange rates) do not
respond to the financial shock in the US in this counterfactual, thereby simulating a scenario
where the financial shock is confined to the domestic economy without any real or financial

spillovers (or spillbacks); see Breitenlechner et al. (2022) for a monetary application in this
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context. We restrict all domestic shocks to their unconditional distribution, and use the
non-domestic ones as driving shocks to compute the RGIRFs.

The results are displayed in Figure 5. The upper panels show the SGIRFs (those
shown and discussed in the context of Figure 4) and “no spillovers” RGIRFs. Two key
findings are worth reporting. First, for the most part, ruling out spillovers and spillbacks
does not significantly alter the dynamic responses after an adverse shock. It is worth
mentioning, however, that restricting the international transmission leads to slightly smaller
effects on average. Second, international transmission channels appear to matter for inflation
dynamics, and especially so for benign financial shocks. The response of inflation turns
insignificant in this case, which is also associated with a less forceful action by the central

bank as captured in more muted response of the policy rate.

5. CONCLUSIONS

This paper presents a unified methodology for conducting scenario analysis in multivari-
ate macroeconomic settings, accommodating nonlinearities and unknown functional forms
of conditional mean relationships. These methods are applicable to traditional nonlinear
frameworks, such as variants of threshold or time-varying parameter models, but also to
more recently developed models incorporating Bayesian machine learning. Our framework
addresses some limitations of linear and parametric models in generating various types of
counterfactual analyses and is suitable for large macroeconomic datasets.

The empirical applications, using Bayesian additive regression trees as an example of
nonparametric modeling of the conditional mean function, underscore the role of nonlineari-
ties in shaping macroeconomic dynamics. For instance, a scenario analysis based on Federal
Reserve stress test assumptions reveals differences between linear and nonlinear models in
forecasting economic contractions and recoveries. Similarly, in a growth-at-risk application

we measure nonlinear macroeconomic risks under financial stress. Finally, an analysis of
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financial spillovers reveals asymmetries in the transmission of shocks and the influence of

international linkages on domestic outcomes.
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Online Appendix:

Scenario Analysis with Multivariate Bayesian

Machine Learning Models

A. TECHNICAL DETAILS

A.l.

Particle Gibbs with Ancestor Sampling

We run PGAS in each iteration m of our MCMC sampler, so uncertainty around model

parameters is accounted for (see also our discussion in the context of unconditional forecasts

in Section 2.1); we omit the corresponding index unless it is needed for clarity. A complete

sweep requires the following steps. For horizon h = 1, we have:

(1)

The initial conditions are known and given by x.1 = (y,,...,y,_,,,), that is,
pri1 = F(x,11). We generate V' —1 candidate particles, yszl, from the unconditional
predictive distribution in case C; = @, and using (9) in case restrictions are present.
The Vth particle serves as the fixed reference trajectory, and is set to the previous

MCMC draw at iteration m —1, i.e., yi_VQl = yﬁfl). For later reference in the context

of h > 1, we define :c(szZQ = (ygl’ , Yo, ...); we discuss the required ancestry tracking

for generic horizons below.

The next step is to compute weights based on the measurement equation. When no
restrictions are imposed we trivially obtain equal weights — all particles are equally
compatible because there are no “measurements.” In the presence of restrictions the
unnormalized weights are generally given by @DY}) x N(ry; Ripr 41, RiIX R +€4), but
since the initial conditions are fixed and ., is the same for all particles, we obtain

equal weights in either case.



At each horizon h = 1,2, ..., we generally compute the normalized weights as

exp <10g w}(L V) _ max; log w(J)>
W =
W=

v exp(lo w(J)—max lo w(j)
Z] 1 g j g

For all subsequent horizons h > 1, the following steps are required:

(1)

We first resample ancestor indices, agf) € {1,...,V}, for non-reference particles (for

v=1,...,V —1) from a categorical distribution, ah ~ Cat(wg)l, o ,w,(l‘i)l). This

step serves to retain particles with a high probability of having generated the mea-

surements (in our case, restrictions) from the previous horizon.

For the reference particle v =V, the respective index is obtained with ancestor sam-

pling. Specifically, we compute 7rh = log wh | +log N(yTJrh, F(:szjzh), 3)). We apply

a weight-normalization analogous to the one above, to obtain wﬁj’) using W,(f). The

ancestor index for the reference trajectory is sampled from ah ~ Cat(w,, ) .. ,wgv)).

This step reweights the candidate parents of the reference trajectory with their prob-

ability of generating the reference.

In the next step, we propagate the non-reference particles based on their parent in-
dex to keep the lineage consistent also in view of the lag structures. We obtain

a®
ugh = F(mi fh)). If C, = @, we produce samples from the unconditional one-

step ahead distributions; in case there are restrictions, we use (9) to draw particles

that are consistent with these restrictions. For the reference particle, we again set

yg)h yghl). The stacked vector is constructed by appending the new draw to

(v) —

the lagged components of its parent and dropping the previous last lag: @, ., =

wy () @y
(yT+h’ yT+h 10 nyh_pH) .



(iii) The final step updates the weights in light of the restrictions given by the measurement
equation. In case there are none, we again obtain equal weights. Otherwise, we have

ID}(LU) X N(’I"h; Rh[,l,,(;ih, RhER;z + Qh)

When the maximum forecast horizon H is reached (i.e., h = 1,2,..., H), it remains to
generate a fully smoothed trajectory by tracing back through the stored ancestor indices.

We draw one final particle index using vy ~ Cat(wl(g), o wg/)) and then recursively for each

h=H—1,H —2,...,1 trace its lineage, setting v, = agjffl A draw from the distribution

P(Yri17+m | Z,Cr.p, B) is then given by the vector yﬁ:'f)LTJFH = (yfﬂl, . ,yffh),) , which
serves as the reference trajectory in the next sweep of the MCMC algorithm.

To compute GIRFs, we typically require the expectation of the respective scenario
and baseline forecast distributions rather than a draw from them. The weights w}(f) relate
to the forward filtering distributions, and do not encode information over the full forecast
horizon, so they cannot be used without adjustment. To propagate information backwards,
we define smoothing weights, 32‘)), which are initialized as s(Hv) = wg). Forh=H-1,...,1,

we compute s( v = ZJ 182_,’)_1]1(61;3_‘)_1 = v) and normalize SELU) = §gv)/(zj:1 555)) We use

these smoothed weights to compute the required expectations at each horizon:

E(yitn | Crppy @ri1, L E 3 T+h

A.2. Posterior Distributions and Sampling Algorithm

We may use the conditional distribution in (12) to update the trees equation-by-equation
using the backfitting approach designed by Chipman et al. (2010); see also Esser et al.

(2024). Here, one may define the vector of partial residuals

@is,t = (%‘t — [hit — Zfij(mt | 7;]‘, mij)) ~N (@s(mt | Tis mis); ngt) )
J#s

3



conditioning on the fit of each of the S — 1 trees except tree s and information in all but
the ith equation. In full data notation, ¢;s = (¥is1,-- -, Jis)’, this defines a conditionally
Gaussian likelihood, p(9;s | Tis, mys, ®), which can be marginalized analytically over the
terminal node parameters m;; (to keep the dimensionality of the inferential problem fixed).

Combining this conditional likelihood with the prior on the trees, and a suitable tran-
sition density (based on four distinct moves: grow a terminal node, prune a terminal node,
change a splitting rule, swap a child/parent node), the trees are sampled using a standard
accept /reject Metropolis-Hastings algorithm. These trees (and associated rules) partition
the input space and we obtain a distinct set of observations for each terminal node. The
posterior then takes the conventional Gaussian form for these parameters.

Updating all trees s = 1,..., S, across equations ¢ = 1,...,n, yields an updated fit
that can be used to compute the outlier-adjusted residuals €;/\/s; = y — F(x;). The

posterior of the constant part of the covariance matrix is then given by:

T
Yle~W! (so +T,8,+ Zst_lete;>

t=1

The hierarchical parameters of the prior on the covariance matrix can be updated using:

L (v+T 1 _1
a;|e~G (T,A—?+V-EW]),

where E[Zj denotes the ith diagonal element of ¥~!. The outlier adjustment parameter s,

can be sampled, due to its discrete support, using the probabilities:

Pr(s/* = 1]y, F(x,), S,p) < N(y, | Fla,), ) - (1 —p),

Pr(s,* =s |y, F(z,), 2.p) o Ny | F(24),5%) - (p/(5— 1)), fors =235



on a t-by-t basis. The posterior distribution of the outlier probability is p | @ ~ B(a, +
T5,by + T — T,), with the total number of observations classified as outliers denoted by
T, = S I(s; # 1), where I(e) is an indicator function that yields 1 if its argument is true
and 0 otherwise.

Note that all model parameters can be updated conditional on any restrictions via
data augmentation (by appending the respective draws to the observed data in each MCMC
sweep). This involves iteratively alternating between sampling from the (restricted) forecast
distribution conditional on the parameters, and vice versa. See also Waggoner and Zha

(1999), Banbura et al. (2015) and Antolin-Diaz et al. (2021).

A.3. Recursive substitution and structural (G)IRFs

Note that our model can be written in terms of its one-step ahead predictive distribution,
taking the initial conditions @, as given, as y,41 = F(x, 1) + H 'u,y with w, 1 ~
N(0,,I,). In case one desires to integrate over the marginal distributions of the other
shocks (when using PGAS, one may simply specify the distribution of the structural shocks
explicitly), one may randomly generate two distinct sets of structural shocks (see also Kilian

and Liitkepohl, 2017):

(s,m) (s,m) (s,m) (s,m) (s,m)
wi = (uy g s do Fdug s u ™)
(bym) (b,m) (b,m) (b,m) (b,m)
wi = (uyy g s oy g s ™).

When nonlinear impact effects are possible, one may also average over different baseline

levels of the shock. These can be used to obtain the GIRF on impact:

§ldm F(x, )+ H ™ F(x, . ) — H 14®™ — I-I_l(u(?’m) — u(b’m)).

J7,1 JT JjT JjT JjT



When using the same sequence of random numbers for simulating s and b (see also the
discussion in Appendix B), or when taking expectations in line with our definition of the
structural GIRF in (11), we have a closed form expression for the impact response:

6(d,m) _ H—l ((dO + d) . e;, _ dO . e;) =d- H_le;- =d- ,Bom)a

JT1

for iteration m of our sampler. That is, we obtain a scaled version of the jth column of
the impact matrix H~! as in standard VAR models. We thus assume with our additive
error specification that the impact of the respective shock is constant over time, and shocks
of different signs and sizes are (proportionally) introduced by setting d accordingly. This
relates to scaled versions of the average causal effect for infinitesimally small shocks on
impact, limg_,q 555?1 /d = ,Bém), see also Kolesar and Plagborg-Moller (2025).

Next, using ﬁés’m) =H _1u(i’m) and B(()b’m) = H'u™™ to refer to the impact effects

JT

J
for the scenario and baseline forecasts, we can set ac(Ts_g”) = ((Yrar +BE™Y YL, Yr o)
and a:gbf;) = ((Yry1 + ﬂ(()b’m))',y;, Y ,19) . As in Section 2, using (5), we can iterate

forward and obtain (5%’”1) — Fx®7)) — F(®™7)).! For higher-order responses, iterate
forward, draw from the conditional predictive distributions, and reconfigure :Izisﬂf) and :13917;)
accordingly at each horizon. The structural GIRF is given by 5%’[”) =F (wiif)) —F(:lzgj’:,?)).
This addresses future reduced form shocks to obtain the respective conditional expectation
(implicitly via the recursive simulation of the scenario and baseline paths of the variables).
Different to PGAS, this only requires a single realization instead of multiple particles.
Comparison with linear VAR. Under the assumption of Gaussian errors and when
F(y,) = Ay, is a linear function, where A is an n x n matrix of coefficients, y,,, = A"y, +

h _j " . . . . .
> i1 A"=Je,, ;. Conditional on information up to time ¢, we obtain closed form expressions

for, e.g., E(ysn) = APy, and Var(y,ys) = Z?:1 A"I¥ A"I’ In the nonlinear case, one

! Note that we may also compute other functions instead of the expectation, e.g., probabilities or quantiles,

see also Gallant et al. (1993), and more recently, Jorda and Taylor (2025).



cannot apply expectations as straightforwardly and compute closed form multi-step ahead
expressions, e.g., for the first moment, as E(F(h)(yt)) + E(ﬁ’(h)(yt, €111,€42,---,€4p)). The
former expectation corresponds to a path which sets the innovations after time ¢ to zero
which is typically undesirable, see, e.g., Potter (2000) for a discussion.

Our approach yields standard IRFs when F'(e) is linear — and when all future struc-
tural shocks are set equal to 0 (i.e., the model is iterated in expectations) or when the same
randomly generated numbers are used for simulating the scenario and baseline distributions;
otherwise they feature uncertainty but are equal in expectation. For instance, when F is a
linear mapping, we obtain the IRF at horizon h as dA"3y. That is, it can be obtained by
simply projecting the shock impact forward using powers of A. Since d factors out and the

initial conditions cancel, the IRFs are time-invariant and proportional for different shock

sizes and signs. In the more general nonlinear context, this is clearly not the case.

B. DATA AND RESULTS

B.1. Simulation-based results

Conditioning on observables. To assess the performance of our PGAS approach relative to
closed form solutions, we provide a comparison with the precision sampler (PS) of Chan et al.
(2025). Assuming a linear conditional mean function allows to contrast both algorithms one-
to-one (we cannot use the PS for nonlinear implementations, for the reasons described in the
paper). We use a homoskedastic linear VAR model with n = 5 and p = 5 using a conjugate
Minnesota prior with hierarchically estimated hyperparameters, as in Giannone et al. (2015),
to calibrate the parameters used for simulating artificial data. The data used for calibration
features output, inflation, employment (GDPC1, CPTAUCSL, PAYEMS; all in annualized log-
differences), interest rate (FEDFUNDS) and stock returns (SP500; log differences), reflecting

key variables from our applications with real data.



We use the posterior median estimates of the dynamic coefficients and the covariance
matrix, and simulate 7" = 1,000 observations (to limit any effects of the initial conditions).
We take the calibrated parameters as given and use the final p of the observations as initial
conditions to compute 3,000 draws from the respective conditional forecast distributions.
We impose three distinct restrictions at different horizons, to illustrate how our approach
is capable of enforcing the restrictions over the full desired period: (i) the interest rate
increases by one unconditional SD at h = 1, (ii) inflation is restricted to its unconditional
mean for h = 9,...,12, and (iii) output increases by one unconditional SD relative to its

initial level at h = 20.
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Figure B.1: Conditional forecast (CF) with precision sampling (PS) and particle Gibbs
with ancestor sampling (PGAS).

Notes: We obtain 3,000 draws from the distribution of the conditional forecast. The black lines and grey
shaded ribbon indicate the median and 68 percent credible set of the predictive distribution obtained from
PS. The colored lines indicate draws from PGAS for different numbers of particles V' € {5, 10, 25, 50}.

The resulting CFs are shown in Figure B.1. The black lines and grey shaded ribbon
indicate the median and 68 percent credible set of the predictive distribution obtained
from PS. The colored lines indicate draws from PGAS for different numbers of particles
for the same quantiles. Differences between implementations are muted, and as little as 5
particles are sufficient. On a 2020 Macbook Air M1, it takes about 5.5 seconds with our PS
implementation to obtain 1,000 draws; PGAS runtimes in seconds are 9 (1.6 times as long

as PS), 16.6 (3), 41 (7.5), 79.5 (14.5) for particles V € {5, 10,25,50}.



Conditioning on shocks: GIRF computation. We use the same DGP as above,
and treat the impact matrix H as well as the dynamic coefficients as given. This allows to
compute the true impulse response function, which is shown in Figure B.2 as thick black
line. We focus on the response of all variables to the first structural shock j = 1. Panel
(a) shows the distribution of predictive draws when using different random numbers for the
scenario and baseline forecast, while panel (b) uses an identical sequence of random numbers
for both forecasts in each iteration. In the latter case, there is no MCMC uncertainty (see

also Appendix A), so our discussion below focuses on panel (a).

(a) Distinct draws of random numbers (per iteration) for scenario and baseline forecast
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(b) Identical draws of random numbers (per iteration) for scenario and baseline forecast
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Figure B.2: Generalized impulse response function (IRF) computed with simulation-based
methods for a single DGP.

Notes: When applicable we obtain 3,000 draws from the distribution of the GIRF. The thick black line is
the true IRF, colored lines refer to different sampling-based estimation procedures; the thin dotted lines
refer to the 68 percent credible set. When using PGAS we rely on V' = 10 particles.



We use PGAS with V' = 10 different particles, subject to distinct choices about the
contemporaneous and future shock restrictions. For the variant labeled “Expectation,” we
set the shock of interest equal to 1 and all others zero, while we impose these restrictions
as approximately binding (with a variance of 107%). That is, we iterate in expectations,

(u)

and obtain exactly the true IRF. For “Simulation,” we use r;’ = (1,0,...,0)" in CF) and

r =0, in ¢, with € = diag(1078,1,...,1) in both cases.

B.2. Dataset

Our dataset is roughly patterned after Crump et al. (2025). For reference, see also the
data used in the Dodd-Frank Act stress test. Variable codes, a brief description and the

respective transformations are listed in Table B.1.
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https://www.federalreserve.gov/supervisionreg/stress-tests-capital-planning.htm

Table B.1: Variable codes, descriptions and transformation of our dataset.

Code Description h(z;) CF GIRF
GDPC1 Real gross domestic product 1 v v
PCECC96 Real personal consumption expenditure 1 v
PRFIx Real private fixed investment (residential) 1 v
GCEC1 Real Government consumption and investment 1 v

RDI Real disposable income 1 v
INDPRO Industrial production 1 v
CPIAUCSL  Headline CPI 1 v v
CPILFESL  Core CPI 1 v
PCECTPI Headline PCE prices 1 v
PCEPILFE  Core PCE prices 1 v

HPI House price index 1 v
HOUST Housing starts 1 v

MR Mortgage rate 0 v
PAYEMS Payroll employment 1 v v
UNRATE Unemployment rate 0 v
FEDFUNDS Federal funds rate 0 v v
GS1 1-year treasury rate 0 v

GS10 10-year treasury rate 0 v v
EBP Excess bond premium 0 v v
NFCI National financial conditions index 0 v
OILPRICEx Real crude oil prices (WTI) 2 v
SP500 S&P 500 2 v v
EXUSUKx  US/UK foreign exchange rate 3 v v
USDEUR EU/US foreign exchange rate 3 v
EARGDP Real gross domestic product (EA) 1 v
UKRGDP Real gross domestic product (UK) 1 v

Notes: (0) no transformation h(x:) = z; (1) annualized log-differences h(z;) = 400 - log(z:/z:—1); (2)
log-differences h(x¢) = 100 - log(x:/z:—1), (3) logarithm h(x:) = log(x:). Check marks indicate inclusion in
the information sets for our applications (CF for Sections 4.1 and 4.2, GIRF for Section 4.3).
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B.3. Empirical results
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Figure B.3: Conditional forecasts for selected variables.

Notes: Posterior median alongside 50/68 percent credible sets. Restricted variables: consumer price inflation
(CPIAUCSL), unemployment rate (UNRATE), 10-year government bond yields (GS10); unrestricted variables:
Real GDP (GDPC1), industrial production (INDPRO), personal consumption expenditure inflation (PCECTPI),
payroll employment (PAYEMS), federal funds rate (FEDFUNDS) and excess bond premium (EBP).
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Figure B.4: Structural and restricted GIRFs for non-domestic variables.

Notes: The restricted case assumes that the US financial shock does not spill over to EA and UK real GDP
(EARGDP, UKRGDP) and bilateral exchange rates (euro, USDEUR; British pound, EXUSUKx). Posterior medians
alongside 50/68 percent credible sets. Cumulated responses for variables in differences and levels for all
other variables.
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