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Robust Forecasting via Regularization
Introduction

Forecasting of multivariate outcomes with many regressors
Forecast vector of m outcomes Yt+h
Large number n of potential predictors Xt
T observations

Y
T×m

= X
T×n

Θ
n×m

+ e
T×m

Features of many finance and macro applications:
Large panels, n, T → ∞, with n ≈ T
Ill conditioned design matrix X
Strong correlation structure in outcomes Y

Goal: Extract from X a parsimonious set of predictors for all Y
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Robust Forecasting via Regularization
Three Main Challenges

1 Very large number of potential regressors⇒ in-sample over-fitting!

Variable selection problem⇒ Curse of dimensionality (∼ 2n)

Factor selection problem⇒ Lack of Interpretability

2 Nearly collinear regressors⇒ Shrinkage estimate of SXX

Bayesian shrinkage estimation

Penalized Estimation / Regularization

3 Strong factor structure in outcomes⇒ Shrinkage estimate of “SXY”

Reduced Rank Regression
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Robust Forecasting via Regularization
Our Agenda

Combine the two types of shrinkage in new estimator
Regularized Reduced Rank Regression

a.k.a. Penalized Reduced Rank Regression
Reduced Rank⇒ Exploit SXY info to determine forecasting factors
Penalty scheme⇔ Regularization Scheme (⇔ Bayesian prior on Θ)
⇒ Overcome ill-conditioned SXX

Two key “shrinkage” parameters:
Degree of regularization (“ρ”)
Number of forecasting factors (“k”)

Empirical illustrations - Out-of-Sample Forecasting:

Quarterly Macro Series (n=143, T=195)

Monthly Bond Excess Returns (n=15, T=468)
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Robust Forecasting via Regularization
Regularizing SXX

Y = XΘ + e

Properties of the linear system determined by the SVD of X:

X
T×n

= U
T×n

Σ
n×n

V ′
n×n

=
n

∑
i=1

σiuiv′i

The OLS estimate is

Θ̂OLS =
n

∑
i=0

vi
u′iY
σi

= Θ0 +
n

∑
i=0

vi
u′ie
σi

When X is ill-conditioned (i.e. σmax/σmin large), Θ̂OLS is unstable

E[e′e] = κ2 Im ⇒ E‖Θ̂OLS −Θ0‖2 = κ2 tr{(X′X)−1} = κ2
n

∑
i=1

σ−2
i
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Robust Forecasting via Regularization
Regularizing SXX

In many applications, the design matrix X is ill-conditioned
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Robust Forecasting via Regularization
Regularizing SXX

Regularization introduces filter factors: 0 ≤ fi ≤ 1

Θ̃ =
n

∑
i=1

fivi

(
u′iY
σi

)
, ‖Θ̃‖2 =

n

∑
i=1

f 2
i

(
u′iY
σi

)2

≤ ‖Θ̂OLS‖

such that fi/σi ≈ 0 for large i (smallest singular values)

Let Θ̃∞ ≡ p limT→∞ Θ̃ 6= Θ0 ⇒ Bias-Variance Trade-off

E‖Θ0 − Θ̃‖︸ ︷︷ ︸
root mean squared

shrinkage estimation error

≤ ‖(Θ0 − Θ̃∞‖︸ ︷︷ ︸
bias due to regularization

+ E‖(Θ̃∞ − Θ̃‖︸ ︷︷ ︸
dampened variance
due to regularization

Common shrinkage estimators are given by a set of filter factors:

Tikhonov (Ridge Regression): fi =
σ2

i
σ2

i +ρ2

Spectral Truncation (Princ. Comp. Regr.): fi = 1{σi≥ρ} or fi = 1{i≤r}
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Robust Forecasting via Regularization
Regularizing SXX – The Stock & Watson (2011) Macro Series
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Robust Forecasting via Regularization
Reduced Rank Regression

Reduced rank regression imposes Rank(Θ) = k < min(n, m)

Reparametrize Θ = AB where A ∈ Rn×k, B ∈ Rk×m

min
{A,B}

‖(Y− XAB)W
1
2 ‖2

Interpretation: k factors A′X jointly forecast Y
Optimal A∗ minimizes conditional variance Var[W1/2Y|A′X]:

Solution is k principal eigenvectors of the Generalized Eigenvalue
problem:

|SXYWSYX − λSXX | = 0

When SXX is ill-conditioned, the solution is highly unstable

Note: In PCR, A is chosen to minimize Var[X|A′X]
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Robust Forecasting via Regularization
Regularized Reduced Rank Regression

Idea: Penalize the Reduced Rank Regression objective

min
{A,B}

‖(Y− XAB)W
1
2 ‖2 + ρ2‖R(AB)W

1
2 ‖2

ρ is a scalar regularization parameter
R is an optional matrix parameter
R 6= I differentially penalizes certain directions in parameter space

Solution is given by the Generalized Eigenvalue problem:

|SXYWSYX − λ(SXX+ρ2R′R)| = 0

Note: Only SXX is regularized while X enters unaltered in SXY

Each choice of (ρ, R) leads to a different regularization scheme

In this paper: Tikhonov and Spectral Truncation.
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Robust Forecasting via Regularization
Regularized Reduced Rank Regression

Tikhonov Regularization:

min
{A,B}

‖(Y− XAB)W
1
2 ‖2 + ρ2‖(AB)W

1
2 ‖2

Let ρ > 0 and R = In

The optimal A is given by the k principal eigenvectors of:

|SXYWSYX − λ(SXX+ρ2 In)| = 0

Penalty analogous to multivariate Ridge Regression

The penalty is on the norm of AB not A and B separately

To our knowledge, the formulation of the corresponding Bayesian
prior on the subspace of reduced rank matrices is unknown
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Robust Forecasting via Regularization
Regularized Reduced Rank Regression

Spectral Truncation Regularization:

min
{A,B}

‖(Y− XAB)W
1
2 ‖2 + ρ2‖R(AB)W

1
2 ‖2

Mimic PCR by putting infinite penalty on the appropriate subspace:

Let R = [Vr+1, . . . , Vn]′ (the last n− r right singular vectors of X)
Let ρ→ ∞

The optimal A is given by the k principal eigenvectors of:

|S†
XXSXYWSYX − λIN |

S†
XX = V diag(σ−2

1 , . . . , σ−2
r , 0, . . . , 0)V ′

Corresponding (improper) Bayesian prior sets Pr{Span(V1, . . . , Vr)} = 1
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Robust Forecasting via Regularization
Choice of Regularization Parameters

When regularizing SXX we need to decide on a threshold for
distinguishing between large and small singular values

Key choice variables: Regularization parameter ρ (Tikhonov) or r
(Spectral Truncation)

We consider both data driven and ex-ante fixed choices

Spectral Truncation
Fixed choice of r – RRRRk-PCr

no dependence of empirical distribution of singular values
Data driven – RRRRk-SMP

Threshold based on random matrix theory

Tikhonov
Data driven – RRRRk-TMP

Threshold based on random matrix theory
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Robust Forecasting via Regularization
Data Driven Regularization – Random Matrix Theory

Stylized “signal+noise” Model:

Assume a r dimensional factor structure for X

X = FΛ + E , Λ ∈ Rr×n

Assume that F contains the k ≤ r relevant forecasting factors for Y

If we can identify r then we can attempt to "kill" or down-weight the
directions in parameter space corresponding to the noise

SXX = Λ′Λ︸︷︷︸
Signal

+ Ωn︸︷︷︸
Noise
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Robust Forecasting via Regularization
Data Based Regularization - Random Matrix Theory

H0 : No factor structure

Assume noise i.i.d. zero mean and variance 1 with finite 4th moment
Assume n, T → ∞ with n/T → γ ∈ (0; 1)

Theorem (Marcenko & Pastur 1967)

The limiting distribution of the spectrum of Ωn = 1
T E′E is given by the

measure µΩ with support on the interval [(1−√γ)2; (1 +
√

γ)2] and
density:

dµΩ(x) =
√
(x− b−)(b+ − x)

2πγx
dx , where b± = (1±√γ)2 (1)

Any eigenvalue smaller than (1 +
√

γ)2 is “small” (asymptotically)
and should be down-weighted
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Robust Forecasting via Regularization
Data Based Regularization

Empirical spectrum of SXX for the Stock & Watson (2011) data
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Robust Forecasting via Regularization
Data Based Regularization

AR(12) filtering of X breaks time-series dependence but spectrum
unchanged
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Robust Forecasting via Regularization
Data Based Regularization

Resampling each series independently breaks cross-sectional
dependence and restores MP theory!
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Empirical applications
Model taxonomy

# Regressor Components 1 2 3 4 5 … m

Panel A: Fixed Number of Regressor Components

1 PCR‐1
RR‐PC1
PLS‐1
3PRF‐1

2 RRRR1‐PC2 PCR‐2
RR‐PC2
PLS‐2
3PRF‐2

3 RRRR1‐PC3 RRRR2‐PC3 PCR‐3
RR‐PC3
PLS‐3
3PRF‐3

4 RRRR1‐PC4 RRRR2‐PC4 RRRR3‐PC4 PCR‐4
RR‐PC4
PLS‐4
3PRF‐4

5 RRRR1‐PC5 RRRR2‐PC5 RRRR3‐PC5 RRRR4‐PC5 PCR‐5
RR‐PC5
PLS‐5
3PRF‐5

… … … … … … … …

n RRRR1‐PCn RRRR2‐PCn RRRR3‐PCn RRRR4‐PCn RRRR5‐PCn … OLS

Panel B: Data Driven Number of Regressor Components

MP MAX
Spectral

RRRR1‐SMP RRRR2‐SMP RRRR3‐SMP RRRR4‐SMP RRRR5‐SMP … RR‐SMP

MP MAX
Tikhonov

RRRR1‐TMP RRRR2‐TMP RRRR3‐TMP RRRR4‐TMP RRRR5‐TMP … RR‐TMP

# Forecasting Factors
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Empirical applications
Forecasting macroeconomic series

Replication of the setup in Stock & Watson (2011):

35 aggregates and 108 disaggregates for a total of 143 series
195 quarterly observations from 1960:Q2 through 2008:Q4
Rolling out-of-sample forecasts for window size 100 quarters
Five-factor benchmark obtained via PCR

Main findings:

RR-SMP and RRRR5-SMP are notable competitors to PCR-5
MP-implied cutoff has a median of 5 and varies from 3 to 8
MP rationalizes PCR-5 benchmark and little room for improvement
Mixed results for all other methods across different series
Trade-off between better left and worse right tail of RMSE distribution
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Empirical applications
Forecasting bond excess returns

Bond returns largely driven by 1 or 2 common forecasting factors:

using forwards by Cochrane & Piazzesi (2005)
using maturity “cycles” by Cieslak & Povala (2011)

Ideal setting for applying our RRRR models:

Multiple outcomes explained by few common factors
Factors constructed from ill-conditioned set of regressors

Our application:

GSW-interpolated yield curve data
14 excess returns of bonds with maturity from 2 to 15 years
468 monthly observations from 1972 to 2010
Rolling out-of-sample forecasts for window size 120 months
Single-factor benchmark extracted from forwards or cycles
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Empirical applications
Forecasting bond excess returns

Five forecasting exercises imposing common (1 or 2) factors:

1 Based on forwards

2 Based on forward slopes

3 Based on cycles

4 Based on yield slopes

5 Based on yield slopes and cycles

Report out-of-sample R2 vis-a-vis rolling average benchmark for
each forecasted series
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Forecasting bond excess returns
Forwards

Out�of�sample�R2

Models rx(2) rx(3) rx(4) rx(5) rx(6) rx(7) rx(8) rx(9) rx(10) rx(11) rx(12) rx(13) rx(14) rx(15)
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Forecasting bond excess returns
Forward slopes

Out�of�sample�R2

Models rx(2) rx(3) rx(4) rx(5) rx(6) rx(7) rx(8) rx(9) rx(10) rx(11) rx(12) rx(13) rx(14) rx(15)
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Forecasting bond excess returns
Cycles of Cieslak & Povala (2011)

Out�of�sample�R2

Models rx(2) rx(3) rx(4) rx(5) rx(6) rx(7) rx(8) rx(9) rx(10) rx(11) rx(12) rx(13) rx(14) rx(15)
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Forecasting bond excess returns
Yield slopes

Out�of�sample�R2

Models rx(2) rx(3) rx(4) rx(5) rx(6) rx(7) rx(8) rx(9) rx(10) rx(11) rx(12) rx(13) rx(14) rx(15)
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Forecasting bond excess returns
Yield slopes and cycles

Out�of�sample�R2

Models rx(2) rx(3) rx(4) rx(5) rx(6) rx(7) rx(8) rx(9) rx(10) rx(11) rx(12) rx(13) rx(14) rx(15)
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Forecasting bond excess returns
Summary

RRRR models are always among the best performing ones

Yield curve slopes have almost the same predictive power as cycles

Less predictive power of forwards slopes & forwards in particular

Combining yield curve slopes and cycles as predictors almost
doubles the out-of-sample predictive power

Strong case for using RRRR models for forecasting bond excess
returns by combining multiple predictor sets
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Conclusions and Future Research

No one method is uniformly best across data sets and sub-samples

RRRR is a robust method for jointly forecasting multiple outcomes
in situations with correlated outcomes and many or nearly collinear
predictors

Can often deliver more parsimonious forecasting models than
competing methods when predicting multiple outcomes

It is possible to almost double the predictability of 1-month bond
excess returns by combining yield slopes and cycles

More work in progress on data-driven RRRR methods and other
regularization schemes
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Robust Forecasting via Regularization
Linear Restrictions and Factor Interpretability

A key shortcoming so far: Lack of factor interpretability!

Consider imposing f linear constraints: P′A = 0
Solution is A = P⊥a, where a ∈ R(n− f )×k containins the k principal
eigenvectors of the generalized eigenvalue problem

|P⊥′SXYSYXP⊥ − λ P⊥′(SXX + ρ2R′R)P⊥| = 0

Constraints on the individual columns of A = [A1, . . . , Ak] can be
imposed recursively:

P′1 A1 = 0, P′2A2 = 0, . . . , P′k Ak = 0

so to get the j + 1st factor, orthogonal to factors i1, i2, ..., ig, set

P = [SXX Ai1︸ ︷︷ ︸
n×1

, . . . , SXX Aig︸ ︷︷ ︸
n×1

, Pj+1︸︷︷︸
n× f j+1

]
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Robust Forecasting via Regularization
Linear Restrictions and Factor Interpretability

Example: Imposing Interpretability

Regressors classified into 4 non-exclusive groups
Goal: Find principal factor attributable to a single group.

Variable Memberships
1 G1, G2
2 G2, G3, G4
3 G1, G4
4 G3, G4
5 G1, G3, G4
...

...
N G3

⇒ P′ = P′{G⊥1 }
=


0 1 0 0 0 · · · 0
0 0 0 1 0 · · · 0

...
...

0 0 0 0 0 · · · 1


︸ ︷︷ ︸

Select G1-factor

Solve GEV problem for each P ∈ {P{G⊥1 }, . . . , P{G⊥4 }}.
The principal factor yields the largest eigenvalue
Additional factors extracted iteratively imposing within-group orthog.
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Forecasting macroeconomic series

Two forecasting exercises:

1 All 143 SW series without imposing common (few) factors

2 The 35 SW aggregates with imposing common (few) factors

Report distribution of relative RMSE ratio vis-a-vis PCR-5
benchmark across all forecasted series

Substantial downward/upward deviations from a ratio equal to 1
indicates better/worse performance than PCR-5
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Forecasting macroeconomic series
All 143 SW series

Relative�RMSE�to�PCR�5

Models 5 25 50 75 95 <0.90 0.90�0.97 0.97�1.03 1.03�1.10 >1.10
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Forecasting macroeconomic series
The 35 SW aggregates

Relative�RMSE�to�PCR�5

Models 5 25 50 75 95 <0.90 0.90�0.97 0.97�1.03 1.03�1.10 >1.10
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