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Abstract

Sequence-space models are becoming increasingly popular in macroeconomics, espe-
cially in the heterogeneous-agent literature. However, the econometric toolkit for users of
these models remains less developed than that available for traditional state-space meth-
ods. This note introduces an algorithm for efficiently filtering unobserved shocks in linear
sequence-space models. The proposed filter solves a least-squares optimization problem
in closed form and returns the expectation of unobserved shocks conditional on observed
data. It handles heteroskedasticity, missing observations, measurement error, and non-
Gaussian shock distributions. To illustrate its properties, I apply it to data simulated from
a medium-scale heterogeneous-agent New Keynesian model and show that it accurately
recovers the underlying structural shocks.
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Non-technical summary

Many economic models rely on variables that cannot be directly observed. A prominent ex-
ample is the output gap, typically defined as the difference between actual output (or real
GDP) and potential output. While real GDP can be measured, potential output is a theo-
retical concept: it is the level of economic activity consistent with stable inflation, given the
economy’s productive capacity, such as its labour force, capital stock, and technology. Because
potential output is not observable, economists estimate it—along with many other hidden vari-
ables—using economic models and data, a process known as filtering.

This note proposes a new filtering method designed for a growing class of macroeconomic
models known as sequence-space models. These models are increasingly used to study eco-
nomic phenomena involving heterogeneity, such as how households with different levels of
wealth respond differently to monetary policy. The proposed approach makes it possible to

recover unobservable economic variables in these settings in a systematic and tractable way.
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1 Introduction

Sequence-space methods are becoming increasingly popular in macroeconomics, in particular
for solving heterogeneous-agent (HA) models In HA models, the entire distribution of agents,
which is typically infinite-dimensional, is a state variable. Therefore, working with these mod-
els in a state-space representation can be challengingE] The sequence-space approach circum-
vents this issue by computing impulse response functions directly, relying on the equivalence
between first-order perfect-foresight shocks and IRFs of linearized models. However, while
there is a rich set of econometric tools available for practitioners of the state-space approachﬂ
they are not immediately applicable in the sequence space.

This note proposes a simple algorithm for filtering unobserved shocks in the sequence
space, accompanied by a set of public available codesﬁ The method finds the likelihood-
maximizing history of shocks s];, forj € {1,...,]}, consistent with a set of I < ] observable
variables yi, fori € {1,...,I}. In a linearized sequence-space model, observables can be ex-

pressed as a set of MA(co) processes of the form

] oo
=L Z M)
j=1k=0

When shocks are normally distributed, likelihood maximization becomes a least-squares opti-
mization problem subject to the linear constant (I). This problem can solved in closed form,
delivering filtered shocks as a linear transformation of observables. Moreover, its output cor-
responds to the expectation of the shocks conditional on the data.

This method has a number of desirable properties. First, it is efficient: The most time-
consuming step of the algorithm consists of solving a positive definite linear system of size
(I-T) x (I-T), where T is the sample size. For a medium-scale model with the typical sam-
ple size in macroeconomic time series, as in the application described below, the running time
can be measured in milliseconds. Second, it is flexible: The method can be easily adapted to
handle missing observations, heteroskedasticity, measurement error, and non-Gaussian shocks.

Under non-Gaussian shocks, however, filtered shocks are no longer the expectation of shocks

ISee Boppart et al.| (2018) and |Auclert et al.|(2021).

2Gee|Ahn et al[(2018), Winberry|(2018), and |Bayer et al.[(2024).

3Fernandez-Villaverde et al. (2016)

4See https:/ /github.com/rdrigato/least_squares_filter/ for a Python implementation of the algorithm described
here.
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conditional on the data, but rather their linear projection (as long as second moments are well-
defined). Last, as opposed to the Kalman filter for state-space models, it requires no distribu-
tional assumptions on initial conditions (see |[Fernandez-Villaverde et al.2016). One desirable
property it shares with the Kalman filter, however, is that once shocks are filtered (or alterna-
tively, the unobserved vector of states in the state space), forecasts can be immediately con-
structed using equation (I), as well as filtered values of endogenous unobservable variables
such as the output gap. To illustrate the method, I apply it to data simulated from the medium-
scale HANK model in Kase and Rigato| (2025).

2 Filtering Shocks in the Sequence Space

Time is indexed by t € {0,...,T — 1}, where T is the sample size. Observables y are without
loss of generality assumed to have zero mean. For now, assume there are no missing obser-
vations and that shocks are i.i.d. and normally distributed: 5]; ~ N(0, (¢7)?). The only model
objects necessary for the algorithm are impulse response functions, denoted by
ay ;+k

o¢} ’

ij_
X, =

., TIRF _ 1}, where TIRF is the truncation

one for each shock-observable pair. Above, k € {0, ..
horizon of the IRFs.

The idea is to recover the most likely history of shocks eé, going all the way from t =
—(T'RF — 1) until the end of the sample t = T — 1. Given the normality assumption, the log

likelihood of shock si is:
j

2
' 1 (e 1 ;
0 5 <0j> 2log (27T(c7) )

This gives rise to the following least-squares optimization problem:

‘ -1 ) 2
ino 2 ZH:{F o )
{eihej < j=1t=—(TIRF_1)

J TIRF—1
subjecttoy; =Y Y x/le . 3)
=1 k=0

The objective function (2) is the log likelihood of the entire history of shocks, while the con-
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straint (3) is the truncated form on (T).
To solve the problem, it is convenient to first write it in matrix form. Let e/ be the history of
shock j, i.e.,

i () Jooy
e/ = (8_(TIRF_1)/'~ -/ET,l) ’

and e be the stacked history of all shocks:

/ N’
e= () (e)) -
Define y’ and y in a similar way:
y =W Y1)
!/ !/ /
y— <<y1) ,...,(f)) .
Note that shocks start from t = —(TRF — 1), while observables start from t = 0. Now define
the diagonal matrix X as:
L = diag((c)?,...,(cH>2,..., ()% ..., (d))?)
(T+T!RF—1) times
The objective function @) can be written as e’ T le.

To write the constraint (3)) in matrix form, note that

[ x’%_l xg 0 ... 0
0 x?_l xg 0
yizz 0 0 xi{;fl xg e,
] . . . . . .
o0 - 0 xg{_l xg ]
X

where each matrix X"/ has size T x (T + T!RF — 1) and contains IRFs repeated along the rows,

starting from the main diagonal. The constraint (3) can be written as

y = Xe,
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where X = [Xij ] _is a block matrix consisting of the X"/. The problem can be solved in closed
g
form, returning filtered shocks & as a linear transformation of the data:

e = X’ (xzXx') y. 4)

Importantly, equation (@) has a simple interpretation in terms of conditional expectations.
Using the expressions for covariances of variables in sequence-space representation from Au-
clert et al.| (2021), it follows that XXX’ = Eyy/, i.e., the variance-covariance matrix of the vector
y. Similarly, we have ZX' = Eey’. Therefore, equation (4) becomes the familiar conditional

expectation formula for jointly normally distributed vectors:

é = (Eey') (Eyy') 'y ()

Moreover, it is possible to express analytically the variance of filtered shocks as well, given by:

Var(ely) = Eee’ — (Eey’) (Eyy’) ! (Eye’)
— - xX' (XzX') ' XZ.

Auclert et al|(2021) solve a similar problem when computing the log likelihood of sequence
space models and provide numerical methods for efficiently computing the matrices XXX’
and ZX' using discrete Fourier transforms. They also discuss numerical methods for inverting
matrix XXX’, which is the most time-consuming step in the application belowE]

Given this setup, it is straightforward to introduce measurement error, heteroskedasticity,
missing observations, and non-Gaussian shocks. Measurement error of the formy = Xe +u,
with u ~ N(0, Q) orthogonal to e, can be introduced by noting that it only affects the variance-
covariance matrix of the observables y, but not their correlations with the shocks e. Therefore,
we have

e =X (XZX' +0) y.

5In the applications below, the system displays condition numbers of the order of 10%, and therefore is not ill-
conditioned. Results are also robust to changes in the truncation horizon T'RF, as long as it is long enough for the
effects to have converged to zero by the end of the horizon. |Auclert et al.| (2021) provide a more detailed discussion
of the numerical issues in this problem.
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Alternatively, one can solve

N SV S S : _
n;hnie):. e+ Euﬂ u subjectto y= Xe+u.
Heteroskedasticity in the form of time-varying shock variances ((7{ )? can be introduced by re-

defining the matrix X as:

Z = diag((0! (e _1))% -, (07 1)% o, (0L ey (07 0)P)
Next, missing observations can be handled by manipulating the X matrix. Notice that X has
I - T rows, each corresponding to an observation yi. If any yi is missing, simply delete the
corresponding row of X, and equation @ will deliver the expectation of e conditional on non-
missing observations. Finally, if shocks are non-Gaussian, the first line in expression (5) does
not necessarily correspond to their conditional expectation anymore, but is still the best linear

unbiased predictor (as long as second moments are well—deﬁned)ﬂ

3 Application: A Medium-Scale HANK Model

Iillustrate the method using the estimated medium-scale heterogeneous-agent new Keynesian
(HANK) model from Kase and Rigato (2025). The model features heterogeneous households
that face idiosyncratic income risk and decide how much to consume and to save both in liquid
and illiquid assets, as well as the standard ingredients of medium-scale DSGE models (Smets
and Wouters, 2007), such as price and wage stickiness, investment adjustment costs, a [Taylor
(1993) rule, and a fiscal authority that collects taxes to finance government consumption.

The model features 7 shocks, affecting: the consumers’ discount factor, firms” investment
technology, price and wage markups, total factor productivity, government spending, and
monetary policy. I simulate T = 100 periods of data from the model using IRFs of size
TIRE = 300. To do so, I simulate 400 periods and discard the first 300, which, given the trun-

cation horizon of the IRFs, ensures that variables are sampled from their joint ergodic distribu-

tion. I use 7 observables to filter the structural shocks: the growth rates of aggregate consump-

®Let B = LX' (XEX' )_1 and B be any other matrix of the same size. If shocks are non-Gaussian but still have

finite second moments, one can show that E ||e — I§xH2 = E|e—Bx|*+E |(B— l?)tz, from which the claim
follows.
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tion, investment, output, hours worked, and compensation per employee, as well as inflation
and the short-term nominal interest rate. Parameter values correspond to the posterior mode
in Kase and Rigato| (2025)

Figure (1| shows simulated and filtered shock{] in a baseline case in which shocks are i.i.d.
and normally distributed. Figure 2introduces measurement error by assuming that each obser-
vation is subject to an i.i.d error u; ~ (0,0.12). Figure [3|shows results under heteroskedasticity,
assuming that investment shocks are 5 times more volatile starting from period t = 50. As can
be seen, the filter performs well in these cases, recovering shocks close to the simulated ones.

With missing data, as expected, the filter’s performance is hampered. Figure 4 shows re-
sults when investment data is missing in the second half of the sample. Interestingly, miss-
ing investment data reduces more severely the accuracy of the filtered government spending
shocks, suggesting that investment shocks are more easily identifiable due to larger effects on
other observable variables. All other shocks are still accurately filtered. Last, figure 5 shows
results when shocks are simulated from a Student’s t-distribution with 4 degrees of freedom
(normalized to have unit variance). This distribution is severely fat-tailed; in fact, it features
infinite kurtosis. Nevertheless, the filter still works well. Finally, table[T|provides accuracy met-
rics. It shows correlations between filtered and simulated shocks and root-mean-square errors

(RMSE) under the specifications above, computed as averages of 500 Monte Carlo simulations.

4 Conclusion

This note introduces a least-squares algorithm for filtering unobserved shocks in sequence-
space models. The problem can be solved in closed form and delivers the expectation of un-
observed shocks conditional on the data, and can handle missing observations, heteroskedas-
ticity, measurement error, and non-Gaussian shocks. An application to data simulated from a

medium-scale HANK model shows that it works well in practice.

7To keep results comparable to state-space methods, I display filtered shocks only for ¢ > 0.
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Figure 1: Simulated and filtered shocks
Baseline Meas. error Missing obs. Heteroskedastic Fat-tailed
Corr. RMSE Corr. RMSE Corr. RMSE Corr. RMSE Corr. RMSE
Consumption 1.0 0.06 0.97 0.23 1.0 0.07 1.0 0.06 1.0 0.06
Investment 1.0 0.05 1.0 0.09 0.97 0.22 1.0 0.05 1.0 0.05
Government cons. 1.0 0.01 0.94 0.34 0.74 0.67 1.0 0.01 1.0 0.01
TFP 1.0 0.05 0.99 0.11 1.0 0.06 1.0 0.05 1.0 0.05
Price markup 1.0 0.04 1.0 0.08 1.0 0.04 1.0 0.04 1.0 0.04
Wage markup 1.0 0.05 0.99 0.11 1.0 0.05 1.0 0.05 1.0 0.05
Monetary 1.0 0.06 0.95 0.31 1.0 0.06 1.0 0.06 1.0 0.06

Table 1: Correlations and RMSE between filtered and simulated shocks
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Figure 2: Simulated and filtered shocks with measurement error
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Figure 3: Simulated and filtered shocks with heteroskedastic investment shocks
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Figure 5: Simulated and filtered shocks with a fat-tailed distribution

ECB Working Paper Series No 3191

14



Acknowledgements

| thank Marta Banbura, Hanno Kase, Michele Lenza, and an anonymous referee for helpful comments.
The views expressed here are solely those of the author and do not necessarily reflect the views of the European Central Bank.

Rodolfo Dinis Rigato
European Central Bank, Frankfurt am Main, Germany; email: rodolfo.dinis_rigato@ecb.europa.eu

© European Central Bank, 2026

Postal address 60640 Frankfurt am Main, Germany
Telephone +49 69 1344 0
Website www.ecb.europa.eu

All rights reserved. Any reproduction, publication and reprint in the form of a different publication, whether printed or produced
electronically, in whole or in part, is permitted only with the explicit written authorisation of the ECB or the authors.

This paper can be downloaded without charge from www.ecb.europa.eu, from the Social Science Research Network electronic library or
from RePEc: Research Papers in Economics. Information on all of the papers published in the ECB Working Paper Series can be found
on the ECB’s website.

PDF ISBN 978-92-899-7714-2 ISSN 1725-2806 doi:10.2866/0708911 QB-01-26-074-EN-N



mailto:rodolfo.dinis_rigato@ecb.europa.eu
http://www.ecb.europa.eu/
http://www.ecb.europa.eu/
http://ssrn.com/
https://ideas.repec.org/s/ecb/ecbwps.html
http://www.ecb.europa.eu/pub/research/working-papers/html/index.en.html

	A least-squares filter for sequence space models
	Abstract
	Non-technical summary
	1 Introduction
	2 Filtering shocks in the sequence space
	3 Application: a medium-scale HANK model
	4 Conclusion
	References
	Acknowledgements & Imprint




