&

EUROPEAN CENTRAL BANK

EUROSYSTEM

WORKING PAPER SERIES



=4

EUROPEAN CENTRAL BANK

EUROSYSTEM

WORKING PAPER SERIES
NO 903 / MAY 2008

A ROBUST CRITERION FOR
DETERMINING THE NUMBER OF
STATIC FACTORS IN APPROXIMATE
FACTOR MODELS'

by Lucia Alessi®, Matteo Barigozzi’
and Marco Capasso*

In 2008 all ECB . .
! publiacations This paper can be downloaded without charge from

feature a moif http://www.ecb.europa.eu or from the Social Science Research Network
aken from the re .
€10 banknote. electronic library at http://ssrn.com/abstract_id=1126658.

| We thank Marc Hallin and Marco Lippi for helpful comments and suggestions. The usual disclaimer applies. As members of the former Center
for the Analysis of Financial Markets (CAFiM) at Sant’Anna School of Advanced Studies in Pisa, we had access to the Bloomberg dataset

used in the paper. The paper was written while Lucia Alessi was affiliated with the European Central Bank.

2 Laboratory of Economics and Management (LEM), Sant’Anna School of Advanced Studies, Piazza Martiri della Liberta, 33, 56127 Pisa, Italy;
e-mail: lucia.alessi@sssup.it

3 Laboratory of Economics and Management (LEM), Sant’Anna School of Advanced Studies, Piazza Martiri della Liberta, 33, 56127 Pisa, Italy and
Max Planck Institute of Economics, Kahlaische Strasse, 10, 07745 Jena Germany; e-mail: matteo.barigozzi@gmail.com

4 Urban & Regional research centre Utrecht (URU), Faculty of Geosciences, Utrecht University,

and Tjalling C. Koopmans Institute (TKI), Utrecht School of Economics, Utrecht University.

Address: Urban & Regional research centre Utrecht (URU), Faculty of Geosciences,

Utrecht University, PO. Box 80.115, 3508 TC Utrecht, The Netherlands; e-mail: marco.capasso@gmail.com



© European Central Bank, 2008

Address
Kaiserstrasse 29
60311 Frankfurt am Main, Germany

Postal address
Postfach 16 03 19
60066 Frankfurt am Main, Germany

Telephone
+49 69 1344 0

Website
http://www.ecb.europa.eu

Fax
+49 69 1344 6000

All rights reserved.

Any reproduction, publication and
reprint in the form of a different
publication,  whether  printed  or
produced electronically, in whole or in
part, is permitted only with the explicit
written authorisation of the ECB or the
author(s).

The views expressed in this paper do not
necessarily reflect those of the European
Central Bank.

The statement of purpose for the ECB
Working Paper Series is available
from the ECB website, http://www.ech.
europa.eu/pub/scientific/wps/date/html/
index.en.html

ISSN 1561-0810 (print)
ISSN 1725-2806 (online)



CONTENTS

Abstract

Non-technical summary

Introduction

The factor model

Determining the number of factors
Monte Carlo study

Empirical applications

AN AW N =

Conclusions

References

Tables and figures

European Central Bank Working Paper Series

-_— 00 N O U1 B

14
15
16
23

ECB

Working Paper Series No 903

May 2008




Abstract

We propose a refinement of the criterion by Bai and Ng [2002] for determining the number
of static factors in factor models with large datasets. It consists in multiplying the
penalty function by a constant which tunes the penalizing power of the function itself as
in the Hallin and Ligka [2007| criterion for the number of dynamic factors. By iteratively
evaluating the criterion for different values of this constant, we achieve more robust
results than in the case of fixed penalty function. This is shown by means of Monte Carlo
simulations on seven data generating processes, including heteroskedastic processes, on
samples of different size. Two empirical applications are carried out on a macroeconomic
and a financial dataset.

Keywords: Approximate factor models, Information criterion, Number of factors.
JEL-classification: C52
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Nontechnical summary

The literature on factor models has been rapidly growing in the last years, and equally it has
been growing the interest into criteria which can consistently estimate the number of common
factors driving the data. Indeed, factor models are particularly useful for dimension reduction
when datasets are large in both the time and the cross-section dimension. However, this is
precisely the case in which the choice of the number of factors cannot be made by means of
traditional information criteria which are not designed for diverging N and T'. Given the vast
use of factor models, determining the number of factors in large cross sections of time series
is thus a hot topic. This paper provides a tool to address the issue, the theoretical properties
of which are known and the empirical results are robust.

Relatively few authors have dealt with the model selection problem related to the number of
common factors when both N and T" diverge. Bai and Ng [2002| pioneered the literature by
proposing a criterion, specified in six different forms, which basically modifies the AIC and
BIC in order to take into account both dimensions of the dataset as arguments of the function
penalizing overparametrization. The information criterion that we propose is a refinement of
the criterion by Bai and Ng, drawing on the Hallin and Liska [2007| criterion for dynamic
factors. The idea is fairly simple: we multiply the penalty function by a constant which tunes
the penalizing power of the function itself. By evaluating the criterion for a whole range of
values for this constant, we finally get an estimation of the number of static factors which is
empirically more robust than it would be the constant being fixed. The consistency properties
of our estimator are exactly the same of the original Bai and Ng estimator, the only difference
being a multiplicative constant.

The motivation for our work is provided by the fact that there are cases in which the original
criterion cannot give a precise answer, as we also show by means of a Monte Carlo Study whose
experimental design is taken from Bai and Ng. By considering seven data generating processes,
including heteroskedastic processes, we generate samples of different size and implement the
original criteria by Bai and Ng and our modified criteria, in their six formulations (three
PC and three IC criteria). The criteria require to set the maximum number of static factors
allowed in the estimation prior to the estimation itself: in the first set of simulation experiments
we keep this parameter fairly low, and show that the original PC' criteria heavily depend upon
the choice of this parameter, which is not the case for the modified PC* criteria. In the second
set of simulations, we let the parameter vary according to the number of series in the panel,
since in principle the number of static factors can be equal to N. We show that when the
maximum number of static factors allowed is very - but still legitimately - large, also the
original IC' criteria lose robustness, although they do not depend explicitly on this parameter.
The IC* criteria that we propose, on the contrary, remain reasonably accurate provided that
the true number of factors is relatively low.

Finally, we carry out two empirical applications. The first application is on a macroeconomic
dataset comprising 132 series of macroeconomic indicators of the US economy from January
1960 to December 2003: in this case our proposed criteria robustly suggest the existence of
6 factors. The second application is on a financial dataset including 89 daily asset returns
from the London Stock Exchange: we show that in this case it is possible that the original IC
criteria underestimate the number of factors.
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1 Introduction

The literature on factor models has been rapidly growing in the last years, and equally there
has been growing interest into criteria which can consistently estimate the number of common
factors driving the data. Indeed, factor models are particularly useful for dimension reduction
when datasets are large in both the time and the cross-section dimension. However, this is
precisely the case in which the choice of the number of factors cannot be made by means of
traditional information criteria which are not designed for diverging N and T. Given the vast
use of factor models, determining the number of factors in large cross sections of time series
is thus a hot topic. This paper provides a tool to address the issue, the theoretical properties
of which are known and the empirical results are robust.

Relatively few authors have dealt with the model selection problem related to the number of
common factors when both N and T diverge. Bai and Ng [2002]| (henceforth BN) pioneered
the literature by proposing a criterion, specified in six different forms, which basically modifies
the AIC and BIC in order to take into account both dimensions of the dataset as arguments
of the function penalizing overparametrization. Kapetanios [2005] takes a different approach,
based on the limit of the empirical distribution of the eigenvalues of the sample covariance
matrix: the idea is that the number of eigenvalues diverging as N diverges is equal to the
number of static factors driving the dataset. Onatski [2007] adopts a third strategy and tests
the null hypothesis of ry static factors against the alternative of r; static factors. The test
is based on the few largest eigenvalues of the covariance matrix of a complex-valued sample
derived from the original dataset, which asymptotically distribute as a Tracy-Widom.

Very recently, some criteria have been proposed to determine the number of dynamic common
factors, which are the primitive shocks influencing each of the variables not only contempo-
raneously, but also via leads and lags. Amengual and Watson [2007] study the consistency
properties of an estimator proposed in Stock and Watson [2005], which consists in projecting
the data onto lagged values of principal components estimates of the static factors, and then
applying the estimator proposed by BN to the residuals. Also the estimator by Bai and Ng
[2007] builds on their criterion for the number of static factors, the main intuition being that
the dynamic factors should explain the same percentage of variance as the r selected static
factors. Breitung and Kretschmer [2005] apply canonical correlation analysis to the estimated
static factors in order to tell which are the dynamic factors and which are just their lags. Fi-
nally, Hallin and Liska [2007] develop an information criterion based on the eigenvalues of the
spectral density matrix of the observations. Indeed, the estimation of the Generalized Dynamic
Factor Model by Forni et al. [2000] is carried out by means of dynamic principal components,
and their number is equal to the number of diverging dynamic eigenvalues as N goes to infinity.

The information criterion that we propose is a refinement of the criterion by BN, drawing on
the Hallin and Liska [2007] criterion for dynamic factors. The idea is fairly simple: we multiply
the penalty function times a constant which tunes the penalizing power of the function itself.
By evaluating the criterion for a whole range of values for this constant, we finally get an
estimation of the number of static factors which is empirically more robust than it would
be the constant being fixed. On the other hand, the consistency properties of our estimator
are exactly the same of the original BN estimator, the only difference being a multiplicative
constant.

The motivation for our work is provided by the fact that there are cases in which the original
criterion, in its three PC and three IC specifications by BN, cannot give a precise answer.
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For instance, Forni et al. [2007| implement the six BN specifications on an 89 series sample
including macroeconomic and financial variables: if the maximum number of factors is set to
30, two IC specifications out of three do not converge; the PC specifications do not work
either in this case, and give three different estimates in the cases in which they converge. As a
second example, in Alessi et al. [2006] we apply the BN criterion on a panel of 89 stock return
series and find that when the maximum number of factors is high, that same value is returned
as an estimate; when it is low, the IC' criteria indicate the existence of two static factors while
the PC' criteria point to numbers between seven and fourteen.

The paper is structured as follows. In the next section we outline the factor model and briefly
recall the assumptions for consistency of the estimator. In section 3 we present our criterion
and a practical guide to the algorithm. In section 4 we validate our method and compare it to
the original criterion on the basis of a Monte Carlo study on seven data generating processes,
including heteroskedastic processes. In section 5 we present two empirical applications of the
criterion and in section 6 we conclude.

2 The factor model

A general approximate dynamic factor model in its static representation can be written as
x; = AF; + &, (1)

where x; is a large panel composed of N time series, A is the N X r matrix of factor loadings,
r being the number of static factors, and F; is the r x 1 vector of static factors. x; is thus
represented as the sum of two mutually orthogonal components, i.e. AF; which is called the
common component, and &; which is the idiosyncratic component. For the formal statement
of the assumptions of the model we refer to BN and limit ourselves to a brief overview of the
main points.

1. Each factor is assumed to have an impact on each of the variables of the panel. Assuming
that A’A/N converges to a positive definite limiting matrix rules out the possibility that
some factors are loaded with zero coefficient by some of the variables in the panel.

2. The model is approximate since it allows for a small amount of cross-sectional correla-
tion across the idiosyncratic terms. To formally state this assumption, let us denote by
A¢ the largest eigenvalue of the contemporaneous covariance matrix of the idiosyncratic
component, I'e. While an exact dynamic factor model requires I'c to be diagonal, an ap-
proximate factor model only requires non-pervasiveness of the idiosyncratic component,
i.e. that all eigenvalues of I's are bounded for N going to infinity. This is the same as
to assume that there exist a real M such that A¢ < M for any n € N.

3. We say that the common component of x; has reduced static rank r: this means that
A’A/N has full rank r.!

4. The r static factors F; are identified up to a rotation, or in other words, the finite dimen-
sional vector space spanned by the static factors is identified. The common component
AF,; belongs to this space.

In the dynamic specification of the factor model, the r static factors are actually just ¢ < 7 dynamic
factors together with their lags. In this case we say that the common component of x; has reduced dynamic
rank q.
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5. The idiosyncratic parts are allowed to be autocorrelated.
6. Heteroskedasticity is allowed in both the time and the cross-section dimension.

7. Stationarity is not required.

In large cross-sections, the r static factors can be consistently estimated by means of principal
components, the cross-sectional correlation across the idiosyncratic components being not
enough to survive aggregation. The principal component estimation of the factors is be static,
fully carried out in the time domain, as in Stock and Watson [1998]. The principal component
estimator of the loading matrix A is the matrix A which minimizes the residual sum of squares:

T
S (xi— Af)(x — Af) st AA=I, (2)
t=1

The columns of A turn out to be the r largest eigenvectors of the sample covariance matrix

T, =TS (x — %) (x, — %).2 However, BN show that their criterion works for a more

general class of estimators, and our criterion inherits this property. We refer to their paper

for the discussion of this latter result, as well as for the proof of the theorem establishing the
asymptotic properties of the estimated factors.

3 Determining the number of factors

BN propose an information criterion to determine the number of static factors. They assume
the static factor model (1) with r factors for an N-dimensional vector process of finite time
length T'. Common factors ng) and their loadings A*) are estimated using static principal
components . We use the superscript k£ when we choose k static factors. The information
criterion is aimed at minimizing the residual variance of the idiosyncratic components which
is computed as a function of k. Namely the static factors and their loadings must minimize

L v (R ()2

Vi) = 57 203 e~ AR 3)
computed for all the possible numbers of static factors k € [0, 7pax] Up t0 rmax = min{ N, T'}.
The minimization is subject to the normalization A®'A® /N = T, or FO'F® /T = T,.
Actually it is enough to minimize (3) only for A®), given a previous estimate of the static
factors ]?‘Ek) What we get is a function V' (k, ]?‘Ek)) that does not depend on the estimator used
for the factors as long as it satisfies Theorem 1 in BN. Indeed all estimators satisfying such
theorem span the same space V' (k, ]?‘ftk)) is a quantity that cannot increase as k approaches 7.x.
Overparametrizing is avoided by introducing a penalty function p(N,T') which counterbalances
the fit improvement due to the inclusion of additional common factors. BN propose two classes
of criteria

PCL(k) = V(k,FM)+ko’p(N,T),

ICK(K) = log [V(k, B{)] + kp(N,T) |

2 Alternatively, the static factors can be estimated via a two-step estimator which first exploits dynamic
principal components for the estimation of the covariance matrix of the common component in the frequency
domain and then turns to the static representation, as in Forni et al. [2005]. In this case stationarity of x; is
required.
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According to Theorem 2 in BN, the number of static factors is consistently estimated if the
penalty function satisfies the two conditions

A}im p(N,T) =0 and A}im p(N, T)[min(VN,VT)]* = o .
T—»gg T:gg

Depending on the chosen criterion, the estimated number of factors is

AT . T

T = argmin PCy(k

N O%kgrmax N( )
or

AT . T

T = argmin 1Cy(k).

N 0tV (k)

Notice that in the PC criteria BN introduce a scaling factor o2, which is the variance of the
residuals associated with principal component estimates. As an estimate of o2, they suggest
V (Tmaxs ]?‘Er“‘a")). This introduces a direct dependence of the PC' criteria on the maximum
number of static factors. Moreover, in all empirical applications both the PC and IC criteria
proposed by BN turn out to heavily depend on the choice of . (e.g. see Forni et al. [2007]).
The PC specifications depend explicitly on it while the IC' specifications depend on it only

when implementing them in practice.

By analogy with the criterion by Hallin and Liska [2007] for dynamic factors, we propose
to multiply the penalty function by a positive constant c. Indeed if p(/N,T’) is an appropriate
penalty function, then ep(N,T') is appropriate as well for any positive constant ¢. We consider
six different criteria analogous to those studied by BN:

. N+T NT
PCy(k) = V(k:,FEk))—&—ck:( NT )log(N+T);

PC; (k) _»L%hﬁﬁh+ck(A;;T)mgmmqvﬁi¢fh%

log(min{ VN, VT})?
min{Vv'N,VT})?

Toop (NATY, NT \
J TN\ TN )\ N T )

V(k, ng)) +ck (NN+TT> log(min{V'N,VT})?;

PCi(k) = V(k,FD)+ck

1CHk) = log |V (k,F®

~—

IC3 (k) = log

. log(min{V'N, vT})’
(win (VN VT2

As before, depending on the chosen criterion, the estimated number of factors is

1C:(k) = log [V(k, F®)] +

~T : T*
T = argmin PC %(k
C7N Oékgrmax a7N( )
or
v in ICT%(k) with a=1,2,3
T,y = argmin W N wi a=1,2,3.
’ 0<k<rmax ’

The degree of freedom represented by ¢ can be exploited when implementing the criterion in
practice. The only information we have about the asymptotic behavior of TA’Z,N comes from
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considering subsamples of sizes n; < N and T; < T with 7 =0,...,J. For each value of ¢ we
compute the number of factors Tz:”ﬁj for all possible subsamples. This number has a variability

ch ; _ — TC,J ; .

j=1

1
J 4

J

Se =

J
=1

The procedure for selecting the number of static factors basically explores the behavior of
the variance S, of the estimated number of factors for N and 7" going to infinity, for a whole
interval of values for the constant c. We refer to the paper by Hallin and Liska [2007] for an
extensive explanation of the role of the constant ¢ and the other parameters used, and we just
outline here the necessary steps for implementing the algorithm.

1. Set the maximum number of static common factors ry.x. We will show in the next
section that our criterion does not heavily depend on this choice. Thus, in practice, to
be sure to find the right number of static factors, we can choose a very high value for
Tmax (I principle also r.x approaching N is a feasible choice).

2. Set an upper bound for the constant ¢, i.e. ¢ € [0, Cpax]-
3. For each considered value of ¢, perform the following:

(a) choose randomly different subsamples of increasing dimension n; = N — j, where
j=0,...,J, with j integer such that N — j is not too small (subsamples of different
increasing time dimension ¢; could also be considered);

(b) minimize the PC*s or IC*s with respect to the number of static factors k;

¢) compute the variance S, of the estimated number of factors as n;, — N and in case
J
alsoas t; — T.

When ¢ = 0 we always get ch,N = rmax and S, = 0; when ¢ increases we find stability intervals,
but also values of ¢ with high variability. As ¢ increases we increase the penalization. In order
to tune the penalty function, we look for intervals of ¢ for which no dependence on the sample
size is present, i.e. S, = 0. Moreover, we ask for a constant number of factors for n; = N and
t; = T for all values of ¢ in the considered intervals. This number is the estimated number
of static factors ff;’:N. The value rpax is never considered as it is a boundary solution and we
want to avoid the case in which ¢ does not penalize at all the criterion, thus giving as result
the maximum possible number of factors. Figure 1 shows how the ICj criterion works. As
the constant ¢ increases, the solid line provides the suggested number of factors. A plateau
of the solid line means a region where the suggested number of factors ngN is stable across
different values of ¢. On the other side, the dashed line provides a measure of the instability
of rZN when different subsamples of the dataset are considered. When the dashed line goes
to zero, the value provided by the solid line is stable across different subsamples, i.e. is not
biased by the whole sample size. Therefore, we have to choose the smallest value of ¢ for
which both a plateau of the solid line (not including the extreme left one) and a zero of the
dashed line occur. The traditional IC' criteria by BN implicitly consider only the case ¢ = 1.
The example of figure 1 when ¢ = 1 suggests a number of factors 7{ y = 4 which is smaller
than the true one r = 5, moreover when ¢ = 1 we have S. # 0. Our refinement of the IC
criterion considers also different values of ¢, thus finding a value ¢ = 0.6 for which the number
of factors suggested by the solid line is the correct one (r/y = 5). The estimated number in
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this case seems to be stable across adjacent values of ¢ (plateau of the solid line) and across
different subsample sizes (zero of the dashed line). This way, we avoid an overpenalization of
the number of factors and success in finding the true number of static factors.

4 Monte Carlo study

In this section we conduct a set of simulation experiments to evaluate in finite samples the
performance of our refined criterion, relative to that of the original BN criterion. The ex-
perimental design is the same as in BN where seven data-generating processes (DGPs) are
considered.

The baseline model is:

v =Y NgFy+Vley i=1,... N t=1..T,
j=1

with factors and factor loadings normally distributed with zero mean and unit variance. We
summarize the different specifications.

DGP1) Homoskedastic idiosyncratic component, with the same variance for the common com-
ponent and the idiosyncratic component:

e~ N(0,1) and r=24.

DGP2) Heteroskedastic idiosyncratic component, with the same variance for the common
component and the idiosyncratic component:

1 .
) G if t odd L B
o { e, +ei ifteven ’ €€y ~ N(0,1) and r=49.

DGP3) Homoskedastic idiosyncratic component, with the variance of the common component
larger than the variance of the idiosyncratic component:

e ~ N(0,1) and r=20.

DGP4) Homoskedastic idiosyncratic component, with the variance of the common component
smaller than the variance of the idiosyncratic component:

6
eir ~ N(0,1) and r=g-

DGP5) Allow for small cross-section correlation across idiosyncratic parts, with the same
variance for the common component and the idiosyncratic component:

J
€it = Vit + Z Bui_jr, vi~N(0,1) and r=20.
J#0 j=—J

DGP6) Allow for serial correlation across idiosyncratic parts, with the variance of the common
component smaller than the variance of the idiosyncratic component:

eit = peit—1 +vir, ez~ N(0,1), vy ~N(0,1), r=60 and r<

1—p2°
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DGP7) Allow for serial and small cross-section correlation across idiosyncratic parts, the
variance of the common component is larger than the variance of the idiosyncratic component:

H
€it = Pei—1+Uu+ Z Bui—pe, e~ N(0,1), vy~ N(0,1), r=6 and r<
h#0 h=—H

1—p2

For each model we set r =1, 3, 5, 8, 10, 15 (compatibly with » < min{N,T}). The values of
the parameters are chosen as in BN: p = 0.5, # = 0.2, and H = max{N/20,10}. We generate
samples with N, T" = 40, 50, 60, 100, 200, 500. For each model and each (standardized) sample
we implement the six criteria considered by BN and our six criteria when setting 7., =
8, 15,20, ny = %N and cpax = 13 with step size of 0.01. For each of the 12 criteria, we
compute the average number of factors returned as a result over 500 Monte Carlo replications
together with its standard deviation.

Table 1 shows the average result over the three PC' criteria and the average result over the
three PC* criteria, as well as the average result over the three IC' criteria and the average
result over the three IC* criteria, over the 86 generated samples. The same information is
summarized in figure 2, where the simulated samples on the horizontal axis are ordered by
increasing r.

The plots show that both the original and the modified criteria become in general less and
less reliable once the true number of static factors exceeds 5. However, when the true number
of factors is small, in five DGPs out of seven the PC* criteria perform on average better
than the PC' criteria. Indeed, for a given r, the latter ones always give a very variable result
which depend on the size of the sample, while this problem affects PC* criteria only when
small cross-section correlation across idiosyncratic parts is allowed for (DGP 5 and DGP 7).
Another possible explanation for the lack of robustness of the PC' criteria is the following:
although both PC and IC criteria need a maximum number of factors r,., as an input, only
PC criteria explicitly take into account its resulting minimum squared distance. This makes
the PC criteria less robust to the choice of the ry... In order to investigate whether PC*
criteria are also heavily influenced by the choice of the ry.x, in figure 3 we break down simula-
tion results on the basis of the ry,,., taking DGP 1 as an example. An important depencence
of the PC* criteria on the ry.. seems not to be the case, at least when the true number of
static factors is not large.

Gains over the IC criteria are not as striking as in the PC case. However, there is at least
one case, DGP 6, in which the IC* criteria on average dominate the IC criteria when the true
number of static factors is up to 5. Moreover, as shown in table 2, for five DGPs the average
RMSE difference between the IC and the IC* criteria is positve, i.e. the IC RMSE is on
average higher than the /C* RMSE. These are precisely the more realistic DGPs, where either
the variance of the common component is not larger than the variance of the idiosyncratic
component or small cross-section correlation and /or serial correlation across idiosyncratic parts
are allowed for.® Finally, since in principle the maximum number of static factors rpay is
equal to the smaller between N and T, we also run a set of simulations in order to check
the robustness of the original and the modified criteria when this parameter is large. We
have already shown by means of the first set of simulations that the original PC criteria are
not robust in this sense, even when 7, is relatively small (up to 15). In this second set of
simulations, we generate the same samples with the same DGPs and parameters as above, but

3 Matlab codes and disaggregated results are available at http://www.barigozzi.ew/ABC_crit.zip and
http://www.barigozzi.eu/Tables Refined BaiNg r5.pdf, respectively.
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let rpax vary according to the number of series in the panel. In particular, we set again the
size of the smallest random subsample at n; = %N and set Iy = min{%N , T —1}. Thus,
for example, for samples of size N = 500 and T = 100, rpn.c = 99, while for samples of size
N =T = 200, ryax = 112. Figure 4 reads in the same way as figure 2 and summarizes the
results over 70 samples. It shows that when ry,, is allowed to take legitimately large values,
also the original IC' criteria show a serious dependence on this parameter, which is not the
case for IC* criteria. Basically, when ry,, is large, the fZN estimated by the IC' criteria is
equal to ryay, i.e. the IC criteria do not penalize at all the inclusion of additional factors. This
happens when the number of series in the panel is very large (N = 200, 500) or when the cross
section dimension is not large enough with respect to the time dimension (N = 100,7 = 40).
In these problematic samples, the IC* are not able to deliver a consistent estimate either, sice
they often return fg:N = 1. In general, however, when 7., takes large values the IC* criteria
seem to be more accurate if the true number of factors r is low.

5 Empirical applications

We test the performance of our criterion by means of two empirical applications on macroe-
conomic and financial datasets. In the first case we take a dataset which has been studied
by Stock and Watson [2005] and used in many applications of factor models, including Hallin
and Liska [2007]. This dataset (downloadable at http://www.princeton.edu/ mwatson)
comprises 132 series of macroeconomic indicators of the US economy from January 1960 to
December 2003 for a total of 528 time observations. In a second exercise we consider 89 daily
asset returns from the London Stock Exchange, from 15¢ October 2001 to 315¢ July 2003 for a
total of 456 time observations.

In table 3 we report results obtained for the macroeconomic application when using the
PC and IC criteria by BN and when using the modified criteria PC* and IC* for ry., =
10, 20, 30, 40, 50, 60, 100. As expected the PC' criteria are not reliable while the IC's and our
criteria are more robust with respect to rpn... Indeed, our six criteria indicate the presence of
6 static factors in 40 out of 42 cases, while in two cases they point to 5 factors. As for the
original criteria, only IC and ICy are able to provide a robust result, i.e. 7 factors. However,
for rpax = 100 the IC' criteria lose their power and yield the maximum possible number of
factors, while our criteria are still robust suggesting always 6 factors. In figure 5(a) we show
the result for the ICY criterion and ry,. = 30.

In table 4 we report the results for the financial dataset, with . up to 80. Our six criteria
indicate the presence of 6 factors in all 42 cases but 6, where they point to smaller numbers.
Also in this application the PC' criteria are dependent on 7., while the IC's always indicate 2
factors. However this result could underestimate the true number of factors, as shown in figure
5(b). This plot refers to the IC criterion with ry., = 30: it is clear that the original IC
criterion is identifying the largest plateau, while our criterion finds another smaller plateau
corresponding to 6 factors and ¢ = 0.28. Note that in a dynamic specification of the factor
model we would expect the r static factors to explain the same amount of variance of the ¢
static factors. Indeed, in Alessi et al. [2006] on this same financial dataset we apply the crite-
rion by Hallin and Liska [2007] for determining ¢ and find that between 5 and 6 static factors
have to be included in order to explain the same percentage of variance that is explained by
the two selected dynamic factors.
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6 Conclusions

This paper proposes an information criterion for the determination of the number of static
factors in approximate factor models. It refines the Bai and Ng [2002] (BN) criterion, which is
one of the most popular criteria available for addressing this issue. The appeal of our criterion
stands in the fact that it builds on a well known criterion, the theoretical properties of which
have been proved, and inherits them all. In addition, our criterion improves the finite sample
performance of the original criterion, being capable of giving an answer even when the BN
criterion does not converge and yielding generally more robust results. Indeed, both criteria
in their six formulations have been compared on the basis of a large number of simulations,
whose results are encouraging.

The major gains from using the criteria we propose versus the criteria by BN concern samples
driven by a relatively small number of static factors (less than 5), which is also the case in
which the BN criteria performance is better if compared to their performance on samples
driven by a large number of factors. In the case of PC criteria, the accuracy improvement
is striking in five models out of seven, while in the case of IC criteria the advantages from
our proposed criteria are more modest. However, with a second set of simulations, we show
that when the maximum number of factors allowed in the estimation becomes very - but still
legitimately - large, also the original IC' criteria lose robustness, while the modified IC criteria
we propose still perform quite well if the true number of factors is low. Finally, we carry out
two empirical applications on macroeconomic and financial data comparing the results of the
original and our refined criteria.

The potential applications of our criteria go beyond the estimation of the number of static
factors. Indeed, in principle those estimators for the number of dynamic factors which imple-
ment the BN criterion for the number of static factors would work as well with the criterion
we propose. For example, Amengual and Watson [2007] show that the criterion by BN is still
consistent when applied to variables measured with error, provided that the (estimation) error
is sufficiently small. Straightforwardly, this result holds for our criterion too.
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AVERAGE PC AVERAGE PC* AVERAGE IC AVERAGE IC*
Trmaz 8 15 20 8 15 20 8 15 20 8 15 20

r DGP 1
1 1.41 3.58 6.59 | 1.04 1.04 1.04 1.00 1.00 1.00 | 1.00 1.00 1.00
3 3.20 4.77 7.29 | 3.03 3.03 3.03 || 3.00 3.00 3.00 | 3.01 3.00 3.00
5 5.06 6.21 8.35 | 5.02 5.02 5.02 || 4.96 4.96 4.96 | 5.01 5.00 4.99
8 7.63 865 10.28 | 5.21 5.23 5.23 || 7.10 7.10 7.10 | 3.43 3.42 3.42
10 NA 10.23 11.72 | NA 9.08 9.07 NA 7.62 7.62 | NA 853 8.44
15 NA 1254 14.47 | NA 584 5.85 NA  7.67 773 | NA 450 4.52
r DGP 2
1 1.77  4.12 7.10 | 1.34 1.35 1.34 1.28 1.28 1.28 | 1.27 1.27 1.27
3 3.67 5.49 8.10 | 3.45 3.46 3.46 || 3.39 3.39 3.39 | 3.41 341 3.40
5 5.50 7.06 9.37 | 5.10 5.11 5.11 || 4.90 4.90 4.90 | 4.75 4.73  4.67
8 6.88 892 10.91 | 4.79 5.27 5.28 || 5.38 5.46 5.47 | 3.13 3.78 3.69
10 NA 930 11.47 | NA 7.1 7.57 NA  4.60 4.63 | NA 6.58 6.56
15 NA 995 1291 | NA 3.52 3.50 NA 3.92 4.03 | NA 224 219
r DGP 3
1 1.69 4.55 8.11 | 1.04 1.04 1.04 1.05 1.10 1.27 | 1.01 1.00 1.00
3 3.36 5.44 8.32 | 3.03 3.03 3.03 || 3.04 3.05 3.05 | 3.02 3.02 3.01
5 515  6.57 8.97 | 5.02 5.02 5.02 || 5.03 5.03 5.03 | 5.04 5.03 5.02
8 7.98 881 10.60 | 5.33 5.38 538 || 7.97 7.99 8.00 | 246 2.59  2.56
10 NA 1049 11.93 | NA 9.80 9.80 NA 9.85 9.87 | NA 9.73 9.61
15 NA 1454 1553 | NA 7.39 7.43 NA 1326 1349 | NA 525 5.28
r DGP 4
1 1.27  3.06 5.73 | 1.05 1.05 1.04 || 1.00 1.00 1.00 | 1.00 1.00 1.00
3 3.12  4.46 6.75 | 3.04 3.03 3.03 || 295 2.95 2.95 | 3.00 3.00 2.99
5 4.85 6.04 8.01 | 498 498 4.97 | 4.13 4.13 4.13 | 4.87 4.82 4.74
8 589 805 10.02 | 4.63 4.66 4.69 | 3.76 3.77 3.77 | 3.26 3.22 3.21
10 NA 854 1093 | NA 7.13 7.16 NA  3.00 3.00 | NA 6.23 6.06
15 NA 859 1131 | NA 3.46 3.40 NA 274 2.74 | NA 239 2.33
T DGP 5
1 7.55 12.34 15.76 | 5.64 8.61 9.03 || 7.42 10.45 11.43 | 4.40 8.99 9.90
3 7.93 1298 16.45 | 556 9.75 10.75 || 7.91 11.84 13.18 | 3.40 9.71 11.87
5 8.00 13.59 17.22 | 4.91 10.37 12.22 || 8.00 12.94 14.79 | 1.76 8.31 12.98
8 8.00 14.54 18.20 | 4.51 7.88 9.35 7.98 14.16 16.54 | 1.80 5.12 8.51
10 NA 1483 1873 | NA 6.29 8.40 NA 14.15 16.93 | NA 3.01 7.01
15 NA 14.76 19.57 | NA  6.37 6.58 NA 12,57 16.06 | NA 3.20 3.40
r DGP 6
1 3.40 791 12.01 | 1.58 1.63 1.65 1.85 2.54 3.20 | 1.08 1.09 1.09
3 4.48 857 1235 | 3.38 3.44 3.45 || 3.67 437 496 | 3.09 3.09 3.08
5 573 9.34 12.90 | 5.17 5.27 5.27 || 5.33 6.12 6.77 | 4.88 4.89 4.85
8 7.46 10.65 13.92 | 490 5.23 5.22 || 6.47 7.46 8.18 | 296 3.11 3.08
10 NA 1149 1464 | NA 754 7.58 NA 7.26 8.03 | NA 597 5.90
15 NA 1256 16.04 | NA 4.30 4.31 NA  6.27 7.02 | NA 203 2.06
r DGP 7
1 771 13.39 17.54 | 5.80 8.52 8.82 || 7.54 11.29 12.86 | 4.58 8.57 9.32
3 7.97 13775 17.97 | 5,54 9.67 10.49 || 7.94 12.40 14.46 | 3.12 9.03 10.95
5 8.00 14.13 1838 | 4.93 9.81 11.69 | 800 13.34 1585 | 1.96 7.46 11.71
8 8.00 14.72 1890 | 4.81 7.36 8.07 || 7.98 14.32 17.28 | 2.33 4.38 6.25
10 NA 1486 19.19 | NA 6.51 7.32 NA 1421 1749 | NA 350 5.55
15 NA 14.79 19.67 | NA 6.95 7.06 NA 13.03 16.70 | NA 440 4.51

Table 1: Average estimated number of factors for PC' and PC* criteria and for IC' and IC*

criteria.
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DGP || RMSE | RMSE | RMSE || RMSE | RMSE | RMSE || Average RMSE | Average RMSE

PCy PCy PCs 14 1C, 1C5 for PC for IC

1 -0.34 0.00 1.86 -0.86 -0.66 -0.67 0.27 -0.67

2 -0.10 0.24 2.04 -0.35 0.13 0.09 0.43 0.09

3 -0.23 0.48 2.76 -1.34 -1.85 -1.81 0.80 -1.85

4 -0.08 -0.09 1.24 0.21 0.77 0.71 0.09 0.75

5 0.53 1.43 4.58 -0.01 0.08 1.73 2.01 0.29

6 0.58 2.00 5.11 -0.02 0.52 1.39 2.23 0.56

7 0.63 2.15 5.93 0.17 0.94 3.01 2.78 1.09

Table 2: RMSE differences for the number of static factors, computed as the value by BN
minus the value obtained with our refined criterion.

[ twax | PCi PC; | PC; PC; | PCz PCj [ IC; IC; | IC, IC; |ICs ICj |

10 9 6 8 6 10 6 7 6 7 6 10 6
20 16 6 15 6 20 6 7 6 7 6 20 6
30 25 6 23 6 30 6 7 6 7 6 30 6
40 34 ) 33 6 40 6 7 5 7 6 40 6
50 48 6 47 6 50 6 7 6 7 6 50 6
60 60 6 59 6 60 6 7 6 7 6 60 6
100 100 6 100 6 100 6 100 6 100 6 100 6

Table 3: Estimated number of factors for the macroeconomic application.

[ twax | PCi PCj [ PC; PC; | PCz PCji [ IC; IC; |IC; IC; | ICs ICj |

10 2 4 2 3 2 6 2 4 2 3 2 6
20 2 6 2 6 4 6 2 6 2 6 2 6
30 7 6 6 6 11 6 2 6 2 6 2 6
40 19 6 16 6 24 6 2 6 2 6 2 6
50 35 4 33 6 42 6 2 4 2 6 2 6
60 56 6 53 6 60 6 2 6 2 6 2 6
80 80 6 80 6 80 6 2 6 2 6 2 6

Table 4: Estimated number of factors for the financial application.
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Figure 1: An example of the application of IC5 criterion (true number of factors: r = 5).
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(a) DGP1 PC criteria

(b) DGP1 PC* criteria

Figure 3: Average estimated number of factors. Horizontal axis: 86 generated samples ordered

by increasing r. Solid line: r, dashed line: 7{y when rm. = 8, dotted line: 77y when

Tmax = 15, dashed-dotted line: 7!y when 7y = 20.
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