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Abstract
With the aim of constructing predictive distributions for daily returns, we introduce a 
new Markov normal mixture model in which the components are themselves normal 
mixtures. We derive the restrictions on the autocovariances and linear representation 
of integer powers of the time series in terms of the number of components in the 
mixture and the roots of the Markov process. We use the model prior predictive 
distribution to study its implications for some interesting functions of returns. We 
apply the model to construct predictive distributions of daily S&P500 returns, dollar-
pound returns, and one- and ten-year bonds.  We compare the performance of the 
model with ARCH and stochastic volatility models using predictive likelihoods. The 
model's performance is about the same as its competitors for the bond returns, better 
than its competitors for the S&P 500 returns, and much better for the dollar-pound 
returns. Validation exercises identify some potential improvements.  

Keywords: Asset returns, Bayesian, forecasting, MCMC, mixture models 
JEL classification: C53, G12, C11, C14
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Non technical summary 
    Conditional distributions of future asset returns are extremely important in financial 
markets, especially for pricing derivatives and for assessing value at risk or providing 
other risk measures. The most popular approaches to model conditional distributions 
of financial returns (GARCH and Stochastic Volatility) rely on tightly parameterized 
models.
Data on asset returns are plentiful and of good quality, and for this reason there is no 
compelling reason to stick to tightly parameterised models. Alternative models, by 
imposing weak restrictions on asset returns dynamics, might deliver more satisfactory 
results. This is what we find in this article.  
Our paper focuses on the important characteristics of the asset return data studied 
here, including those that are the most challenging for the econometrician. In 
particular we focus on the necessity to model low serial correlation in the levels and 
the relevance of asymmetric features. To this end we extend the Markov normal 
mixture model to consider the case when the components mixed are non-Gaussian and 
are themselves mixtures of normal distributions: this is the hierarchical Markov 
normal mixture (HMNM) model which we propose in this paper. Our model is 
parametric and places restrictions on the time series moments which we are able to 
describe analytically. 
Using applied examples on actual financial data (foreign exchange, bond and stock 
returns), the paper also emphasizes how simulation-based Bayesian inference can be 
efficiently used to construct conditional distributions of future asset returns using the 
HMNM model. In particular, we show how the properties of the model can be 
analyzed using prior predictive distributions, applied to our asset return data, before 
engaging into the burdensome task of actually performing formal Bayesian inference.  
We also provide an evaluation of our HMNM model under three different viewpoints. 

1) We compared our model with its main competitors (ARCH and Stochastic 
Volatility) using predictive likelihood ratios; we found out that for the bond 
data our model is on the same level as its competitors. For the stock returns 
and foreign exchange returns data sets, our model is respectively superior and 
overwhelmingly superior to the alternative models.  

2) We examined the properties of the model generated conditional distributions. 
If the model is well specified, the cumulative density functions (CDFs) of 
these distributions, evaluated at realized returns, should be uniformly 
distributed and those for one-day horizons should be independent. The 
uniform distribution turns out to be an accurate description for one-day 
horizons, but deteriorates as the horizon lengthens. The one-day CDFs are 
positively  autocorrelated.  

3)  We examined whether the model’s posterior predictive distributions of the 
most important characteristics of asset returns are compatible with those 
observed in the data (posterior predictive distribution). For most 
characteristics, asset return series and time periods the answer is consistent 
with the observed characteristics. However, for the S&P 500 returns our 
model predicts much less serial correlation and smaller leverage effects than 
those observed, and it cannot account for the long-memory characteristics in 
the early 1970s. 

    Finally, we focus on periods of greatest volatility in the asset return series 
examined, showing how conditional distributions react to strong movements in 
returns, and studying how they readjust as the volatility returns to more usual values.  
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Table 5: Prior predictive c.d.f. at observed values, HMNM model, m1=m2=4
Absolute return short-run dynamics Absolute return long-run dynamics jy1j
(1) (2) (3) (4) (5) (6) (7) (8)b�1 jy1j b�9 jy1j var(y10)

var(y1)
Leverage GPH bd P200

i=1 jb�ij P100
i=1jb�ijP200
i=1jb�ij

P200
i=1 b�iP200
i=1jb�ij

S&P 500 returns
71-75 0.821 0.910 0.954 0.169 0.987 0.975 0.592 0.048*
76-80 0.635 0.789 0.929 0.355 0.951 0.791 0.662 0.902
81-85 0.398 0.678 0.853 0.668 0.781 0.777 0.787 0.881
86-90 0.851 0.820 0.233 0.023 0.704 0.758 0.878 0.863
91-95 0.427 0.634 0.214 0.107 0.884 0.754 0.632 0.905
96-00 0.667 0.702 0.080 0.025 0.816 0.766 0.684 0.896
01-05 0.785 0.894 0.215 0.032 0.833 0.969 0.714 0.048*
Dollar-pound returns
72-76 0.908 0.725 0.926 0.967 0.727 0.771 0.736 0.817
77-81 0.844 0.871 0.688 0.922 0.879 0.936 0.872 0.957
82-86 0.688 0.733 0.880 0.587 0.922 0.878 0.814 0.924
87-91 0.645 0.688 0.818 0.934 0.612 0.607 0.582 0.360
92-96 0.825 0.875 0.892 0.945 0.769 0.948 0.681 0.048*
One-year bonds
90-94 0.663 0.363 0.963 0.042 0.539 0.340 0.362 0.645
95-99 0.636 0.552 0.694 0.895 0.668 0.653 0.650 0.707
00-04 0.661 0.835 0.554 0.652 0.557 0.826 0.683 0.920
Ten-year bonds
90-94 0.360 0.582 0.187 0.232 0.809 0.642 0.527 0.603
95-99 0.326 0.485 0.399 0.129 0.693 0.426 0.211 0.599
00-04 0.348 0.750 0.554 0.099 0.695 0.669 0.600 0.757
�Observed value is at the mass point 1.0, with indicated probability.

Table 6: Total execution time per iteration and allocation by parameter group
T = 1250 1250 5000 5000

m1 = m2 = 4 6 4 6
Total time (secs.) 3:05� 10�3 6:68� 10�3 12:0� 10�3 26:6� 10�3

s1 60.5% 53.6% 65.1% 60.5%
s2 7.6% 4.0% 7.8% 3.8%

h;h;H 0.9% 0.9% 0.8% 0.4%
P 7.7% 8.1% 4.4% 3.8%
R 1.9% 1.1% 0.9% 0.6%

�, �,  21.3% 32.4% 21.1% 31.0%
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Table 7: Distribution of RNE over 7,323 posterior distributions
Quantile

Model 0.10 0.50 0.90
m1 = m2 = 2 .172 .450 .859
m1 = m2 = 3 .118 .328 .632
m1 = m2 = 4 .126 .314 .606
m1 = m2 = 5 .133 .333 .626

Table 8: Log predictive likelihoods
S&P 500 Dollar-pound One-year bonds Ten-year bonds

(1) (2) (3) (4) (5) (6) (7) (8)
Rolling Building Rolling Building Rolling Building Rolling Building

Gaussian i.i.d. -10570.8 -10477.0 -5370.4 -5570.8 5799.7 5868.8 -2891.2 -2872.8
GARCH -9574.4 -9523.0 -5097.7 -5133.8 6032.4 6054.5 -2789.2 -2780.2
EGARCH -9549.4 -9476.9 -5046.1 -5061.9 6025.1 6056.1 -2801.0 -2796.6
t-GARCH -9317.5 -9327.3 -4576.7 -4675.3 6314.3 6319.0 -2721.3 -2716.8
Stochastic vol. -9462.2 -9382.8 -4650.3 -4965.9 6256.3 6283.4 -2749.3 -2770.9
HMNM , serial correlation
m1 = m2 = 3 -9335.5 -9185.9 -4379.4 -4246.5 6315.8 6305.2 -2734.3 -2721.9
m1 = m2 = 4 -9323.7 -9113.1 -4330.0 -4256.5 6322.2 6317.6 -2733.5 -2722.8
m1 = m2 = 5 -9332.8 -9094.3 -4298.9 -4043.5 6323.9 6320.4 -2736.2 -2725.0
m1 = m2 = 6 -9346.4 -9123.56 -4323.4 -4043.2 6322.3 6320.6 -2738.9 -2725.6
HMNM , no serial correlation
m1 = m2 = 3 -9335.4 -9295.3 -4361.4 -4288.5 6318.0 6319.0 -2731.8 -2722.2
m1 = m2 = 4 -9327.4 -9229.8 -4287.7 -4164.6 6319.4 6324.9 -2732.4 -2722.8
m1 = m2 = 5 -9334.4 -9241.7 -4273.8 -4059.3 6319.5 6325.2 -2733.5 -2722.5
m1 = m2 = 6 -9352.2 -9237.8 -4282.0 -4027.2 6317.9 6325.5 -2739.0 �2725.6
MNM , serial correlation
m1 = m2 = 3 -9398.50 -9482.8 -4692.4 -4793.7 6249.0 6250.5 -2752.5 -2743.2
m1 = m2 = 4 -9372.57 -9429.1 -4614.3 -4696.8 6284.6 6290.2 -2748.9 -2732.0
m1 = m2 = 5 -9369.52 -9363.0 -4517.4 -4419.8 6291.0 6301.2 -2747.6 -2725.7
m1 = m2 = 6 -9372.84 -9353.0 -4533.3 -4425.6 6298.8 6306.5 -2745.6 -2727.3
MNM , no serial correlation
m1 = m2 = 3 -9398.74 -9475.2 -4697.9 -4788.8 6254.5 6270.3 -2752.1 -2746.6
m1 = m2 = 4 -9371.12 -9387.4 -4611.0 -4695.9 6295.3 6311.6 -2749.8 -2728.4
m1 = m2 = 5 -9365.27 -9351.9 -4518.6 -4416.6 6298.2 6317.5 -2747.8 -2726.9
m1 = m2 = 6 -9365.02 -9348.4 -4513.2 -4383.8 6301.3 6318.0 -2748.3 -2725.1
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Table 9: Some further comparisons with stochastic volatility models
Model Sample 6/25/80-9/20/02 1/2/80-12/13/99

Durham SV mixture All -7258.07 -6269.21
HMNM, m1 = m2 = 4 Rolling -7335.66 -6232.90
HMNM, m1 = m2 = 4 Building -7188.41 -6195.24
HMNM, m1 = m2 = 5 Rolling -7342.17 -6330.71
HMNM, m1 = m2 = 5 Building -7150.75 -6157.05

Table 10: Out of sample predictive calibration
Series S&P 500 Dollar - Pound
Model HMNM (m1 = m2 = 4) HMNM* (m1 = m2 = 5)
Samples Rolling Building Rolling Building
Returns 1-day 10-day 1-day 10-day 1-day 10-day 1-day 10-day

(1) (2) (3) (4) (5) (6) (7) (8)
Mean -0.0030 -0.1327 0.0126 0.0337 -0.0039 0.0028 -0.0121 -0.0231

Variance 0.9775 0.9650 1.0125 0.9754 1.0092 1.0864* 1.0667* 1.1919*
Skewness -0.0471 0.2159* 0.1620 0.2308* -0.0478 -0.2321* -0.2026 -0.2480*

Ex. Kurtosis -0.0752 -0.1631* -0.1364* -0.2262* 0.0254 0.0868 0.0216 0.1154*b�1 0.0642* 0.0523* 0.0630* 0.0581*
Decile 1 0.0994 0.0963 0.0987 0.0941 0.1006 0.1142 0.1102 0.1300
Decile 2 0.0995 0.0993 0.0918 0.0928 0.1030 0.0973 0.1057 0.1026
Decile 3 0.0987 0.0949 0.0903 0.0871 0.1044 0.0933 0.1068 0.0977
Decile 4 0.0978 0.0976 0.1051 0.0915 0.1006 0.0990 0.0984 0.0986
Decile 5 0.1017 0.1002 0.0974 0.0972 0.0930 0.1062 0.0836 0.0957
Decile 6 0.0998 0.1062 0.1040 0.1025 0.0924 0.0977 0.0837 0.0870
Decile 7 0.1036 0.1102 0.1099 0.1174 0.1031 0.0895 0.1028 0.0785
Decile 8 0.1006 0.1120 0.1025 0.1147 0.1017 0.0901 0.0997 0.0883
Decile 9 0.1017 0.0990 0.0976 0.1125 0.1015 0.0950 0.1053 0.0955
Decile 10 0.0971 0.0844 0.1027 0.0901 0.0997 0.1176 0.1039 0.1262

Decile range 0.0065 0.0276 0.0196 0.0303 0.0114 0.0275 0.0266 0.0515
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Table 11: Out of sample predictive calibration
Series One-year bonds Ten-year bonds
Model HMNM*(m1 = m2 = 5 ) HMNM(m1 = m2 = 3)
Samples Rolling Building Rolling Building
Returns 1-day 10-day 1-day 10-day 1-day 10-day 1-day 10-day

(1) (2) (3) (4) (5) (6) (7) (8)
Mean -0.0177 -0.0458 -0.0205 -0.0496 -0.0026 -0.0181 -0.0052 -0.0308

Variance -.9551 0.8581* 0.9554 0.7721* 0.9560 0.9139* -.9716 0.9199
Skewness 0.0218 0.0351 -0.0945 0.3657* 0.0087 -0.1294 -0.1850 -0.1831

Ex. Kurtosis 0.0159 0.0270 0.0245 0.1017 -0.0721 -0.2612* -0.0804 -0.2471*b�1 0.0395 0.0036 0.0498 0.0494
Decile 1 0.0904 0.0990 0.0956 0.0813 0.0958 0.1015 0.0987 0.1069
Decile 2 0.1095 0.1049 0.1075 0.1101 0.0958 0.1027 0.1035 0.0987
Decile 3 0.1081 0.0964 0.1067 0.0973 0.1067 0.0907 0.1032 0.0930
Decile 4 0.1024 0.0956 0.1089 0.1067 0.0970 0.0870 0.0956 0.0890
Decile 5 0.1004 0.1141 0.0987 0.1186 0.1015 0.0970 0.0976 0.0953
Decile 6 0.1001 0.1081 0.0953 0.1183 0.1055 0.1104 0.0973 0.1072
Decile 7 0.0990 0.1069 0.0936 0.1143 0.0927 0.1106 0.0933 0.1155
Decile 8 0.1018 0.1163 0.1013 0.1129 0.1112 0.1041 0.1061 0.1024
Decile 9 0.0950 0.0913 0.0961 0.0850 0.0998 0.1254 0.1069 0.1172
Decile 10 0.0933 0.0674 0.0964 0.0555 0.0939 0.0705 0.0978 0.0748

Decile range 0.0191 0.0467 0.0153 0.0631 0.0173 0.0549 0.0136 0.0424
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Table 12: Posteror predictive c.d.f. at observed vlaues
Return moments Return dynamics

(1) (2) (3) (4) (5) (6) (7) (8)
Skew y1 Kurt y1 Skew y10 Kurt y10 b�1 y1 b�1 y10 b�1 y50 P200

i=1 jb�ij y
S&P 500 returns (HMNM (m1 = m2 = 4))
71-75 0.713 0.211 0.473 0.331 1.000 0.747 0.855 0.974
76-80 0.467 0.122 0.219 0.252 0.999 0.344 0.057 0.300
81-85 0.799 0.212 0.882 0.555 0.985 0.291 0.174 0.711
86-90 0.025 0.947 0.015 0.972 0.834 0.394 0.199 0.711
91-95 0.531 0.382 0.863 0.645 0.676 0.402 0.439 0.735
96-00 0.199 0.484 0.279 0.204 0.496 0.109 0.103 0.625
01-05 0.655 0.332 0.180 0.718 0.177 0.808 0.497 0.737
Dollar-pound returns (HMNM* (m1 = m2 = 5))
72-76 0.881 0.703 0.864 0.623 0.896 0.929 0.692 0.216
77-81 0.827 0.657 0.776 0.301 0.786 0.579 0.798 0.595
82-86 0.152 0.534 0.091 0.701 0.944 0.240 0.929 0.882
87-91 0.696 0.245 0.757 0.032 0.965 0.882 0.795 0.618
92-96 0.823 0.499 0.937 0.824 0.856 0.895 0.581 0.929
One-year bonds (HMNM (m1 = m2 = 5))
90-94 0.385 0.796 0.236 0.121 0.943 0.911 0.682 0.981
95-99 0.789 0.569 0.360 0.519 0.929 0.643 0.648 0.416
00-04 0.850 0.733 0.903 0.925 0.697 0.263 0.796 0.890
Ten-year bonds (HMNM (m1 = m2 = 5))
90-94 0.350 0.726 0.268 0.131 0.948 0.790 0.832 0.579
95-99 0.196 0.526 0.330 0.017 0.989 0.537 0.879 0.146
00-04 0.143 0.090 0.034 0.713 0.866 0.268 0.132 0.910
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Table 13: Posterior predictive c.d.f. at observed values
Absolute return long-run dynamics jy1j

(1) (2) (3) (4) (5) (6) (7) (8)b�1 jy1j b�9 jy1j var(y10)
var(y1)

Leverage GPH bd P200
i=1 jb�ij P100

i=1jb�ijP200
i=1jb�ij

P200
i=1 b�iP200
i=1jb�ij

S&P 500 returns (HMNM (m1 = m2 = 4))
71-75 0.886 0.955 0.987 0.181 0.995 0.990 0.177 0.048*
76-80 0.307 0.589 0.961 0.404 0.923 0.401 0.280 0.642
81-85 0.047 0.268 0.873 0.676 0.389 0.360 0.581 0.559
86-90 0.942 0.694 0.201 0.002 0.202 0.314 0.849 0.499
91-95 0.060 0.191 0.177 0.098 0.710 0.305 0.232 0.654
96-00 0.387 0.323 0.022 0.002 0.478 0.322 0.328 0.620
01-05 0.779 0.919 0.179 0.005 0.539 0.983 0.396 0.048*
Dollar-pound returns (HMNM* (m1 = m2 = 5))
72-76 0.944 0.546 0.939 0.967 0.483 0.639 0.613 0.732
77-81 0.879 0.906 0.698 0.920 0.828 0.977 0.882 0.980
82-86 0.517 0.564 0.896 0.574 0.920 0.896 0.766 0.943
87-91 0.405 0.446 0.829 0.933 0.263 0.218 0.321 0.096
92-96 0.853 0.910 0.906 0.945 0.584 0.983 0.506 0.257*
One-year bonds (HMNM (m1 = m2 = 5))
90-94 0.815 0.166 0.895 0.006 0.239 0.106 0.202 0.402
95-99 0.728 0.400 0.230 0.930 0.459 0.492 0.684 0.508
00-04 0.810 0.985 0.133 0.643 0.263 0.914 0.745 0.929
Ten-year bonds (HMNM (m1 = m2 = 5))
90-94 0.232 0.555 0.104 0.225 0.847 0.566 0.516 0.409
95-99 0.190 0.366 0.341 0.086 0.568 0.207 0.122 0.404
00-04 0.216 0.919 0.525 0.050 0.577 0.648 0.663 0.666
�Observed value is at the mass point 1.0, with indicated probability.

Table 14: Geometric mean of predictive likelihoods relative to GARCH with building sam-
ples

GARCH EGARCH t-GARCH SV HMNM (best)
S&P500 returns Rolling -0.70% -0.36% 2.85% 0.83% 2.76%

Building 0.00% 0.63% 2.71% 1.93% 6.03%
Dollar-pound returns Rolling 0.66% 1.60% 11.06% 9.16% 11.68%

Building 0.00% 1.31% 8.67% 3.09% 22.21%
One-year bonds Rolling -0.63% -0.83% 7.67% 5.91% 7.96%

Building 0.00% 0.05% 7.81% 6.72% 8.01%
Ten-year bonds Rolling -0.25% -0.59% 1.69% 0.88% 1.39%

Building 0.00% -0.47% 1.81% 0.26% 1.67%
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Figure 1: Prior predictive distribution of asset return characteristics, HMNM model, m1 =
m2 = 4, serial correlation permitted.

Figure 2: Prior predictive distribution of asset return characteristics, HMNM model, m1 =
m2 = 4, serial correlation permitted.
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Figure 3: Prior predictive distribution of asset return characteristics in two successive �ve-
year time periods, HMNM model, m1 = m2 = 4, serial correlation permitted.

Figure 4: Full-sample posterior predictive distributions of skewness (horizontal axis) and
excess kurtosis (vertical axis) in a �ve-year sample



64
ECB
Working Paper Series No 831
November 2007

Figure 5: Full-sample posterior predictive distributions of leverage (horizontal axis) and
one-day absolute return long memory bd (vertical axis) in a �ve-year sample

Figure 6: Full-sample posterior predictive distributions of one-day return autocorrelation b�1
(horizontal axis) and one-day absolute return long memory bd (vertical axis) in a �ve-year
sample
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Figure 7: Full-sample posterior predictive distributions of the sum of the �rst 200 autocor-
relations (horizontal axis) and the ratio of the sum to the �rst 200 absolute autocorrelations
(vertical axis), for one-day absolute returns

Figure 8: Full-sample posterior predictive distributions of skewness of one-day returns (hor-
izontal axis) and skewness of ten-day returns (vertical axis) in a �ve-year sample
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Figure 9: Full-sample posterior predictive distributions of autocorrelation b�1 of one-day
returns (horizontal axis) and autocorrelation b�1 of nonoverlapping ten-day returns (vertical
axis) in a �ve-year sample

Figure 10: Full-sample posterior predictive distributions of autocorrelation b�1 of one-day
returns (horizontal axis) and autocorrelation b�1 of one-day absolute returns (vertical axis)
in a �ve-year sample
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Figure 11: Full-sample posterior predictive distributions of autocorrelation b�1 of one-day ab-
solute returns (horizontal axis) and autocorrelation b�9 of one-day absolute returns (vertical
axis) in a �ve-year sample

Figure 12: Full-sample posterior predictive distributions of the excess kurtosis coe¢ cients
in two successive �ve-year samples of one-day returns



68
ECB
Working Paper Series No 831
November 2007

Figure 13: Full-sample posterior predictive distributions of skewness coe¢ cients in two
successive �ve-year samples of ten-day returns

Figure 14: Full-sample posterior predictive distributions of long memory bd in two successive
�ve-year samples
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Figure 15: Full-sample posterior predictive distributions of the sum of the �rst 200 auto-
correlation coe¢ cients of absolute one-day returns in two successive �ve-year samples

Figure 16: Quantiles of the predictive distribution of the term structure of S&P 500 returns,
September 1992



70
ECB
Working Paper Series No 831
November 2007

Figure 17: Quantiles of the predictive distribution of the term structure of S&P 500 returns,
October 1987

Figure 18: Quantiles of the predictive distribution of the term structure of S&P 500 returns,
1987-1988
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Figure 19: Quantiles of the predictive distribution of the term structure of dollar-pound
returns, September 1992

Figure 20: Quantiles of the predictive distribution of the term structure of one-year maturity
bonds, December 2000 - January 2001
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Figure 21: Quantiles of the predictive distribution of the term structure of ten-year maturity
bonds, December 2000 - January 2001
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