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1. INTRODUCTION

In the financial literature, there is little disagment that liquidity is the second most
important factor after credit risk that affects thelds of bonds. However, it is one of
the least understood areas of finance. Since threepr work of Fisher (1959) pointed
out that it was liquidity the variable responsifler the existing differentials of
profitability between the titles of private equand the titles of Government Securities
(GS), many authors have studied the liquidity fescti the debt markets.

Some studies make inferences about bond liquiditgbout the valuation implications
of liquidity differences using such proxies fordidity as securities age (Sarig and
Warga, 1989), security type (Amihud and Mendelsd®91; Kamara, 1994),
ontherun/offtherun status (Warga, 1992), tradinyme (Elton and Green, 1998) and
term to maturity (Shen and Starr, 1998). The caseafliquidity premium has been
more frequently treated in the literature (i.e. Aod and Mendelson, 198&jton and
Greene, 1998; Alonso et al., 2004; Diaz et al.,6300

The main goal of this paper is to present a molkd & explaining the role played by
liquidity considerations in the departure of sovgmebond yields from a theoretical

liquidity-free term structure of interest rates.

In the recent financial crisis, where spreads betw&overeign bonds issued by
different countries has been used as a measuredif ask differences, preferences for
more liquid bonds may have been distorting the supposed meaninesiet spreads,

imposing an upward bias. Liquidity considerationsyrhave also implied an undesired
role in the interpretation of the differences bedaw@&ominal bonds and inflation-linked
bonds as inflation compensation, since liquiditffedences in favour of nominal bonds
produce a downward bias in the supposed markedtiofi expectations. Therefore,
liquidity spreads have received increasing attentiothe literature. Nevertheless, the

effect of liquidity factors on yield variance haseived less attention.

1 Amihud and Mendelson (1986) stated that the fiostsequence of the liquidity factor is the major or
minor exigency of a return. These differences avewa as liquidity premiums and are deviations from
the yields of the different assets to compensdterdnces in liquidity.

2 Bond spreads increase during recessions due te&moptenon called flight-to-liquidity and flight-to-
quality (Goyenkeet al, 2011).



Lately, the Eurobondshave been the object of intense political debatetd the threat
of Greece’s default. The argument in favour of ¢hassets goes in the line of the
liquidity improvement over individual sovereign lats which could reduce the cost of

issuance.

Alonso et al. (2004) define liquidity as the ea$eat® conversion into money whereas
Diaz et. al (2006) defines liquidity as a featufefimancial assets related to the ease
with which a security can be traded within a sipaniod of time period of time without
causing significant impact on prices. The main egugnce of the lack of liquidity is
that in the case of a trader willing to either lmnysell a given asset, the direction of the
trade will have a sizeable effect on the price nbbés movement upward in the case of
a buy order or downward for a sell order. Therefpmce changes will be higher for
illiquid assets, which imply differences in the @gated variance of the bonds due to
their different degree of liquidity.

In the case of fixed rate securities, differenaedhie level of liquidity would cause
wider movements for less liquid bonds, both in theside and in the downside.
Therefore, liquidity considerations should impl¥feliences in their associated variance,
even for those bonds from the same issuer. Mairctiimplication of this
heterokedasticity will appear for the estimationtlod yield curve. Since the paper of
Vasicek and Fong (1982), term structures of intera®s are estimated assuming that
yields are homokedastic, and this assumption ha&n lapplied since then in the
subsequent models proposed in the literature Nieékson and Siegel, 1987; Svensson,
1994; Bliss, 1997; Jordan and Mansi, 2003). A waajority of Central Banks use this
error correction in their model estimation. In fatie Bank of International Settlements
(2005) shows that 6 out of 11 Central Banks usewbighted prices to estimate the
term structure. Nevertheless, the evidence pregemtiis paper show that this Vasicek
and Fong (1982) assumption of homokedastic yietdremo longer holds when the

bonds considered have different levels of liquidity

% Defined as “pooled” sovereign debt instrumentthefmember States of the euro area.
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The problem behind the approach above stem fromvéhyeliquidity is considered. For
GS, Alonso et al. (2004) stated that liquidity sldobe closely linked to the market-
makers’ inventory risk and order-processing codtgkvultimately depend on the level

of risk of the asset (duration) and the frequendth which a transaction will be
executed (turnover). Then-the-runissues are those more recently auctioned and tend
to be more liquid than previous issued bonaf-the-rur) maturing on similar dates
(Pasquariello and Vega, 2009). Nevertheless, emaing these bonds there might be

differences on liquidity, and therefore, heterosistitity among the yields.

By contrast, Amihud and Mendelson (1991) proposedodel for short term interest
rates where yields had a variance that was condition the time to maturity. Although
this approach deal with the duration componentigfidity does nothing with the
trading volume factor. In this sense, Elton andeBe2(1998) proposed a model for the
term structure estimated minimizing the mean rootased error, but the errors are then
used in a liquidity model where the parameterseatanated using a heteroskedasticity
and autocorrelation consistent estimate of theamag (HAC estimator). Diaz et al.
(2011) considered the heteroskedasticity of ther@st rates but used a time series

approach rather than a cross-sectional liquidiateel approach.

Elton and Greene (1998) propose the trading volasi¢he main variable producing
liquidity differences among bonds with the sameiéss. However, as this variable is
not always available, some authors use proxiekisfvariable. The most common one
is the classification of the bonds in on-the-rume(tnost recently auctioned issue), off-
the-run (next to the most recently auctioned issarg off-off-the-run (older issued

bonds). That is the case for Alonso et al. (200w) Riaz et al. (2006). Both Alonso et
al. (2004) and Diaz et al. (2006) also include gheebenchmark category that includes
the first days of a new issue, where there is notigh trading volume on that issue yet.

Alonso et al. (2004) verify the existence of ligtydpremiums in the prices of titles
negotiated in the Spanish GS market. The methoglalsgd is that of Elton and Green
(1998), based on the estimation of the Term Straobd Interest Rates. These authors
incorporate the effect of the liquidity in the eséition introducing dummy variables for
the different categorie®K-the-run/off-the-runpf the bonds. The instantaneous forward

remains defined according to the method of Svengksagv).
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Diaz et al (2006) analyse the liquidity structure of the §ph Treasury bond market
using trading volume market share and “auctionustats proxies for liquidity to
determine if the entry of Spain in the European btary Union (EMU) has had some
repercussion in liquidity. They also analyse th@aets of EMU on volatility of yields
in the Spanish treasury marketinding a dramatically decline after the markeghn
pricing EMU.

In this paper we propose a heterokedastic modetheryields, where the variance
equation is function of the trading volume and theation, allowing for consistent
estimators of the yield curve in the sense of W(1ig80).

Following both Elton and Greene (1998) and Alonsale (2004), we add a term of
liquidity on the estimation of the Svensson (19&4n structure model. But we depart
from both papers in the sense that we use thedsi&tedlasticity variable estimated for
the variance equation for the term structure, acigf the trading volume like Elton and
Greene (1998) or then-the-run/off-the-runquality of the bonds like Alonso et al.
2004). In this way, we use a model that assimilaiesgarch-in-mean model.

The rest of the paper is organized as follows. fiévet section describes the data. On
Section 3 we show that liquidity factors producéeheskedasticity in the GS yields. On
Section 4 we modified Svensson (1994) model in rorae incorporate liquidity
constrains when estimating the term structure, botlthe mean and the variance
equation. On Section 5 we estimate the model wghSpanish sovereign bonds, and on

section 6 we give some conclusion.

2. Data

The database used for the following sections ivideal by Banco de Espafia public
webpage and contains all transactions in the secgnaarket called Spanish Public
Debt Market. This database has been previously bgddiaz et al. (2006). This titles
are classified, depending on their maturitiesLetras del Tesordequivalent to US

Treasury Bills, short-term zero-coupon bonds, withturities up to eighteen months),

“ Diazet al (2006) use Nelson & Siegel (1987) exponential ehoal fit the daily term structures. They
do not incorporate any specific liquidity effects.
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Bonos del Estad(equivalents to US Treasury notes with maturitaasging from 3 to 5
years that earn a fixed rate of interest every ymdif maturity) andObligaciones del
Estado (similar to Bonosbut with larger maturities of 10, 15 and 30 yeai®&)eir
nominal value is of 1.000 Euros. Despite theiratight denominations we will refer to

all of them hereafter as Bonds.

As explained by Diaz et al. (2006), this databasgorts daily information on the
number of transactions and both the nominal anece¥e volumes for each issue, as
well as the maximum, minimum and the average pficeeach day. The database
provides data for a period that goes from 1988 @0tl0, and supposes a total of almost
5.000 trading days, and 700 issues and a total24f758 observations. For each
working day of the period the prices are taken friii® daily series provided by the
Bank of Spain (and available on its web)

To estimate the short term we have taken the naetsas del Tesoro)For the long
term we cannot find assets issued at discount fwimake the estimation easier), so we
have to use bondsBénos del Estado and Obligaciones del Estadapm 1997
segregation of the notes and obligations of putdibt is permitted, turning them into
titles coupon zero called strips. Neverthelesssahassets were not very successful and
were not having the enough volume of negotiatiaquired. De Andrést al (2004)
have studied the volume of negotiation of thedestitrough the period 1998-2003.
They found that transactions with strips had regméesd in 1998 not more than 2 for 100
of the total of operations with Public Debt in aage and only the 0.5 for 100 of the
same total in 2003. This lack of liquidity on thenket of strips cause distortions in the
prices that will concern the form of the zero couparve in case of being used in the

estimation.

From this data, we have produced daily estimatathe yield curve using Svensson

(1994) model implementing the algorithm proposeddyneno and Nave (2009). This

model modifies the original work of Nelson and ®ie(987). To do so, uses a second
term (the one that Nelson and Siegel (1987) hadddyeed in their work) and added

another constant parameigr The equation for the instantanedorwvard rate is:

Since 1988 the Bank of Spain has been building dabdse from closing prices.
http://www.bde.es/webbde/es/secciones/informestaéseries.html
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Equation (1) generates a complete familyfafward curves that reflects all Term

Structure possible shapes.

Integrating equation (1) betweent]Gand dividing intot results a equation that relates

spot interest rate to time to maturity:

1- e_t Ps 1- e_t (23 7 1- e_t/¢s -t
- 4 -~ e 3 P

“U0) 100 )

And replacing the discount function, the equatiemains:

v() = exp{— pt-@, +¢3)¢{1—exp[-;5]]+¢st ex*{‘ ) ]‘W‘*Vtﬁ (*exp(%e])‘“{ ;tm

s(t) = ¢, +

[3]

wheret is the term an® 1, @2, @3, P4, @5y ¢gsthe parameters to be estimated.

Svensson (1994) originally estimates by maximuraliltood.

The choice of this method is based on both itsgmes in a considerable number of
studies, due to the great number of Central Bahias use ft (including the Bank of
Spain); and the best performance the model hasrshrothhe Spanish Government Debt

Market, compared to other parametric mofels

Following Bliss (1996) we computed errarst-of-the-samplethe daily estimations are

as many as the number of titles in that day. Orh emtimation, we leave out of the

® See Bank of International Settlements (2005).
" See Nufiez (1995) and Berenguer (2009).



sample one title each time. This methodology wilbwa us to compute the yield
deviations (as difference between observed yield estimated) with the titles not
included in the sample.

3. Aliquidity model

The purpose of this model is to explain the val@iehe liquidity deviation from the
model implied interest rates;). In this approach, we proxy the liquidity erres the
difference between the quoted yield of a bondafd its yield implied by theut-of-
sampleSvensson term structure model for a given dpyirf the presence of liquidity

considerations, these errors should be stronglyented by two factors:

e Turnover or trading volumeT§). If the bond is rarely traded, matching operation
would be difficult to reach, and the willing sell@uyer) would have to accept a
lower (higher) price in order to complete the ordélton and Green (1998)
signaled that trading volume was a more robust oreasf asset liquidity than
other proxies used in other studies such as tymeairity. For instance, Warga
(1992) and Alonso et al. (2004), among others, ipbxrading volume by the
on-the-run/off-the-rurclassification.

» Tick size. Bond pricing implies that the same pgbanges has a different effect
on a bond depending on their time to maturdy),(so those close to maturity
will experience higher return swings than the résnihud and Mendelson
(1991) found evidence that there was a liquidignpia that was decreasing and

convex function of the time to maturity.

Liquidity constrains would produce wider movemeiatsiess liquid bonds, both in the
upside and in the downside. Therefore, liquidityngiderations should imply
differences in the variance df (heterokedasticity). In these sense, Amihud and
Mendelson (1991) proposed a model where yieldsehadriance that was conditional
on the time to maturity. The unobserved varianagabée ;) would depend, both on
turnover (there would be a negative relationshigvben turnover and variance) and on

time of maturity (there would be a positive relasbip between the inverse of the



duration and the variance). Therefore, a heteraktedanodel for the yield errord;

would be equal to the one in equation [4].

l, =B, +/h, &, &, ~ N[o1]

1
loghit =y0+y1 EﬂogTit +y2GD_- [4]

it

In the variance equation, we would expect that: 0 andy, = 0, if both turnover and
the tick size explain the variancelof In Table 1, model 1 represents the estimations of
parameters of equation [4]. As can be seen, bottower and duration coefficients have
the expected sign (negative for the turnover argltipe for the duration). This result
confirms that yields are not homokedastic, a feathat we will use in the models of

next section.

Although these variables affect primarily the vade ofl;; (hi), this is far to be the only
expected effect. A difference in the variance & ¥elds of different bonds implies a
different level of risk for an investor. Thereforge would expect that investors would
ask for higher return in the case of bonds that sareceptible of higher liquidity
volatilities. Thus, the level of the variand® ) would also affect the level of the yield

(the level equation).

I, =B, + B, Oogh, +h, L&, & ~ N[Ovl]

1
loghit =y0+y1 EﬂogTit +y2GD_- [5]

it

The variance equation remains invariant with resmpecification of equation [4],
where we expected thgf < 0 andy, = 0, if both turnover and the tick size explain the
range of movements ii... Nevertheless, in the level equation, the hetetakic
behavior ofli; would be derived from the first terni,( - =..), while these differences in

volatility would be compensated by a higher ligtydpremium £, - log k). Therefore,



parametet; will be the price of liquidity risk. We would expethatf; = 0, implying

that investors demand a premia for the risk theyaasuming

In model 2 in table 1, we present the parameteimasons of model [5]. As can be

seen, parameters estimated in the variance equatgosimilar to the ones we obtained
in model 1, and both turnover and duration coedfits have the expected sign (negative
for the turnover and positive for the duration) eTinain difference is in the case of the

level equation, where we also find the expectedtipegrice of risk

4. Svensson model modified to take liquidity into account

Vasicek and Fong (1982) estimated the term stractdirinterest rates assuming that
bond returns were homokedastic. Nevertheless, meanli optimization methods are
extremely simplified if we define error in terms pfices instead of yields. In these
circumstances, the price of a bond, given a cettim structure defined by function

5(t, ) is computed as:

“ n

P=>C, & " + NI [6]
=1

Wherec, are ther periodical coupons payables at tintgst,, ..., t,, N is the nominal

of the bondm is the maturity of the bond arxdt, ¢} is the spot interest rate derived

from the Svensson (1994) term structure model:

O R e P

Vasicek and Fong (1982) showed that if yield eriemes homokedastic (Variance equal
to a?), then the variance of the price error would bepprtional to the squared of the

sensibility of the bond price to variations in theld (the duration):

E{(P— ﬁ)ﬂ _ o cﬁﬁj 8]
ds

8 Although it is reasonable to suppose that theepoicrisk change in time (increasing with the eriand
decreasing in normal times) for simplicity we hasgppose in this section that the price of risk is
constant. In next section, we present a model wier@rice of risk is estimated in a daily base.
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Therefore, if we want to recover the yield curves would need to weight the price

squared errors by the inverse of the duration deioto obtain an objective function.

> 1
GD_. (9]

$ = min, Z(P -B(9)

Nevertheless, in previous section we have shown Wesicek and Fong (1982)
assumption of homokedastic yield errors no longdds$rwhen the bonds considered
have different levels of liquidity. Therefore, thesual weighting aggravates the
observed heterokedasticity instead of correctingnitfact, the variance for the price

error would be,

~\2 drP)*
E[P—P }:hi[ﬁ—j 10
P-pf =< 120]
Wherek; is the heterokedastic model we proposed in prevéaation:

1
loghit =V + Vi EﬂogTit + |2 EID_ [11]

it

And the estimation of the term structure will raguthe jointly estimation of the

parameters of both the term structure (equationdidl the variance equation (equation

[11]):

2

(#.7)= min¢,yDiZ:,(Pi -B(¢)) Gﬁ [12]

Liquidity premia

Previous model does not take into account the poesef a liquidity premia. It just
considers the variability in prices derived froneghk liquidity considerations. In order to
include this in the model we should vary equat®t$ add an additional term:

Is — ZC] @—s(tj#))fﬂj -alh +N @—s(m,qﬁ)mn—a[h [13]

j=1
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This would be equivalent to multiply the estimateit@ by e~=" or to adde &/t to the

bond yield. By contrast, equation [11] and [12] wbwemain valid. This model is

similar to the one proposed by Elton and Greene&)98here the log of the trading

volume was added for the pricing equation.

5. Mode€ estimation

In table 3a-3c we present term structure modeinegions in three different days: April
20", 2010 (in the way to the first Euro Area Soveregbt Crisis), May 141, 2010
(Just in the middle of the Greek sovereign delst firisis), and July™? 2010 (in the

middle of the market easing after the publishingeafopean banks’ stress tests). For

each day, we compute four different estimations:

1.

2.

3.

A traditional Svensson model (Equation [7]), minimg equation [9], that is

weighting error prices by the modified bond dumatio

A Svensson model (Equation [7]), but using as mining program equation
[12]. In order to get thé,, we need to compute the weights, we approach it by
the squared differences between observed and ¢stinizlds ¥) from previous

model. Once we have those estimated errors, waastia regression similar to
the one we would use in a White heterokedastiesy (equation [14]) and use

the modeled variance to minimize equation [12].

~ 1
Iog(yit - yit)2 =V th l:I]Og-l-it sz G[)_ [14]

it

A joint mean (Svensson equation [7]) and variamcpigtion [11]) estimation. In
this case, we do not need to rely on the traditidngation-weighted estimators

to obtain the variance equation.

Model [13], where we include a compensation fouiliity risk (¢) in the price

equation as well as a variance equation (Equatib}) [@intly estimated.
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As can be seen in the attached tables, the liguptgmia was higher in the middle of
the Greek debt crisis (May £12010) than before, or after those days.

6. Conclusions

In this paper we have tried to explain the roleyethby liquidity on the deviations of
sovereign bonds yields from a theoretical liquidie term structure of interest rates.
In this process, we observed that differences enlelel of liquidity of the titles would
cause wider movements of prices for less liquid dspntherefore liquidity

considerations should imply differences in thesaasated variance.

In this sense, we propose a heterokedastic modéhéoyields of the bonds, where the
variance equation is function of the trading voluanel the duration. After estimation of
this model we obtained the expected sign of théficants (negative for the turnover
and positive for the duration). This seems to camfihat liquidity differences among

bonds from the same issuer can produce heterokeatast

Main direct implication of this heterokedasticitgpeears for the estimation of the yield
curve. Vasicek and Fong (1982) estimated the téruttsire of interest rates assuming
that bonds returns were homokedastic, and theyogemp an error correction that
consisted in weighting the price squared errorgheyinverse of the duration. In this
paper we have showed that this hypothesis doesaldt even for bonds from the same
issuer, when there are differences in their le¥dlquidity. Therefore, cross-sectional

models for the term structure should be correabediquidity differences.

Finally, to take into account the presence of aitlily premia, we propose a Svensson

model modified by liquidity risk similar to the opeoposed by Elton and Green (1998).
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TABLE 1: Heterokedastic models for the out of sanyiédd errors.

Model 1 Model 2
Level Equation
Intercept 0,989 -0.240
log(hy) 0.184 ***
Variance
Equation
Intercept 3,373 3.290
log (Turnover) 0,133 *** -0.129 ***
1/Duration 0,139 *** 0.142 ***
# of observations 121758
# of days 4996
# of bonds 662

Individual LR tests have been computed for eachmater (outside the intercepts) under the null
hypothesis of non significant variable. *** denotegection of the null at a 1% level, ** at 5% ahdlt
10%.
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TABLE 2: Heterokedastic models for the out of saenykld errors for bonds with different maturities.

Model 1 Model 2 Model 3 Model 4 Model 5 Model 6 Model 7 Model 8 Model 9 Model 10
(10y (15y (30y
(All bonds) (3m Bills)  (6m Bills) (22m Bills) (18m Bills) (3y Bonds) (5y Bonds) Bonds) Bonds) Bonds)
Level Equation
Intercept -0.240 0.059 0.017 -0.004 -0.031 0,571 0,001 0,168 0,085 0,051
log(hi) 0.184 *** 0.038 0.021 *** 0.009 *** 0.017 *** 0,650 *** 0,059 *** 0.011 *** 0,023 *** 0,001 ***
Variance
Equation
Intercept 3.290 4,284 1,971 2,645 1,499 2,365 2,518 2,243 2,233 1,967
log (Turnover) -0.129 *** 0,116 *** 0,005 ** 0,004 *** -0,014 *** 0,084 *** 0,092 *** 0,082 *** 0,078 *** 0,035 ***
1Duration, 0.142 *** 0,001 ** 0,009 *** 0,015 *** 0,015 *** 0,158 *** 0,122 *** 0,159 *** 0,042 *** 0,008 ***
# of observations 121758 187 1828 12656 14120 16673 23122 36489 10283 6400
# of days 4996 140 977 2634 2839 4929 4967 4920 4159 3163
# of bonds 662 7 133 265 150 40 28 27 7 5

Individual LR tests have been computed for eachmater (outside the intercepts) under the null thgmis of non significant variable. *** denotesaeiion of the null at a
1% level, ** at 5% and * at 10%.
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TABLE 3a.

0.05

0.04

0.03

0.02

0.01

20/04/2010
Duration- Liquidity- Mean-Variance Liquidity

Weighted Weighted Joint Estimation Premia Mode
Yo - -12.412 9.344 10.869
Vi - -0.237 -0.248 -0.313
Y2 - 0.572 1.177 1.179
a - - - 0.000121
¢1 0.022 0.022 0.024 0.023
¢- -0.019 0.000 0.000 0.000
¢3 0.041 0.039 0.028 0.031
P4 0.085 0.086 0.087 0.092
¢s 5.575 5.238 4.059 4.142
(O 20.945 17.900 17.801 19.303

20-Apr-2010

duration-weighted | |

— liquidity-weighted

joint estimation

liquidity-premium

vield
I

8
Term (years)
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TABLE 3b

11/05/2010
Duration- Liquidity- Mean-Variance Liquidity
Weighted Weighted  joint estimation  Premia Model
Yo - -15.206 -0.012 0.000
Vi - 0.013 0.000 -0.043
Y2 - 0.939 1.906 2.034
a - - - 0.00059¢9
¢1 0.046 0.031 0.026 0.024
¢- -0.041 0.000 0.000 0.000
¢3 -0.002 0.000 0.000 0.000
¢4 0.067 0.084 0.105 0.110
¢s 2.337 1.754 0.967 0.888
d6 51.435 16.800 22.228 21.716
11-May-2010
0.06F T T =
0.05- -
0.04+ -
0.03+- -
0.02+ -
duration-weighted
0.01- liquidity-weighted ||
joint estimation
liquidity-premium
/ yield
0 | | 1 | | | T T
0 2 4 6 8 10 12 14 16

Term (years)
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TABLE 3c

0.06

0.05

0.04

0.03

0.02

0.01 1+

07/07/2010
Duration- Liquidity- Mean-Variance Liquidity

Weighted Weighted Joint Estimation Premia Model
Yo - -10.860 -0.812 0.000
W - -0.191 -0.082 -0.122
2 - -0.200 0.810 0.803
a - - - 0.000000
¢ 0.036 0.037 0.031 0.029
d- -0.032 0.000 0.000 0.000
d3 0.002 0.014 0.001 0.003
P4 0.086 0.075 0.094 0.101
ds 0.729 1.198 0.416 0.374
Ps 23.446 17.148 17.243 16.115

07-Jul-2010

duration-weighted
liquidity-weighted
joint estimation
liquidity-premium
yield

I

6 8 10 12 14
Term (years)

20
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